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ABSTRACT

The present study examines the energy efficiency of self-propelled hydrofoils for various modes and kinematics of swimming adopted by var-
ious body-caudal fin fish. In particular, this work considers the intermittent burst-and-coast (B&C) and continuous swimming modes, and
examines the effect of the undulating and/or pitching swimming kinematics, adopted by the undulating body of anguilliform fish and pitch-
ing caudal fin of carangiform and thunniform fish. Notably, B&C swimming is adopted in nature mostly by the latter class but rarely by the
former. This fact forms the basis of our study on the hydrodynamics and propulsion performance for both classes of fish-inspired swimming
using a NACA0012 hydrofoil model. This analysis explores a large parameter space covering undulation wavelength, 0:8 � k� <1,
Reynolds number, 50 � Ref � 1500, and duty cycle (DC), 0:1 � DC � 1, with the DC representing the fraction of time in B&C swimming.
The fluid–structure dynamics-based vortex-shedding-process is investigated, where B&C swimming results in either an asymmetric reverse
von Karman (RVK) or forward von Karman vortex street, rather than a symmetric RVK vortex street observed during continuous swim-
ming. It is demonstrated that the B&C swimming results in an energy saving, although there is a concomitant increase in the travel time.
Moreover, our results show that B&C swimming is effective for carangiform and thunniform tail-like kinematics but not for anguilliform
body-like kinematics of the hydrofoil. Thus, the predictions are consistent with the observed swimming behavior adopted by a fish in nature
and provide input into the efficient design of unmanned underwater vehicles.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0061417

I. INTRODUCTION

Millions of years of evolution have resulted in biological creatures
optimizing their different forms of swimming kinematics. In terms of
improving our understanding of how such kinematics leads to an effi-
cient propulsion, it can be challenging to replicate the muscle-induced
flexibility-based swimming kinematics seen in different kinds of fish.
However, these kinematics are much easier to mimic in the computa-
tional fluid dynamics (CFD)-based simulations, which forms the basis
of the current study.

About 85% of all fish use oscillations of their body and/or caudal
fin (BCF) as their primary mode of propulsion. Such BCF fish are classi-
fied into four major categories: anguilliform, sub-carangiform, carangi-
form, and thunniform,1,2 with depictions of their body forms shown in

Fig. 1. This shows that anguilliform fish possess a slender body shape,
whereas carangiform and thunniform fish possess a fusiform body shape
along with a pronounced caudal fin/tail, which, in cross-sectional view,
is seen to approximate a hydrofoil. The shaded region in the figure
shows that, for swimming, anguilliform fish (e.g., eels and lampreys)
undulate their whole body, sub-carangiform fish undulate their posterior
half, carangiform fish move approximately one-third of their body, and
thunniform fish (such as tuna) effectively only move their caudal fin/tail.
Thus, the primary mode of swimming kinematics for anguilliform and
sub-carangiform fish is body undulation, while it is mainly caudal fin/
tail oscillation or pitching for carangiform and thunniform fish.3

Beyond the basic kinematics described above, in practice, the dif-
ferent fish categories adopt different strategies to travel through water.

Phys. Fluids 33, 091905 (2021); doi: 10.1063/5.0061417 33, 091905-1

Published under an exclusive license by AIP Publishing

Physics of Fluids ARTICLE scitation.org/journal/phf

https://doi.org/10.1063/5.0061417
https://doi.org/10.1063/5.0061417
https://doi.org/10.1063/5.0061417
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0061417
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0061417&domain=pdf&date_stamp=2021-09-21
https://orcid.org/0000-0002-1373-9491
https://orcid.org/0000-0002-4939-5002
https://orcid.org/0000-0002-7614-1147
https://orcid.org/0000-0002-8995-1851
https://orcid.org/0000-0003-3473-2325
https://orcid.org/0000-0001-6500-924X
mailto:atulsharma@iitb.ac.in
https://doi.org/10.1063/5.0061417
https://scitation.org/journal/phf


Burst-and-coast (B&C) swimming4 is an intermittent two-phase pro-
cess whereby anguilliform (carangiform) fish undulate (oscillate) their
body (tail) during the burst phase and thereafter keep their body
(caudal fin) motionless and straight during the coast phase of the cycle.
This contrasts to the continuous swimming, which involves employing
the burst phase continuously. B&C swimming generates a rapid accel-
eration during the burst phase and deceleration during the coast phase.
A priori, this would seem to lead to an energy loss compared with the
continuous swimming. However, it has been reported both from
numerical and experimental studies that B&C swimming is an efficient
energy-saving propulsion mechanism commonly observed with the
pitching tail of carangiform and thunniform fish,5–7 but rarely found
with the undulating body of anguilliform fish.

The non-dimensional parameters that govern the intermittent
B&C and continuous motion of a self-propelled fish are as follows: the
frequency-based Reynolds number (Ref); non-dimensional wavelength
(k�); non-dimensional maximum amplitude at the tail (Amax); and
duty cycle (DC). The DC is used to describe the degree of intermit-
tency of a swimming fish and can be defined as the ratio of active
swimming time Tburst to total time, i.e., TTotalð¼ Tburst þ Tcoast) of
swimming. Therefore, DC¼ 1 for a continuous swimmer while
0 < DC < 1 for an intermittent B&C swimmer. These non-
dimensional governing parameters are given as

Ref ¼
Cfamax

�
; k� ¼ k

C
; Amax ¼

amax

C
;

DC ¼ Tburst

Tburst þ Tcoast
;

(1)

where � is the kinematic viscosity of the fluid, C is the chord length of
the hydrofoil, amax is the maximum amplitude of hydrofoil at the tail
tip, f is the frequency, and k is the wavelength of the undulating or
pitching hydrofoil. Note that the chord length C of the hydrofoil is
taken as the length scale lc, and the velocity scale vc¼ famax is based on
the frequency f and maximum amplitude amax of undulation (f).

In the literature, B&C swimming is reported for a range of differ-
ent circumstances, such as searching a food, chasing, or escaping from
other aquatic animals and general locomotion.8 However, the present
survey focuses only on the studies based on the hydrodynamics of
B&C swimming and can be categorized into four types: experimental
observations on the hydrodynamics of real fish, different theories dis-
cussing the physical reason for energy saving of B&C swimming, vari-
ous mathematical models describing a dominant governing
parameter(s) for the B&C swimming, and computational and particle-
image velocimetry (PIV) studies based on B&C using a symmetric
hydrofoil. Previous work in these four categories is presented below.

To observe the hydrodynamics of real fish performing B&C
swimming, Muller et al.6 conducted PIV experiments on adult and lar-
val zebra Danios fish. They observed that the fish larvae alter their
body kinematics and move only posterior parts. Furthermore, they
concluded that fish larvae save relatively less energy than fully grown
fish in B&C swimming. Similar experimental observations of Koi carp
were performed by Wu et al.7 They observed two different modes in
the burst phase—a multiple tail-beat (MT) mode and a half tail-beat
(HT) mode. They measured the active drag in both burst-and-coast
phases and concluded that a fish saves around 45% of its energy when
it uses B&C swimming as compared to the continuous swimming.
B&C swimming is also reported for schools of fish. Fish et al.9 com-
pared the duration of burst and coast phases for a single fish and a
school of fish. They reported that the duration of the burst phase is
almost the same in each case. However, the duration of the coast phase
is significantly larger for the fish in a school.

Different theories have been suggested by different researchers for
energy saving during B&C swimming. Based on the Bone–Lighthill
boundary-layer thinning hypothesis, Lighthill10 compared the results
of potential theory (large-amplitude elongated-body theory) with real
swimming parameters of a Leuciscus fish provided by Bainbridge.11

He concluded that the viscous drag on a swimming body is about four
times that of a gliding body. Based on the muscle efficiency, Rome and
Alexander12 proposed that the ratio of velocity of muscle contraction
to maximum velocity of shortening should lie within 0.17–0.36 for effi-
cient performance of fish. If the value falls outside this range, fish
switch to B&C swimming for efficiency. Based on a hypothesis that
propulsive efficiency of swimming increases with an increase in thrust
generation, Iosilevskii13 proposed a theory that fish alter their thrust
generation by using an active burst phase followed by a passive coast
phase.

Many mathematical models on the B&C swimming of the late
20th century are based on the Bone–Lighthill boundary-layer thinning
hypothesis, where the parameter a (defined as the ratio of swimming-
body drag to rigid-body drag) was proposed to be the main reason for
energy saving. Larger values of a lead to larger savings and, by defini-
tion, there are no savings at a¼ 1. Weihs4 developed a mathematical
model and predicted that a fish can save more than 50% of energy by
performing B&C swimming. Later, Videler and Weihs5 combined this
model with the kinematics data of cod and saithe fish. For a given a,
they observed that energy saving depends on Uf (final velocity after the
burst) and Ui (initial velocity before burst). By choosing the optimal
values of Uf andUi, B&C swimming can be 2.5 times more energy effi-
cient than the continuous swimming. Blake14 developed a hydro-
mechanical model to determine the influence of body-shape/fineness
ratio (ratio of body length to maximum thickness) on B&C swimming.
He proposed that a fish body with a fineness ratio of 5 is most suited
to capitalize on the energy advantage of B&C swimming.

One of the earliest numerical simulations of B&C swimming
using symmetric hydrofoils was performed by Chung.15 By assuming
different symmetric National Advisory Committee for Aeronautics
(NACA) hydrofoils as representative of the body shape of a fish, he
concluded that a fish can exploit the maximum advantage of B&C
swimming by possessing a body shape close to NACA0012 hydrofoil
with a fineness ratio of 8.33. However, his result conflicts with that of
Blake.14 Chung15 also reported the number of shed vortices per cycle
of periodic kinematics, as three for B&C swimming but only two for

FIG. 1. Different swimming modes of body–caudal fin (BCF) propulsion. The
shaded region in the respective fish shows the dominant area used for swimming
kinematics, resulting in lateral undulations (with undulation wavelength k < 1) of
the whole body for fish types (a) and (b), and by the pitching motion (with k!1)
of the tail (caudal fin) for types (c) and (d). The figure has been adapted from Fig. 5
of Sfakiotakis et al.1
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the continuous swimming of the hydrofoil. More recently, Ehrenstein
and Eloy16 and Ehrenstein et al.17 used the theoretical and computa-
tional methods to calculate the increase in skin friction drag on an
undulating surface. Their results support the boundary-layer thinning
hypothesis. However, the rise in friction drag obtained was only
1.23–1.7 times, relatively small compared to the factor of 4 hypothe-
sized by Lighthill.10 From these findings, they concluded that the rise
in skin friction drag is not the only reason behind the energy savings.
Motivated by these results, Akoz and Moored18 performed inviscid
numerical simulations using a teardrop shape hydrofoil performing
B&C pitching motion. They proposed fish perform B&C swimming to
maintain their reduced frequency and Strouhal number in an optimal
range, which results in the desired energy saving. A similar kind of
experimental study was presented by Floryan et al.19 In their PIV
experiments in a water tunnel, they observed that the individual cycles
of B&C swimming are independent of each other. However, both
Akoz and Moored18 and Floryan et al.19 observed four shed vortices
shed over a cycle of B&C swimming, in contradiction with that
reported by Chung.15

The above literature survey reveals four previous experimen-
tal6,7,9,19 and two numerical15,18 studies on B&C swimming using
real fish6,7,9 and symmetric hydrofoils.15,18,19 Note that most of these
studies on real fish are experimental, while those based on hydrofoils
are numerical. Also, the numerical studies reported for B&C swim-
ming are two-dimensional. Finally, these studies on B&C swimming
are for the more commonly observed carangiform/thunniform kine-
matics, while no such studies are available for the rarely observed
anguilliform kinematics, where the kinematics mainly corresponds
to a smaller k�-based body undulation of anguilliform fish and larger
k�-based pitching-tail of carangiform/thunniform fish. One such
exception to B&C swimming in anguilliform fish is for needlefish,
which adopt it at higher swimming speeds; however, when they do
adopt B&C swimming in preference to continuous swimming,
Liao20 reported that they increase their undulation wavelength, k�.
Thus, it is interesting to note that body undulation of anguilliform
fish used during continuous swimming effectively switches to body-
pitching for B&C swimming, approximating the pitching kinematics
adopted by the tails of carangiform fish. This suggests that, for the
adoption of B&C swimming, the undulation wavelength may be a
more critical parameter than the difference in the shape of various
BCF fish. Thus, the first objective of the present study is to explore
the effect of undulation wavelength, k�, on B&C swimming perfor-
mance. This study encompasses the various BCF modes of locomo-
tion, with k� < 1 for the anguilliform fish-like undulations and
k� ! 1 for carangiform/thunniform fish-tail-like pitching
motion21 (see Fig. 1). Furthermore, a NACA0012 hydrofoil is con-
sidered here as a generic representative 2D shape of the body/tail of
the various types of BCF fish. Although the number of shed vortices
in a cycle of B&C swimming is reported in literature,15,18,19 the effect
of k�, DC, and Ref on the number of shed vortices (which are
important for propulsion) is missing. Thus, the second objective is to
undertake a detailed parametric study into the effect of different
non-dimensional governing parameters
(0:8 � k� <1; 0:1 � DC � 1, and 50 � Ref � 1500) on the
hydrofoil hydrodynamics for B&C compared with the continuous
swimming. The range of Ref considered here is within that consid-
ered by Chung15 in his 2D numerical investigation.

Beyond the above-discussed novelty of studying the effect of k�,
encompassing both body undulation and tail-pitching kinematics, this
study also examines the detailed unsteady vorticity dynamics that cor-
relate the flow physics with the performance parameters for B&C and
the continuous swimming. Compared with the previous studies into
the energy-saving capability of B&C swimming, here for the first time,
we present both advantages and disadvantages of B&C swimming in
terms of both energy saving and travel time.

For mimicking BCF fish-like swimming, the present work has two
main limitations: first, employing many less-time-consuming but quali-
tatively representative 2D simulations rather than limited but more real-
istic 3D simulations; and second, using a hydrofoil-based 2D
generalization of the body (tail) of anguilliform (carangiform) fish. The
shape of the hydrofoil is similar to that used by Chung15 and is used here
since the top-down projected distribution of a fish tail shows similarities
with a symmetric hydrofoil.22 Even though the present results are based
on 2D laminar flow simulations at low Ref, 2D results have been reported
to be qualitatively in agreement (in terms of the basic propulsion mecha-
nism) with the actual 3D turbulent flows generated by (3D) fish.23–25

Given this, the present less-time-consuming 2D simulations are capable
of providing detailed predictions that help our broader understanding of
the complex fluid–structure interaction problem of fish-like locomotion.

II. COMPUTATIONAL METHODOLOGY
A. Unified kinematic model for different types
of BCF-inspired swimming

For anguilliform and sub-carangiform fish, the lateral displace-
ment is in the form of a backward-traveling wave over the body. On
the other hand, the lateral displacement is in the form of a pitching
motion about the caudal tail’s leading edge for carangiform and thun-
niform fish. The general form of these lateral displacements is

DY ¼ AðXÞYðXÞ; (2)

where A ðXÞ ð¼ AmaxXÞ is the non-dimensional amplitude of lateral
displacement, Y ðXÞ is the non-dimensional waveform equation, and
X ð¼ x=CÞ is the non-dimensional length measured from the head to
the tail of the fish.

For an undulating fish, Videler and Wardle26 observed that the
amplitude of the lateral body displacement increases from just behind
the head to the tail tip and the relative amplitude of the tail tip corre-
sponds to approximately 0.1 times the body length. Thus, a linearly
increasing amplitude equation, in which the head is stationary and the
amplitude of undulation is maximum at the tail tip, with Amax¼ 0.1, is
used for the present simulations.

In the continuous swimming, as the name suggests, the body
undulates continuously. Thus, the duty cycle DC is always equal to
one. For the continuous undulation, Y(X) in Eq. (2) is modeled in the
literature27 as

YðXÞ ¼ sin 2p
X
k�
� s
Amax

� �� �
: (3)

However, in B&C swimming, the body undulates only during the
burst phase, while it remains at rest during its coasting phase. Thus,
DC lies in the range 0 < DC < 1, depending on the burst-to-coast
time ratio, as defined in Eq. (1). For these two-phase undulations,
Y(X) in Eq. (2) is modeled by Chung15 as
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YðXÞ ¼

0 0 � X0 < kbout � k�

� 1
2

1� cos
4p X0 � kboutð Þ

k�

� �� �
kbout � k� � X0 < kbout �

3
4
k�

�sin 4p X0 � kboutð Þ
k�

� �
kbout �

3
4
k� � X0 < kbout �

1
4
k�

1
2

1� cos
4p X0 � kboutð Þ

k�

� �� �
kbout �

1
4
k� � X0 < kbout

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

; (4)

where X0 ¼ X � s=Amax , kbout is the body wavelength, and k� is its
undulating part. Note that the definition of DC in Eq. (1) is based on
the time period of burst-and-coast phases. However, the above equa-
tion for Y ðXÞ does not contain any explicit terms for time T. Thus,
similar to Chung,15 DC is redefined here in terms of k� and kbout by
using the relationship between the wave speed (V), wavelength (k�),
and time (T), i.e., V ¼ k�=T , given as

DC ¼ Tburst

Tbout=Total
¼ k�=V

kbout=V
¼ k�

kbout
: (5)

Thus, in the present simulations, any change in DC of B&C
swimming is achieved while maintaining the ratio between k� and
kbout. For example, in pure undulation, k� is fixed as 0.8, so for a duty
cycle of 0.5, kbout is taken as 1.6.

For a single kinematic equation modeling of both body undula-
tions (performed by the anguilliform and sub-carangiform fish) and
caudal fin pitching (by the carangiform and thunniform fish),
Thekkethil et al.21,27 proposed a unified kinematic model and showed
that the undulation and pitching kinematics can be unified by using a
single non-dimensional parameter k�. For Eq. (3), they demonstrated
that smaller values of k� (< 1) correspond to the body undulation,
while the larger values (k� ! 1) are more representative of the pitch-
ing motion. This varying k�-based unified kinematics model, covering
the range of BCF fish, is used in the present self-propelled simulations
for both continuous and B&C swimming.

Finally, a constant frequency of unity is used in both continuous
and B&C swimming, since Muller et al.6 observed in their experiments
that fish and larvae perform single tail flicks during the burst phase of
B&C swimming.

B. Computational setup

Figure 2 shows a computational setup for the present physical
problem of unsteady flow past an undulating NACA0012 hydrofoil.
The figure corresponds to the top/dorsal view for an undulating fish-
like body as well as pitching of a caudal fin of a fish—undulating/
pitching is in the lateral direction. The model assumes that the fish is
neutrally buoyant (i.e., qf ¼ qw, where q is the density and subscript f
and w correspond to fish and water, respectively) and moves in the
streamwise direction with no rotational motions. The assumption is
justified as the lateral and rotary motions are negligible compared to
the stream-wise component.28,29 The computational domain size, as
shown in the figure, is based on the previous relevant studies of our
research group on the continuous swimming,21,27 where a domain-
size-independence study was undertaken. It thus seems reasonable to
consider the same domain size as appropriate for an investigation into

B&C swimming. For the present non-dimensional study, the chord
length (C) of the hydrofoil is taken as the length scale and the velocity
scale is taken as the product of the non-dimensional maximum ampli-
tude Amax and frequency of undulation f. The two lateral sides are
marked in the figure as the left side and right side with reference to a
fish facing the incoming flow and referred to in later discussions.

Considering the kinematics as undulation/pitching, the computa-
tional domain and boundary conditions for the self-propelled simula-
tions are shown in Fig. 2. The figure shows a fixed Cartesian mesh
with a non-inertial frame of reference. The foil is considered fixed, and
the self-propulsion is implemented by using a timewise varying the
stream velocity Up at the inlet boundary, evaluated from Newton’s
Second Law of motion at this time step nþ 1,30

Unþ1
p ¼ Un

p þ 0:5
Ds
As

Cnet
T ;

Cnet
T ¼

Fnet
T

0:5qf u2cC
;

(6)

where Up is the non-dimensional propulsion velocity, Ds is the non-
dimensional time step, As is the non-dimensional area, and Cnet

T is the
non-dimensional instantaneous thrust force Fnet

T acting on the hydrofoil.
Further, a convective boundary condition with the unit convective veloc-
ity (Uc) is used at the outlet. A symmetric boundary condition is used at
the left and right boundaries to limit the computational domain in lateral
directions. Furthermore, the hydrofoil is considered rigid (no flow-
induced deformation) with a no-slip boundary condition at its surface.

III. MATHEMATICAL AND NUMERICAL DETAILS
A. Governing equations

In the non-inertial frame of reference, the fluid dynamics of the
present comparative study on B&C and continuous swimming of the

FIG. 2. Non-dimensional computational setup, for the self-propelled simulations
over a fish-like undulating rigid NACA0012-hydrofoil.
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various types of BCF fish is governed by the incompressible
Navier–Stokes equations, given as

Continuity : r � ~U ¼ 0; (7)

Momentum :
@~U
@s
þr � ð~U~U Þ ¼ �rP þ 1

Ref
r2~U þ ~Fb ; (8)

where ~U (� ~U=uc) is the non-dimensional velocity in the non-inertial
(accelerating) frame of reference and P (� p=0:5qðAmaxf Þ2) is the
non-dimensional pressure, and ~Fb is the source term that represents
the body force vector acting on the non-inertial frame of reference,
given as

~Fb ¼
dup
ds
0

2
4

3
5: (9)

The coupling of body force with the hydrodynamic forces may
lead to instability.31 Thus, a conservative form of incompressible
Navier–Stokes equations is used here. The equations use velocities for
the inertial frame of Ref. 32, given as

Continuity : r � ~Ui ¼ 0; (10)

Momentum :
@~Ui

@s
þr � ð~Ui � ~URÞ~Ui

� 	
¼ �rP þ 1

Ref
r2~Ui ;

(11)

where both ~Ui (fluid velocity) and ~UR (relative velocity of the fluid)
are with respect to the inertial (non-accelerating) frame of reference.
Further, ~UR is given as

~UR ¼
�Up

0

� �
: (12)

B. Numerical method

The governing equations presented above are solved by an in-
house code that is based on a second-order accurate level-set function-
based immersed-interface method (LS-IIM) proposed by Thekkethil
and Sharma.33 The code implements two-dimensional direct numeri-
cal simulation, where the temporal variation in the fluid–structure
interface is obtained using a level-set function that allows a direct
implementation of the interface boundary conditions. The fluid–solid
interface is updated at each time step by using the equations of undu-
lation, Eqs. (2)–(4). The in-house code is based on a fully implicit pres-
sure projection method and a collocated grid. It employs the quadratic
upstream interpolation for convective kinematics (QUICK) scheme
for the advection term and the central-difference scheme for the diffu-
sion term. The in-house code was recently used by Thekkethil et al.27

for self-propulsion simulations; however, they simulated continuous
swimming rather than both continuous and B&C swimming simu-
lated in the present work.

C. Code verification and grid independence study

Thekkethil and Sharma33 presented a detailed verification and
validation of the present LS-IIM based in-house code for various
one-way and two-way coupled 2D fluid–structure interaction (FSI)

problems. Further, Thekkethil et al.27 presented a verification study for
self-propulsion simulations of a continuous swimming undulating-
hydrofoil. For the present intermittent B&C swimming, the numerical
methodology is validated by comparing our results with those of
Chung15 and is shown in Fig. 3(a). The figure shows a good agreement
between the present and published results for the time-averaged power
�CP;in and propulsive velocity �UP for different Reynolds numbers Ref
and duty cycles DC (marked in brackets) at k� ¼ 1; f¼ 1, and
Amax¼ 0.1.

A grid independence study is performed here by comparing a
temporal variation of instantaneous thrust coefficient Cnet

T over a non-
dimensional period s, for three Cartesian grid sizes—382� 142,
768� 314, and 1543� 588—at k� ! 1, DC¼ 0.5, and Ref¼ 1500 in
Fig. 3(b). In each grid, a uniform fine cell size of d¼ 0.01, 0.005, and
0.0025 is used in the region enclosing the hydrofoil, and a coarse cell
size of D¼ 0.5, 0.25, and 0.125 is used in the far away. A hyperbolic
stretching is used to connect the finest and coarsest grid. For k� ! 1,
DC¼ 0.5, Amax¼ 0.1, and Ref¼ 1500, Fig. 3(b) shows no significant
difference in Cnet

T for the two finer grids. Therefore, all further simula-
tions in the present comparative investigation are performed using the
intermediate grid size of 768� 314, noting that it has 200 points across
the hydrofoil chord. This non-uniform Cartesian grid is shown in
Fig. 3(c), with the regions marked for the uniform fine grid near the
hydrofoil, coarse mesh far away from the hydrofoil, and hyperbolic
stretching in the intermediate region.

IV. PARAMETRIC DETAILS

For the present work, the non-dimensional governing input
parameters used are shown in Table I. Here, the smaller k�-based
undulating hydrofoil corresponds to body undulation for an anguilli-
form/sub-carangiform fish while the larger k�-based pitching hydrofoil
corresponds to the pitching caudal fin for a carangiform/thunniform
fish. The intermediate values of k� correspond to hypothetical cases
that can fulfill the requirements of the modern-day unmanned auton-
omous underwater vehicle (AUV). The three values of Reynolds num-
ber in the table are chosen such that they correspond to viscous,
intermittent, and inertial regimes of the fluid flow, respectively.

The non-dimensional performance parameters, considered in the
present study, are as follows:

1. Non-dimensional propulsive velocity UP (also represented as
Reup)

2. Thrust coefficient CT [Eq. (6)]
3. Lateral force coefficient CL and input power coefficient CP;in,

given as

CL ¼
FL

0:5qf u2cC
; CP;in ¼

Pin
0:5qf u3cC

¼

ð
cLVbodydS

0:5qf u3cC
; (13)

where FL is the lateral force acting on the hydrofoil, cL is the local lat-
eral force acting on the hydrofoil per unit surface area, and Vbody is the
local lateral velocity.
Other than the instantaneous value in Eq. (13), a time-averaged value
of w¼UP, CL, and CP;in is given as
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�w ¼
ð2T
0

wds=2T; (14)

where the cycle-wise average value corresponds to two cycles for con-
tinuous swimming and one cycle for burst-and-coast phase of inter-
mittent B&C swimming.

V. SELF-PROPULSION CHARACTERSTICS

After the onset of the continuous and the intermittent (B&C) swim-
ming, the effect of the chord-wise flexibility k� on the cycle-wise (two-
cycle for the continuous swimming and one-cycle each for the burst and
coast phase of the intermittent swimming) time-averaged parameters is
shown in Fig. 4. For the self-propulsion characteristics of the hydrofoil,
the figure shows a cycle-wise variation of mean thrust coefficient �CT ,
mean propulsion velocity �UP , and mean input power coefficient �CP;in.

FIG. 3. For a two-dimensional self-propelled NACA0012 hydrofoil, (a) comparison of present and published results (continuous and B&C) for the variation of ratio of time-
averaged power �CP;in and propulsive velocity �UP with the increasing �UP at k� ¼ 1; Amax¼ 0.1, and various DC (marked in brackets) and Ref; (b) comparison of the temporal
variation of instantaneous net thrust coefficient Cnet

T , for three different grid sizes at the dynamic-steady state for k� ! 1, DC¼ 0.5, Amax¼ 0.1, and Ref¼ 1500.; and (c)
non-uniform Cartesian grid employed for the self-propelled simulations.

TABLE I. Values of the governing parameters for the present numerical study, where
all k� values below are considered for DC¼ 0.5 and 1, while all the DC values are
considered for k� ¼ 0:8; 1:8; and1 only.

Non-dimensional input
parameters Symbol Parametric range

Non-dimensional wavelength k� 0.8, 1, 1.2, 1.5, 1.8,
2.2, 2.8, 3.4, 4, 5, 6,

7, 8, and1
Duty cycle DC 0.1, 0.25, 0.5, 0.75, and 1
Reynolds number Ref 50, 500, 1500
Non-dimensional maximum
amplitude at the tail tip

Amax 0.1
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FIG. 4. Cycle-wise variation of the time-averaged values [Eq. (14)] of (a and b) thrust coefficient �CT , (c and d) propulsive velocity �UP, and (e and f) input power coefficient
�CP;in for [(a), (c), (e)] continuous and [(b), (d), (f)] B&C swimming at DC¼ 0.5 and Ref¼ 500. The symbol T on the x axis represents the non-dimensional time-period and s is
the non-dimensional time.
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For both continuous and intermittent swimming, after the onset
of the periodic-motion of the hydrofoil, Figs. 4(a) and 4(b) show an
asymptotic decrease in the mean thrust coefficient �CT . The associated
asymptotic decrease in the acceleration of the hydrofoil results in an
asymptotic increase in the propulsive velocity �UP , as seen in Figs. 4(c)
and 4(d). As expected, the figures show that �UP approaches a constant
value when �CT approaches the asymptotic zero value corresponding
to the flow approaching a periodic state. At the periodic state,
Figs. 4(c)–4(f) show that the asymptotic constant values of both �UP

and mean input power �CP;in increase with the increasing k� for both
types of swimming. An increasing k� corresponds to a decreasing
muscle-induced flexibility, leading to the transition from undulating to
pitching motion as per the unified kinematics model used here. At a
constant k�, the figure shows a smaller asymptotic value of �UP as well
as �CP;in for the B&C as compared to the continuous swimming.
However, it is interesting to note from the figure that for intermittent
swimming, the reduction is more substantial for the mean input power
�CP;in than the reduction in the mean propulsive velocity �UP . Referring
to the asymptotic values of �CP;in and �UP in the figure for pitching
hydrofoil (k� ! 1), the reduction for the B&C as compared to con-
tinuous swimming is 58.4% for �CP;in and 28.3% for �UP .

VI. ANALYSIS OF VORTEX-SHEDDING DYNAMICS
BEHIND A PITCHING/UNDULATING HYDROFOIL:
CONTINUOUS vs BURST-AND-COAST SWIMMING

Eaton34 presented an analysis of a laminar vortex shedding pro-
cess behind a stationary circular cylinder by computer-aided flow visu-
alization of temporal variation of streamlines. Such a detailed analysis
is not available in the literature for the present FSI problem, especially
for the B&C swimming, and is attempted here with the help of tempo-
ral variation of vorticity contours in the near wake.

For continuous swimming, Thekkethil et al.21 correlated a time-
wise variation of the structural dynamics and the vorticity dynamics.
They presented a structural kinematics-driven description of the pro-
cess of vortex-shedding for the unified kinematic model-based undu-
lating hydrofoil, where k� ! 1 corresponds to a pitching hydrofoil.
Also described was the temporal variation of the structure-driven vor-
tical events of a particular clockwise (CW) and counterclockwise
(CCW) vortex. For a CW/CCW vortex, they defined a sequence of

instantaneous kinematics states: stopping vortex VCW=CCW
stop , starting

vortex VCW=CCW
start and shed vortex VCW=CCW

shed . This approach for the
continuous swimming is continued here for B&C swimming, and the
kinematics-driven vortex-shedding process for both the types of swim-
ming are compared in the present work.

A. Structural kinematics-driven vortex–hydrofoil
interaction dynamics: Stopping, starting, stretching,
and shed CW/CCW vortices

A vortex–hydrofoil interaction dynamics-based sequence of vor-
tical events during the vorticity dynamics—corresponding to a stop-
ping, starting, stretching as well as advecting, and finally, shedding of
the CW/CCW vortices—are presented in Figs. 5 and 6. The figures
correspond to an undulating ðk� ¼ 0:8Þ hydrofoil and show the peri-
odic vorticity dynamics for both continuous and B&C swimming.

For the continuous swimming, when the foil approaches the left-
most position (refer Fig. 2 for the definition of left and right side)

during the pendulum-like pitching motion of the hydrofoil,
Thekkethil et al.21 called the growing CW vortex on the right side of
the foil [refer to Figs. 5(a)–5(c)] a stopping-vortex VCW

stop at a time-
instant corresponding to the momentarily stopping of its leftward
movement. Thereafter, when the foil reverses its direction (to right-
ward), the VCW

stop is then called a starting vortex VCW
start [marked in Fig.

5(d)], which gets stretched and advected downstream during the
rightward sweep of the foil [refer Figs. 5(c)–5(f)]. Finally, when the

FIG. 5. Temporal variation in instantaneous vorticity contours along with the velocity
vectors within two time periods of a pitching ðk� ! 1Þ hydrofoil performing (a)–(i)
continuous and (j)–(r) B&C at Amax¼ 0.1 and Ref¼ 500.
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foil further reverses its direction (rightward to leftward), the rever-
sal initiates a break-off of the VCW

start , which sheds before the foil
reaches its central position—this vortex is called a CW shedding
vortex VCW

shed [shown marked in Fig. 5(g)].
For the B&C swimming of a pitching hydrofoil at DC¼ 0.5, the

stretching and downstream advection of the VCW
start during the right-

ward sweep of the hydrofoil are seen in Figs. 5(m)–5(o). The VCW
start

sheds after the reversed leftward motion, marked as VCW
shed�2 in

Fig. 5(p). However, since the leftward sweep halts at the intermittent
central location due to the transition from the burst to the coast phase,
the stretching and the advection of the CCW vortex VCCW

start get

curtailed [Figs. 5(o)–5(q)], and it sheds later [marked as VCCW
shed�3 in

Fig. 5(r)] in the coast phase. The growth of the CW vortex on the right
side also gets curtailed, and it stops at the central location [marked as
VCW
stop in Fig. 5(q)]. The VCW

stop does not undergo the kinematics-driven

stretching (as the hydrofoil is stationary in the coast phase) and sheds
later in the coast phase as a weak CW shed vortex-4, marked as
VCW
shed�4 in Fig. 5(r). Further, the stretching and streamwise advection

of another CCW vortex are seen in Figs. 5(j) and 5(k) at the beginning
of the burst phase that sheds-off almost when the hydrofoil reverses its
direction (from leftward to rightward) as seen in Fig. 5(l), marked as
VCCW
shed�1. Thus, two pairs (CW-CCW) of vortices are shed: one pair in

the burst phase and the other in the coast phase of the B&C swimming
cycle. The shed vortices are marked in Figs. 5(j)–5(r) as VCCW

shed�1 and
VCW
shed�2 for the burst phase and V

CCW
shed�3 andV

CW
shed�4 for the coast phase.

The numbering of these vortices is chronologically arranged as per the
sequence of their shedding. The above-presented number of vortices
shed in a cycle of B&C swimming of a pitching hydrofoil matches the
experimental observation of Floryan et al.19 and the numerical results
of Akoz and Moored.18

Note from Figs. 5(d)–5(i) that the center of VCW
shed and V

CCW
shed , gen-

erated on the right and (left) surface of the hydrofoil, is located almost
at the leftmost (rightmost) location of the hydrofoil. Similarly located
VCW
shed�2 and VCCW

shed�3 can be seen in Figs. 5(j)–5(l) for the B&C swim-
ming. In contrast, the center of VCCW

shed�1 is seen near the leftmost and
the center of VCW

shed�4 is near the central location. Thus, VCW
shed�2 and

VCCW
shed�3 form a reverse von Karman street while VCW

shed�4 and VCCW
shed�1

form a leftward inclined forward von Karman street in the far wake, as
shown and discussed in Sec. VI B.

Figure 6 shows the vortex shedding process for an undulating
hydrofoil (k� ¼ 0:8) for both the types of swimming. For the continu-
ous swimming, a rectangular marked region in Figs. 6(e) and 6(f) and
6(a) and 6(b) shows a growth (on the left surface) of a small-sized CW
vortex and its downstream advection along the chord before it merges
with a same signed stopping vortex VCW

stop (on the right surface) in
Fig. 6(c). Thekkethil et al.21 called this small-sized vortex on the oppo-
site side as a secondary vortex Vsec and presented it as a signature for
the thrust generation.

For the B&C swimming of an undulating hydrofoil at
DC¼ 0.5, similar growth and posterior travel of the VCW

sec can be
seen within the marked rectangular region in Figs. 6(o), 6(p), 6(i),
and 6(j) before it merges with the same-signed stopping vortex
VCW
stop when the tail tip reaches its leftmost position in Fig. 6(k).

Thereafter, a change in the leftward-to-rightward undulation leads
to the immediate shedding of VCCW

shed�1 almost at the leftmost tail
position [Fig. 6(k)], which is different from the continuous swim-
ming where the VCCW

shed sheds close to the hydrofoil centerline
[Fig. 6(d)]. Later in the coast phase, Figs. 6(n)–6(p) shows the
shedding of a CCW vortex VCCW

shed�3 but not that of a V
CW
shed�4, in con-

trast to that seen in Fig. 5(r) for the pitching hydrofoil. Thus, in
the coast phase, the undulations lead to only one shed vortex as
compared with the pair of shed vortices for the pitching hydrofoil.
This leads to three shed vortices (2 CCW and 1 CW) for the undu-
lating hydrofoil compared with four shed vortices (2 CCW and 2
CW) for the pitching hydrofoil, within a B&C cycle. The number
of shed vortices for an undulating hydrofoil, reported here,
matches with the numerical results of Chung.15

FIG. 6. Temporal variation in the periodic vortex structure along with velocity vec-
tors for one time period of a hydrofoil performing continuous [(a)–(h)] and B&C
[(i)–(p)] undulation motion ðk� ¼ 0:8Þ at Amax¼ 0.1, and Ref¼ 500.
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B. Direction of the advecting starting vortex until it
sheds

For the continuous swimming of a pitching foil, Thekkethil
et al.21 demonstrated that the advection of the center of the stretching
starting vortex is almost horizontal, i.e., the center of the VCW

start remains
almost at the same leftmost position of the foil, corresponding to the
center of the VCW

stop , while it is stretching as well as advecting down-

stream during the left-to-right motion as seen in Figs. 5(c)–5(f). This
leads to the shedding of CW (CCW) vortex at the leftmost (rightmost)
position of the hydrofoil, as seen in Fig. 5(g) [Fig. 5(d)], and formation
of a reverse von Karman street. However, for an undulating hydrofoil,
they showed that the streamwise traveling wave over the foil leads to a
slightly inclined (toward the centerline) advection of the VCW

start , as seen
in Figs. 6(c)–6(e), and a reduction in the transverse distance between
the CW-CCW shed vortices of the reverse von Karman street.

For the other case of B&C swimming with regard to the start vor-
tices, Figs. 5(j)–5(r) and Figs. 6(i)–6(p) show similarly advecting
VCW
start�2 and VCCW

start�3. However, the advection process as well as its
direction is quite different for VCCW

start�1 and VCW
start�4 in the B&C swim-

ming. The difference is due to the coast phase that introduced the
intermittent stopping compared with a momentarily stop in the con-
tinuous swimming. Figures 5(j)–5(l) and 6(i)–6(k) show that VCCW

start�1
at the central position of the tail tip advects in the leftward inclined
direction driven by the onset of burst phase-based leftward kinematics
of the hydrofoil and sheds at the leftmost position. The leftward
inclined advection is seen for both pitching and undulating B&C
swimming. However, this inclined advection is outward from the cen-
terline for the B&C swimming as compared to inward for the continu-
ous swimming of the undulating hydrofoil. For VCW

start�4, Fig. 5(r) for
the pitching foil shows that the formation, advection, and shedding

occur horizontally along the central position in contrast to the contin-
uous swimming, where the horizontal advection occurs at the left-
most/rightmost position.

A schematic representation of the structure kinematics-driven
vortex shedding process is shown in Fig. 7. For the continuous swim-
ming of a pitching foil, Fig. 7(a) shows horizontal advection of VCW

shed at
the leftmost position and that of VCCW

shed at the rightmost position. For a
B&C pitching hydrofoil, Fig. 7(a) shows similar results for VCW

shed�2 and
VCCW
shed�3 while V

CW
shed�4 advects horizontally at the central position and

VCCW
start�1 advects leftward. For a continuous undulating hydrofoil,

Fig. 7(b) shows a centrally inclined advection of VCW=CCW
start that results

in the shed vortex VCW=CCW
shed closer to the centerline as compared to

that for the continuous pitching hydrofoil. For the B&C swimming
undulating hydrofoil, similar results are seen in Fig. 7(b) for VCW

shed�2
and VCCW

shed�1, while a leftward advection is seen for VCCW
start�1.

The above-discussed direction of the advection of the vortices in
the rear wake is important since it decides the transverse distance
between the shed vortices in the far wake. As presented below, a reverse
von Karman street is formed in the far wake for the continuous swim-
ming where the transverse distance is larger for the pitching hydrofoil
and smaller for the undulating hydrofoil, which leads to a larger and
smaller thrust force as well as propulsive velocity for the respective
hydrofoils. Moreover, for B&C as compared to continuous swimming, a
forward von Karman street is also formed (presented below) that leads
to a decrease in the thrust force as well as propulsive velocity.

VII. CHARACTERIZATION OF INSTANTANEOUS
VORTEX-STREET

For the continuous and B&C swimming, the above-discussed dif-
ference in the vortex shedding process in the near wake results in a

FIG. 7. Schematic representation of the horizontal and inclined advection of the stretching starting vortex Vstart for both continuous and B&C swimming of (a) pitching and (b)
undulating hydrofoil. The timewise sequence of positions of the hydrofoil and the starting vortex is represented by solid, dashed, and dotted lines where L-C-R represents left-
most to central to rightmost motion of the hydrofoil. The advection of the Vstart is represented by thick black arrow.
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different vortex street pattern in the far wake. This is shown in Fig. 8
with the help of instantaneous vortex structures for the two types of
swimming. Furthermore, for the B&C swimming, Figs. 9–11 show the
downstream evolution of the vortex structure under the effect of
k�;Re;DC, respectively, presented in a separate subsection below. The
time instant for the instantaneous vorticity contours corresponds to
the central position of the tail for the continuous swimming and end
of the coast phase for the B&C swimming. These figures also show a
streamwise variation of the maximum magnitude of instantaneous
vorticity of the CW and CCW shed vortices.

Figure 8(a) shows a symmetric reverse von Karman (RVK) street
for the continuous swimming, while Fig. 8(b) shows both RVK and

forward von Karman (FVK) vortex streets for the B&C swimming. As
discussed above, the RVK street is formed by VCW

shed�2 and VCCW
shed�3, and

the FVK street is formed further downstream by VCCW
shed�1 and VCW

shed�4.
Further, it can be seen from Fig. 8(b) that both the forward and reverse
vortex streets are asymmetric and deviate laterally from their mean
path of motion—RVK is rightward while FVK is leftward from the
centerline.

The rightward or leftward deviation is due to a much smaller
spacing between the shed vortices, called as a dipole,27 that leads to an
induced rightward or leftward jet flow in between the oppositely
signed vortex pair. The process of formation of these dipoles is dis-
cussed here using a schematic plot in Fig. 8(c). The figure shows that

FIG. 8. Comparison of the (a and b) vorticity contour-based vortex street with (d) streamwise variation (from the tail tip) of maximum instantaneous vorticity for the continuous
and B&C swimming of a pitching hydrofoil at Amax¼ 0.1 and Ref¼ 500. For the B&C swimming, a schematic representation of the downstream evolution of the vortex structure
is presented in (c) in terms of three stages: Stage-I on formation of a dipole-based RVK street, Stage-II on merging of CW vortices, and Stage-III on the binary breakup of the
merged CW vortex as well as the formation of asymmetric RVK and FVK vortex streets [also shown marked in (b)]. The adjoining opposite-sign shed vortices are marked by a
straight arrow in (d).
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the formation of RVK and FVK streets can be divided into three
stages. In Stage-I, the centers of VCW

shed�2 and VCCW
shed�3 are located at the

central and rightmost location of the hydrofoil, respectively. Note
from Fig. 5(b) that the center of VCW

shed�2 was at the leftmost location
when it shed from the tail tip and it moved in a rightward direction
after it is shed during the burst phase and approaches the center by the
end of the consecutive coast phase [Fig. 8(b)]. This lateral movement
brings the oppositely signed and almost equal strength vortices
(VCW

shed�2 and VCCW
shed�3) closer, forming a dipole-based RVK street in

stage-I. This vortex street induces the surrounding fluid and forms a
momentum surplus rightward jet required for the propulsion [shown
marked by the arrow in Fig. 8(c)]. A rightward movement of the RVK
vortex pair and a surplus jet are seen in the figure for stage-II, leading
to the merging of VCW

shed�4 with VCW
shed�2. However, the merged CW vor-

tex quickly separates into two, VCW
shed�20 and VCW

shed�200 , in Stage-II. The
larger vortex VCW

shed�20 continues to move downstream as a dipole-
based RVK. In contrast, the smaller VCW

shed�200 approaches VCCW
shed�1,

resulting in a weak dipole-based FVK vortex street in the far wake in
Stage-III. In contrast to the momentum-excess wake created by the

dipole-based RVK, the dipole-based FVK street creates a momentum
deficit wake. Note that the leftward deviation of the FVK vortex street
is smaller compared with the rightward deviation of the dipole-based
RVK street due to the weaker vortex pair in the FVK as compared to
the RVK vortex street.

The instantaneous vorticity contour plots of Figs. 8(a) and
8(b) also shows a difference in the shape of shed vortices for the
two types of swimming. The shape of the shed vortices is elliptical
with a strong braid region for the continuous swimming whereas
the shape for the B&C swimming is close to circular with negligible
braid region (except for the VCW

shed�2). The difference in shapes is
due to the difference in the stretching of the vortices in the two
types of swimming, as discussed in Sec. VI A. Despite the differ-
ence in the shape of the shed vortices for the two types of swim-
ming, Fig. 8(d) shows that the magnitude of maximum
instantaneous vorticity of the RVK shed vortices is almost the
same, and the vortices dissipate similarly while traveling down-
stream in the wake for the two types of swimming. However, the
shed vortices are symmetrical for continuous swimming, while
they are asymmetrical for B&C swimming.

FIG. 9. For B&C swimming at DC¼ 0.5, Amax¼ 0.1, and Ref¼ 500, the effect of chordwise flexibility k� on an instantaneous (a)–(e) vorticity contour and (f) streamwise varia-
tion of maximum vorticity xmax of the shed vortex VCW

shed�2.
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A. Effect of muscle-induced chord-wise flexibility

The effect of muscle-induced chord-wise flexibility—associated
with non-dimensional wavelength of undulation k�ð¼ 0:8–1)—on
the instantaneous vortex structures for the B&C swimming is shown
in Figs. 9(a)–9(e). The figure shows that the size of the shed vortices
decreases with the decreasing k�, which corresponds to the transition
from pure pitching to the various types of undulation. Furthermore,
with the decreasing k�, Fig. 9(f) shows a decrease in the magnitude of
maximum instantaneous vorticity of shed vortices. The consequence
of this decrease in the size and the strength of the shed vortices can be
seen in the number of observable shed vortices in Figs. 9(a)–9(e),
which is four in B&C cycle for pitching and reduces to three for
k� < 1:8. For the B&C swimming, the four shed vortices was reported
by Akoz and Moored18 and Floryan et al.19 for pitching; and Chung15

reported three shed vortices for undulating hydrofoil.
For the RVK street, Figs. 9(a)–9(e) show that the streamwise

spacing between two consecutive pair of shed vortices decreases
while their rightward deviation increases with the decreasing k�.
The larger rightward deviation is due to the formation of a dipole
in the wake at a shorter streamwise distance from the tail tip with
decreasing k�. Note the larger deviation of vortices from the mean
central line in the wake results in a large CL-based larger input
power CP;in. This results in the decrement in the propulsive perfor-
mance of B&C swimming while undulating at smaller chordwise
flexibility, discussed below in Sec. VIII.

B. Effect of Reynolds number

For a pitching hydrofoil performing B&C swimming, Fig. 10
shows the effect of Reynolds number Ref on the instantaneous vortex
street for three different flow regimes—viscous, transitional, and iner-
tial at Ref ¼ 50; 500; and 1500, respectively. The figure shows that the
dipole-based FVK vortex street forms adjacent to the tail tip at
Ref¼ 50, forms in the far wake at Ref¼ 500, and does not form at
Ref¼ 1500. The delay in the formation of the dipole-based FVK street
and its disappearance with the increasing Ref are due to the associated
increase in the inertia of the flow that results in a faster downstream
travel of vortex VCCW

shed�1. Thus, the time required or the downstream
distance required for VCW

shed�4 to approach vortex VCCW
shed�1 increases. At

the larger Ref¼ 1500 studied here, the merged CW vortices do
not split into two, as occurs in Stage-III for Ref¼ 500 discussed above
[Fig. 8(d)]. Thus, for Ref¼ 1500, the observable shed vortices reduce
to three even for the pitching hydrofoil with B&C swimming. The pre-
sent result matches with the experimentally observed result of Wu
et al.7 of three vortices in the wake of real koi carp fish performing
B&C swimming. Note that the koi carp is a carangiform type of fish,
and the experiments were carried out at Ref � 2600. Further, the spa-
tial distribution of the vortices in the wake from the present numerical
simulations matches the experimental observations on a real koi carp
fish byWu et al.7

Figures 10(a)–10(c) also show that the rightward deviation of
vortices in the street decreases with the increasing Ref. This indicates

FIG. 10. For B&C swimming of a pitching hydrofoil ðk� ! 1Þ at DC¼ 0.5, and Amax¼ 0.1, the effect of Ref on an instantaneous (a)–(c) vorticity contour and (d) streamwise
variation of maximum vorticity xmax of the shed vortex VCW

shed�2.
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that the transfer of larger momentum in the streamwise direction is
much more efficient at a large Ref and results in a greater energy sav-
ings, which is presented later in Sec. VIII.

C. Effect of duty cycle

The effect of duty cycle (DC)—associated with bringing the inter-
mittent stopping of the swimming by adding a coast phase—on the
instantaneous vortex street behind a pitching hydrofoil is shown in
Fig. 11. Note that a smaller DC results in a larger coast-based intermit-
tent stopping of the hydrofoil movements. The figure shows a dipole-
based asymmetric RVK vortex street in the wake for DC¼ 0.75, the
RVK together with a dipole-based FVK for DC¼ 0.5, and a much
elongated shedding of the RVK and FVK vortex street for DC¼ 0.25
and 0.1. The difference in the various vortex streets is due to a differ-
ence in the time-averaged propulsion velocities �UP generated by the
hydrofoil at different DC. At a large DC, the time during which the
hydrofoil undulates is greater; thus, the time-averaged velocity and
the streamwise jet-based surplus momentum in the wake will both be
greater. For example, at DC¼ 0.75, the hydrofoil undulates 75% of its
total B&C time; thus, the time-averaged velocity behind the foil is

larger. Therefore, similar to the above discussed on the variation at a
larger Ref of 1500, the larger propulsive velocity at a larger DC stabil-
izes the newly formed vortex (formed by joining vortex VCW

shed�2 and
VCW
shed�4) and does not split into two, resulting in a dipole-based RVK

with a separate CCW vortex at DC¼ 0.75. At very low DC values of
0.25 and 0.1, the propulsive velocity generated by the hydrofoil is very
low and becomes comparable with the velocity of the lateral deviation
of the dipole. As a result, the dipole travels downstream while rotating
about its center, resulting in the much elongated vortex structures in
the wake. Further, at DC¼ 0.1, the VCW

shed�2 breaks into two, which
results in 5 different vortices in the wake [Fig. 11(d)].

Figure 11(e) shows that the maximum magnitude of vorticity
of the vortex VCW

shed�2 for various DC is almost the same, and the
downstream decay/dissipation of the shed vortices is similar for all
the DC values. Figures 11(a)–11(d) also show that the rightward
deviation of RVK vortex street increases with the decreasing DC
up to 0.25 and decreases at DC¼ 0.1. The increase in lateral devia-
tion is due to a decrease in time-averaged propulsive velocity �UP ,
as discussed above. Thus, the number of observable vortices in the
wake varies from three to five depending upon the DC of the B&C
swimming.

FIG. 11. For B&C swimming of a pitching hydrofoil ðk� ! 1Þ at Amax¼ 0.1, and Ref¼ 500, effect of duty cycle DC on an instantaneous (a)–(d) vorticity contour and (e)
streamwise variation of maximum vorticity xmax of the shed vortex VCW

shed�2.
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VIII. PROPULSIVE PERFORMANCE: BURST-AND-COAST
vs CONTINUOUS SWIMMING AND CONNECTION WITH
NATURE

As discussed in Sec. V, the B&C swimming as compared to the
continuous swimming leads to a decrease in the input power for the
hydrofoil motion, along with a decrease in the propulsive velocity.
The decrease in the input power leads to a decrease in the input energy
while the decrease in the propulsion velocity leads to an increase in the
time to travel the same distance “d” that is traveled with the continu-
ous swimming. Thus, a comparative propulsion performance of the
B&C and continuous swimming is presented here in terms of non-
dimensional parameters as follows:

%Energy Savings ¼ ð1� ERÞ �100%;
%time-Enhancement ¼ ðTR � 1Þ �100%;

Effectiveness of B&Cswimming ¼ %Energy Savings
%time-Enhancement

;

(15)

where ER is the energy ratio and TR is the time ratio, which are given
as

ER ¼
Eb�c
Econt

¼
�CP;in;b�c sb�c
�CP;in;cont scont

¼
�CP;in;b�c =�UP;b�c
�CP;in;cont =�UP;cont

;

and TR ¼
sb�c
scont
¼

�UP;cont

�UP;b�c
;

(16)

where E is the input energy, �CP;in is the mean non-dimensional input
power [Eq. (13)], and s (¼ D=�UP) is the non-dimensional time
required to cover the same non-dimensional distance D at the periodic
state.

The variation of the various propulsive parameters for the B&C
as compared to the continuous swimming is shown in Fig. 12. The
effects of the wavelength k� of undulation (at DC¼ 0.5) and DC (at
k� ¼ 0:8; 1:8; and 1) are presented in the figure for various
Ref ¼ 50; 500; and 1500. With the increasing k� at various Ref,
Figs. 12(a) and 12(c) show an asymptotic increase in both %energy
savings and effectiveness of the B&C compared to continuous swim-
ming, while Fig. 12(b) shows an increase followed by an asymptotic
decreasing trend of variation of the %time enhancement. With the
increasing Ref at a constant k�, the figure shows a decrease in the
%time enhancement and an increase in the other comparative propul-
sive performance parameters. The shaded region in Fig. 12(c) shows
the governing parametric values for which the effectiveness is greater
than one, i.e., the %energy savings is more than the %time enhance-
ment for the B&C as compared to the continuous swimming while
traveling the same distance. The figure shows that a hydrofoil operat-
ing at a large value of k� (>3) and larger Ref (¼1500) is effective for
the B&C swimming as compared to the continuous swimming.

The larger wavelength k� of undulation corresponds to a smaller
value of wavenumber Wð¼ C=k ¼ 1=k�Þ, which is presented on the
top x axis of Figs. 12(a)–12(c). The wavenumberW is shown here as it
represents the muscle-induced flexibility of a fish that is seen to
decrease with the increasing wavelength k� of undulation. The present
result shows that the B&C swimming is effective at larger k� and sup-
ports the choice of B&C swimming by certain fish—chosen by the car-
angiform and thunniform fish but never chosen by the anguilliform
fish as observed in nature. Note that the kinematics of carangiform

and thunniform fish involve the pitching motion (k� ! 1 orW¼ 0)
of their caudal fin while that of the anguilliform fish involves a larger
muscle-induced chordwise flexibility (larger W or smaller k�) based
undulation of the whole body. Our numerical results on %energy
savings¼ 43% for the pitching hydrofoil, which corresponds toW¼ 0
or k� ! 1, at Ref¼ 1500 [Fig. 12(a)] match closely with the energy
savings¼ 45% that was reported experimentally for a live koi carp
(carangiform) fish byWu et al.7

With the decreasing duty cycle DC for various Ref and k�,
Fig. 12(d) shows an almost linear increase in the %energy savings
(except a sharply increasing trend at k� ¼ 0:8) while Fig. 12(e) shows
a sharply increasing trend of variation of the %time enhancement.
Thus, for a larger %energy savings as compared to the %time enhance-
ment, the marked region for the effectiveness> 1 in Fig. 12(f) shows
that B&C swimming is effective at an intermediate DC¼ 0.75 and 0.5.
The figure shows that the DC¼ 0.75 is effective for intermediate
k� ¼ 1:8 as well as larger k� ! 1 at high Ref¼ 1500 and for high
k� ! 1 at low Ref¼ 50; however, DC¼ 0.5 is effective only for the
larger k� ! 1 and high Ref¼ 1500. These findings also support the
observations of B&C swimming occurring only at the larger DC. For
example, B&C swimming was reported for golden shiners fish at
DC � 0:79 and for koi carp fish at DC � 0:4.7 Furthermore, B&C
swimming is mostly observed in the inertial range (larger Ref) except
at low Ref � 10 by a larval zebrafish.6

IX. CONCLUSIONS

The present numerical study is on the self-propulsion of a
NACA0012 hydrofoil, which is based on intermittent burst-and-coast
(B&C) and continuous swimming modes as well as undulation and
pitching swimming kinematics; these are the modes adopted by the
body/tail of various BCF fish. Thus, the effect of the associated govern-
ing parameters—intermittency-based duty cycle DC (¼ 0:1� 1) for
the swimming modes and wavelength k� (¼ 0:8�1) of undulation
for the swimming kinematics—are studied here for the various
frequency-based Reynolds number Ref(¼ 500� 1500). The conclu-
sions drawn from the present work are as follows:

1. Using the same swimming kinematics as continuous swimming
during the burst phase and stationary during the coast phase, a
B&C as compared to continuous swimming hydrofoil is found to
result in a substantial reduction in input power along with a
decrease in the propulsive velocity. However, for both the types
of swimming, these parameters increase with the increasing
wavelength k� of undulation or decreasing muscles-induced
flexibility.

2. A swimming kinematics driven vortex–hydrofoil interaction
dynamics is demonstrated to lead to a sequence of vortical
events—stopping, starting and finally, shedding of vortices—in
the near-wake region. The near wake vorticity dynamics is
shown to lead to a difference in vortex street in the far-wake
region—an asymmetric reverse von Karman (RVK) and forward
von Karman (FVK) vortex streets for the B&C swimming as
compared to the symmetric RVK street during the continuous
swimming. The sequence of events for the process of vortex
shedding is discussed, where the growth, stretching, and advec-
tion of the vortices get curtailed during the intermittent stopping
of the B&C swimming hydrofoil.
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FIG. 12. Variation of (a and d) %energy savings, (b and e) %time enhancement and (c and f) effectiveness of B&C as compared to the continuous swimming, with (a)–(c)
increasing wavelength k� (decreasing wavenumber 1=k�) and (d)–(f) decreasing duty cycle DC of undulation at various Reynolds number Ref. The subfigures of (a)–(c) are at
DC¼ 0.5 and (d)–(f) are at k� ¼ 0:8; 1:8, and1. The shaded region in subfigures (c) and (f) shows the cases with the values of effectiveness greater than one.
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3. The size, strength, and number of the shed vortices in the far
wake varies with the governing parameters. An increasing k�

leads to the transition from undulation to pitching, and the size
and strength of the shed vortices increase from three (k� < 1:8)
to five (for k� > 1:8). The number of shed vortices reduces from
four at Ref¼ 500 to three at Ref¼ 1500; and from five at
DC¼ 0.1 to three at DC¼ 0.75.

4. Finally, for the B&C as compared to continuous swimming, the
effect of the reduction in both input power and propulsive veloc-
ity is found to result in energy saving along with an increase in
the travel time to cover a same distance by both the types of
swimming. The energy saving increases with the increasing k�,
DC and Ref while the time enhancement decreases with the
increasing DC and Ref. An effectiveness of the B&C as compared
to continuous swimming is defined, with the energy saving
greater than the time enhancement, where the B&C is found to
be effective for a larger k�, Ref and DC. Thus, our result supports
and explains why the B&C swimming is adopted by a carangi-
form and thunniform fish that mainly follows a larger-k�-based
pitching swimming kinematics while it is not adopted by anguil-
liform fish which mainly follow a smaller-k�-based undulating
swimming kinematics.

The present results are significant as they demonstrate several
propulsive characteristics of B&C swimming and provide vorticity-
dynamics-based fluid-dynamics reasons for its adoption only by a cer-
tain class of BCF fish in nature. Further, it fills the gap and helps us
understand the difference in the number of shed vortices reported in
the literature for the B&C swimming. Although the B&C swimming-
based energy saving has been reported, its correlation with the
enhancement in the travel time as well as its effectiveness is presented
here for the first time.

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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