
Thermal Science and Engineering Progress 37 (2023) 101579

A
2

Contents lists available at ScienceDirect

Thermal Science and Engineering Progress

journal homepage: www.elsevier.com/locate/tsep

Numerical analysis of the effect of porous structure on free convection heat
transfer inside an eccentric annular space
Gazy F. Al-Sumaily a,c,∗, Hasanen M. Hussen b, Miqdam T. Chaichan a, Hayder A. Dhahad b,
Mark C. Thompson c

a Energy and Renewable Energies Technology Centre, University of Technology, Iraq
b Mechanical Engineering Department, University of Technology, Iraq
c Department of Mechanical and Aerospace Engineering, Monash University, Australia

A R T I C L E I N F O

Keywords:
Free convection
Eccentric annular enclosure
Laminar flow
Porous media
Packed bed
Local thermal non-equilibrium

A B S T R A C T

In the literature, there are some conclusions seem to be conflicting about the effect of porous structure of a
packed bed of spheres, in particular the effects of the sphere diameter and the porosity on the heat transfer
by convection. For this reason, the present numerical analysis investigates the effects of these two parameters
on natural convection heat transfer inside an eccentric annulus packed with stationary spheres. More reliable
models for energy and momentum transport in porous media, namely the two-phase energy model that fails to
postulate local thermal equilibrium ‘‘LTE’’ status between the solid spheres and the flowing fluid, and the full
Darcy–Brinkman–Forchheimer momentum model, are employed. This non-dimensional analysis is conducted
for different spheres’ sizes (annulus interior cylinder/sphere diameter ratio, 𝐷𝑖∕𝑑 = 20 − 100), porosities
(𝜀 = 0.3 − 0.7), and sphere materials (solid/fluid thermal conductivity ratio, 𝐾𝑟 = 1 − 105), and at various
heating represented by Rayleigh number (Ra = 8 × 107 − 2 × 108). The results show that the effects of these
parameters depends strongly on the thermal conductivity of the spheres material. Thus, it was found that at
lower thermal conductivity ratio, the bigger sphere size or the larger porosity produces the higher convection
heat transfer. However, at moderate thermal conductivity ratio, the convection heat transfer can be increased
or decreased as the sphere size or the porosity increases. But, at higher thermal conductivity ratio, the increase
in the sphere size or the porosity causes a decrease in the convection heat transfer.
1. Introduction

In the thermal engineering applications, porous media may be
employed as an insulator or an effectual technique for heat transfer
enhancement depending on their thermal conductivity. Indeed, in these
thermal applications, porous media can be used as a fibrous material
or a packed bed of spheres. In packed beds, it is essential to charac-
terise the fluid flow within it as a function of sphere diameter and
porosity. Achenbach [1] published a thorough review on flow and
thermal characteristics in packed beds. It has come to our attention
from the literature that there are number of evidently conflicting
findings regarding of the reliance of convection heat transfer on the
porous structure, especially, the sphere diameter and the porosity. For
example, David and Cheng [2], Kwendakwema and Boehm [3], Hsiao
et al. [4], Wang and Du [5], and Jiang et al. [6], found that the
increase in the sphere diameter causes an increase in the rate of
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heat transfer. Kwendakwema and Boehm [3] examined numerically
mixed convective flow in an annular space between two concentric
vertical cylinders filled with a fibrous material. The outer cylinder
was considered to be at constant temperature, while the inner cylinder
was assumed insulated. They employed Darcy model to predict the
fluid flow, while the local thermal equilibrium energy formulation
was employed to calculate the temperature field. Wang and Du [5]
performed an experimental study to investigate forced convection heat
transfer in a water–glass porous medium inside a vertical annulus.

The opposite behaviour has been obtained by Jeigarnik et al.
[7], Hwang and Chao [8], Nasr et al. [9], Chen and Hadim [10], Jiang
et al. [11], Saito and Lemos [12], and Blaszczuk et al. [13]. This
contradiction is attributed to be due to the discrepancy between the
thermal conductivities of both fluid and solid phases, as clarified
priorly by Jiang et al. [6]. They mentioned that when the solid/fluid
vailable online 5 December 2022
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thermal conductivity ratio is greater than unity, the convective heat
transfer coefficient close to the hot wall is primarily controlled by
direct conduction within solid spheres. Consequently, this coefficient
decreases as the sphere diameter increases as a consequence of the
reduction in the contact surface between the hot wall and the solid
spheres. On the other hand, when the solid/fluid thermal conductivity
ratio is almost unity, the heat transfer from the surface is mainly
governed by convection, and therefore when the sphere size enlarges,
this leads to an increase in the thermal dispersion, and consequently
the heat transfer by convection become stronger.

In addition, a non-linear influence of the sphere size on the con-
vection heat transfer has been found by Jiang et al. [14], Jiang et al.
[15], Al-Sumaily et al. [16]. They concluded that the increase in
the sphere size can lead to a decrease or an increase in convection
heat transfer depending on other parameters such as solid and fluid
thermal conductivities, thermal dispersion, mass flow rate, and poros-
ity. Jiang et al. [14] conducted numerical simulations for modelling
forced convection flow within a horizontal channel heated from above
by iso-flux and packed with metallic spheres. Jiang et al. [15] tested
experimentally similar physical case, but for different kinds of spheres,
i.e., stainless steel, glass, and bronze, saturated by water, were utilised
in their investigation. The experimental results indicated that the in-
crease in the sphere size increases the surface heat transfer for the
channel with glass spheres. However, an adverse trend of results was
observed when filling the channel with bronze or stainless steel, at
various mass flow rates. Al-Sumaily et al. [16] studied the influence
of particle size of spheres inside a horizontal packed bed containing
a hot cylinder under forced convection. The results showed that the
convection heat transfer from the cylinder can be increased or de-
creased as the particle size enlarges, relying on many other related
variables like thermal dispersion, solid/fluid thermal conductivity ratio,
Reynolds number, and the interphase convective coefficient.

Regarding the porosity, in the works of Jue [17], Pavel [18],
Layeghi and Nouri-Borujerdi [19], Huang et al. [20], Mabrouk et al.
[21], and Lu et al. [22], they revealed that employing lower-porosity
porous media enhances the convective heat transfer. For instance, Jue
[17] studied free convection inside a porous cavity having an internal
heat generation. The objective of his work was to study the influence
of existence of the porous material on the hydrodynamic and ther-
mal characteristics generated by sidewall heating in addition to the
interior heat source. The results showed that a higher porosity value
produces a smaller Nusselt number value. Pavel [18] who conducted
numerical and experimental studies to investigate the impact of in-
serting a metallic porous material inside a pipe on the heat transfer
rates. It was concluded that higher rates of heat could be obtained by
raising Reynolds number and/or by decreasing the porosity. Layeghi
and Nouri-Borujerdi [19] examined forced convection heat transfer
from a circular cylinder using the Darcy model for a small range of
Péclet number (Pe ≤ 40). They examined the influence of permeability
and porosity on the temperature distribution and the convective heat
transfer from the cylinder. Huang et al. [20] studied the augmentation
of heat transfer by inserting a porous substrate inside a tube, for
both laminar and turbulent flows. They found that inserting a porous
medium can enhance the heat transfer considerably. However, they also
found that the higher enhancement can be obtained at lower porosity
in both laminar and turbulent regimes. Mabrouk et al. [21] studied
numerically the effect of porosity on unsteady forced convective flow
within an open-ended horizontal channel stuffed with phase change
material (PCM) and porous structure. They found that using lower
porosity materials inside a high strength flow enhances the thermal
convection performance in the channel. Lu et al. [22] investigated
experimentally the effects of porosity and pore diameter on free con-
vection within an open cell copper foam. Their results showed that
the porosity does not have a significant impact on the heat transfer
performance when it is less that 78%; however, as it increases beyond
2

this value, the convection heat transfer starts decreasing considerably. i
On the other hand, the numerical works of Saito and Lemos [12]
and Wong and Saeid [23] showed opposite trend of results. Thus, Saito
and Lemos [12] who investigated forced convection inside a horizontal
porous plate channel, reported that when the higher porosity is used,
the higher the Nusselt number is acquired. They justified this finding
as higher porosity produces lower interfacial area, which decreases
the energy exchange between the fluid and solid phases, then causing
higher Nusselt numbers. Wong and Saeid [23] who also used the
thermal non-equilibrium energy model to study mixed convection of jet
impingement cooling of a heat source placed inside a porous channel,
found that Nusselt number can be augmented by increasing the porosity
value.

In order to participate and provide another opinion in the literature
about the effects of particle diameter and porosity on convection heat
transfer, the current study was conducted to study free convection
inside a packed bed of spheres within an annular space between two
eccentric horizontal circular cylinders. Firstly, this physical problem
was chosen because it has a feasible importance in numerous ther-
mal engineering applications such as cooling of high-energy electronic
devices, solar collectors, cooling of nuclear reactor core, and thermal
storage systems, as well as the devices that include thermal insulators.
Also, indeed, buoyancy-driven flows inside eccentric annular porous
spaces are intricate to be solved numerically; therefore, the attempts to
study such case are infrequent. Secondly, in this study, a more reliable
momentum model that includes non-Darcian effects such as the effects
of inertia and thermal dispersion, is incorporated along with the Local
Thermal non-Equilibrium ‘‘LTNE" - energy model, to precisely calculate
the velocity and temperature fields during the annular packed bed. As
a result, the aim is to analyse and quantify correctly and accurately
the influences of particle diameter and porosity on free convection
as well as the heat conduction, taking all the non-Darcian effects
into consideration and without the assumption of thermal equilibrium
between the solid and fluid phases.

2. Problem description

The physical problem under study along with the selected coordi-
nate system are demonstrated in Fig. 1. As displayed, a circular cylinder
having a diameter of (𝐷𝑖) and a wall temperature of (𝑇ℎ) is submerged
ccentrically in an encompassed round packed bed of spherical particles
aturated with air and having a diameter of (𝐷𝑜) and a wall temperature
f (𝑇𝑐), where (𝐷𝑜 = 3𝐷𝑖). The spherical particles of the packed bed,
hich are considered to have a particle diameter of (𝑑), are assumed

o be stationary in the annular space, and air is moving throughout
hem by the action of buoyancy-driven forces. The centre of the internal
ot cylinder is shifted upward from the centre of the external cold
ylinder by an eccentric length of (𝑒 = 0.8). The inner and outer
ylinders’ surfaces are assumed to be impermeable. The physical case
s considered that at time (𝑡 > 0), the inner cylinder wall is abruptly
eated to (𝑇ℎ), and thereafter kept at this hot temperature. Indeed, this
nexpected alteration in the temperature could establish prospective
nsteadiness in the flow and thermal systems for (𝑇ℎ > 𝑇𝑐), thus,
riggering buoyancy driven steady or unsteady free convective airflows
n the annular gap.

. Mathematical formulations

It is assumed that the convective fluid flow is incompressible and
iscous, and is characterised by the Brinkman–Forchheimer-extended
arcy model. Also, it is presumed that the gravitation acts downwards,
nd the properties of the fluid phase are kept constant, except for
he density, which changes with the temperature according to the
oussinesq approximation. Additionally, the following presumptions
re also implemented: The packed bed is isotropic and homogeneous;
o interior heat generation takes place inside the packed bed; the

nterfacial radiation heat transfer between the phases of the bed is
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Fig. 1. Configuration of the eccentric annular packed bed of spheres with system
coordinates.

neglected; and the packed bed is saturated with air, so Prandtl number
is considered as (Pr = 0.71). But, substantially, the solid particles and
air are in Local Thermal non-Equilibrium ‘‘LTNE" condition all over the
bed. Accordingly, the mass, momentum and energy equations could be
scripted in the following dimensional formulas described in (Vafai and
Sozen [24], Amiri and Vafai [25], Al-Sumaily et al. [26]):
𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

= 0, (1)

𝜌𝑓
𝜀2

(

𝑢 𝜕𝑢
𝜕𝑥

+ 𝑣 𝜕𝑢
𝜕𝑦

)

= −
𝜇𝑓
𝐾

𝑢 −
𝜌𝑓𝐶𝐹
√

𝐾
|⃖⃗𝑢|𝑢 +

𝜇𝑓
𝜀

(

∇2𝑢
)

−
𝜕𝑝𝑓
𝜕𝑥

, (2)

𝜌𝑓
𝜀2

(

𝑢 𝜕𝑣
𝜕𝑥

+ 𝑣 𝜕𝑣
𝜕𝑦

)

= −
𝜇𝑓

𝐾
𝑣−

𝜌𝑓𝐶𝐹
√

𝐾
|⃖⃗𝑢|𝑣+

𝜇𝑓

𝜀
(

∇2𝑣
)

−
𝜕𝑝𝑓
𝜕𝑦

+𝜌𝑓𝑔𝛽
(

𝑇𝑓 − 𝑇𝑐
)

,

(3)

𝜀
(

𝜌𝑐𝑝
)

𝑓

(

𝑢
𝜕𝑇𝑓
𝜕𝑥

+ 𝑣
𝜕𝑇𝑓
𝜕𝑦

)

= 𝑘𝑓.eff ,(𝑥,𝑦)
(

∇2𝑇𝑓
)

+ ℎ𝑠𝑓 𝑎𝑠𝑓
(

𝑇𝑠 − 𝑇𝑓
)

, (4)

𝑘𝑠.eff
(

∇2𝑇𝑠
)

− ℎ𝑠𝑓 𝑎𝑠𝑓
(

𝑇𝑠 − 𝑇𝑓
)

= 0, (5)

where (𝑢) and (𝑣) represent the dimensional horizontal and vertical
velocities, respectively, (𝑥) and (𝑦) represent the dimensional system
coordinates, (𝑇 ) is the dimensional temperature, and (𝑝𝑓 ) is the di-
mensional pressure. Also, (𝑐𝑝) is the heat capacity, (𝜇𝑓 ) is the dynamic
viscosity, and (𝜌) is the density. For the packed bed, (𝑎 ) is the
3

𝑠𝑓
interfacial specific surface area, (𝐶𝐹 ) is the inertia coefficient, (ℎ𝑠𝑓 )
is the particle-to-air convective coefficient, (𝐾) is the permeability,
and ((𝜀) is the porosity. Whereas, the subscripts (𝑠) and (𝑓 ) indicate
to the solid and fluid phases, respectively, while (eff) refers to the
effective quality, thereby, (𝑘𝑓.eff ) and (𝑘𝑠.eff ) represent the fluid and
solid effective thermal conductivities, respectively.

Then, the governing Eqs. (1)–(5) are non-dimensionalised using the
following groups of variables:

𝑋, 𝑌 =
𝑥, 𝑦
𝐷𝑖

, 𝑈 =
𝑢𝐷𝑖
𝛼𝑓

, 𝑉 =
𝑣𝐷𝑖
𝛼𝑓

, 𝜃 =
(𝑇 − 𝑇𝑐 )
(𝑇ℎ − 𝑇𝑐 )

, 𝑃𝑓 =
𝑝𝑓𝐷2

𝑖

𝜌𝑓𝛼2𝑓
, (6)

here, (𝛼𝑓 ) represents the thermal diffusivity. After that, the set of
dimensionless governing equations becomes as follows:
𝜕𝑈
𝜕𝑋

+ 𝜕𝑉
𝜕𝑌

= 0, (7)

1
𝜀2

(

𝑈 𝜕𝑈
𝜕𝑋

+ 𝑉 𝜕𝑈
𝜕𝑌

)

= − Pr
Da𝑈 −

𝐶𝐹
√

Da
|

⃖⃖⃗𝑈 |𝑈 + Pr
𝜀

(

∇2𝑈
)

−
𝜕𝑃𝑓

𝜕𝑋
, (8)

1
𝜀2

(

𝑈 𝜕𝑉
𝜕𝑋

+ 𝑉 𝜕𝑉
𝜕𝑌

)

= − Pr
Da𝑉 −

𝐶𝐹
√

Da
|

⃖⃖⃗𝑈 |𝑉 + Pr
𝜀

(

∇2𝑉
)

−
𝜕𝑃𝑓

𝜕𝑌
+Ra Pr 𝜃𝑓 ,

(9)

𝜀
(

𝑈
𝜕𝜃𝑓
𝜕𝑋

+ 𝑉
𝜕𝜃𝑓
𝜕𝑌

)

=
𝑘𝑓.eff ,(𝑥,𝑦)

𝑘𝑓

(

∇2𝜃𝑓
)

+ Bi 𝐾𝑟
(

𝜃𝑠 − 𝜃𝑓
)

, (10)

𝑘𝑠.eff
𝑘𝑠

(

∇2𝜃𝑠
)

− Bi
(

𝜃𝑠 − 𝜃𝑓
)

= 0, (11)

where (𝑈) and (𝑉 ) represent the non-dimensional horizontal and verti-
cal velocities, respectively, (𝑋) and (𝑌 ) represent the non-dimensional
system coordinates, (𝜃) is the non-dimensional temperature, and (𝑃𝑓 )
is the non-dimensional pressure. In addition, it can be seen that there
is a group of non-dimensional parameters appearing in Eqs. (7)–(11)
represent the essential parameters for the current problem thus:

Ra =
𝜌𝑓 𝑔𝛽𝐷3

𝑖 (𝑇ℎ − 𝑇𝑐 )
𝛼𝑓𝜇𝑓

, Da = 𝐾
𝐷2

𝑖

, Bi =
𝐷2

𝑖 ℎ𝑠𝑓 𝑎𝑠𝑓
𝑘𝑠

, 𝐾𝑟 =
𝑘𝑠
𝑘𝑓

. (12)

In this study, the inertia coefficient 𝐶𝐹 and the permeability 𝐾 are
calculated based on Ergun’s empirical expressions Ergun [31], which
are functions of particle diameter 𝑑 and porosity 𝜀 as follows:

𝐶𝐹 = 1.75
√

150𝜀3
, 𝐾 = 𝜀3𝑑2

150 (1 − 𝜀)2
. (13)

Whereas, the specific inter-phase surface area 𝑎𝑠𝑓 and the particle-to-
air convective coefficient ℎ are calculated employing the empirical
𝑠𝑓
Fig. 2. (a) Macro-elements, and (b) micro-elements.
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Table 1
Thermal conductivities (𝑘𝑠) of number of solid non-metallic and metallic substrates, showing their thermal
conductivity ratios with respect to air (𝑘𝑓 )= 0.02587 W/m K at 300 K.

Non-metals 𝑘𝑠 (W/m K) 𝑘𝑠∕𝑘𝑓 Metals 𝑘𝑠 (W/m K) 𝑘𝑠∕𝑘𝑓
foam 0.026 1.005 lead 35 1.352 ×103

rubber 0.138 5.33 steel 50 1.932 ×103

wood 0.17 6.57 nickel 62 2.396 ×103

crystal 0.2 7.73 iron 79 3.053 ×103

brick 0.47 18.1 brass 144 5.566 ×103

soil 0.5 19.3 bronze 189 7.305 ×103

concrete 0.8 30.9 aluminium 237 9.161 ×103

window glass 1.0 38.6 Silicon carbide 270 1.043 ×104

Silica 1.07 41.3 aluminium nitride 310 1.198 ×104

Quartz 1.4 54.1 gold 315 1.217 ×104

Chalk 2.2 85.04 copper 385 1.488 ×104

Zircon 2.44 94.3 silver 429 1.658 ×104

carbon 6.92 267.4 diamond 2100 0.811 ×105
Fig. 3. Results of mesh resolution study showing the variation of (Left) Nu𝑓 and (Right) Nu𝑠, with polynomial order 𝑝𝑜.
Fig. 4. Comparison between the results of the present numerical algorithm and
analytical results of Cheng [27] and experimental results of Nasr et al. [9].

formulations of Dullien [32] and Wakao et al. [33], respectively, as
follows:

𝑎𝑠𝑓 =
6(1 − 𝜀)

𝑑
, (14)

ℎ𝑠𝑓 =
𝑘𝑓
𝑑

(

2 + Pr1∕3Re0.6𝑝
)

, (15)

here, (Re𝑝) is the particle Reynolds number in the pore scale,

Re𝑝 =
𝜌𝑓 |𝑣|𝑑 . (16)
4

𝜇𝑓
Fig. 5. Comparison between the results of the present numerical algorithm and the
results of Pop et al. [28], Yih [29] and Kumari and Jayanthi [30].

Therefore, by substituting Eqs. (13)–(16) into Eq. (12), importantly,
Biot and Darcy numbers become functions of porosity 𝜀, cylinder/
particle diameter ratio (𝐷𝑖∕𝑑), and solid/fluid thermal conductivity
ratio 𝐾𝑟, as follows:

Bi = 6 (1 − 𝜀)
( 1
𝐾𝑟

)

(

𝐷𝑖
𝑑

)2
(

2 + (Pr)1∕3
(

Re𝑝
)0.6

)

. (17)

Da =
(

𝑑
𝐷𝑖

)2 𝜀3

150 (1 − 𝜀)2
, (18)

In addition, the another important factor that should be taken into
account is the dispersion conductivity (𝑘 ). This factor is considered as
𝑑
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Fig. 6. (a) Variations of (Left) Nu𝐹 and (Right) Nu𝑆 with 𝐷𝑖∕𝑑 at different Ra, at 𝐾𝑟 = 1.0. (b) Variation of (Left column) Nu𝐿𝐹 and (Right column) Nu𝐿𝑆 around the cylinder
ircumference for different 𝐷𝑖∕𝑑 and Ra, at 𝐾𝑟 = 1.0 and 𝜀 = 0.5.
t
n additional diffusive part appended to the stagnant thermal connec-
ivity of fluid in both longitudinal and lateral directions. The empirical
orrelations developed by Wakao and Kaguei [34] are used to model
5

he fluid dispersion conductivities as follows:

𝑘𝑑,(𝑥) = 0.5 Pr Re𝑝, (19)

𝑘𝑓
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Fig. 7. Samples of (i) streamlines, (ii) fluid isotherms, and (iii) solid isotherms, for different particle diameters, at 𝐾𝑟 = 1.0, 𝜀 = 0.5, and Ra = 8 × 107.
𝑘𝑑,(𝑦)
𝑘𝑓

= 0.1 Pr Re𝑝. (20)

While, the experimental correlations of Zehner and Schluender [35] are
considered to calculate the fluid and solid stagnant conductivities, as
follows:.
𝑘𝑠𝑡.𝑓
𝑘𝑓

=
(

1 −
√

1 − 𝜀
)

+

(

2
√

1 − 𝜀
1 − 𝜆𝐵

)

(

(1 − 𝜆)𝐵
(1 − 𝜆𝐵)2

ln(𝜆𝐵) − 𝐵 + 1
2

− 𝐵 − 1
1 − 𝜆𝐵

)

, (21)

𝑘𝑠𝑡.𝑠
𝑘𝑠

= (1 − 𝜀), (22)

where 𝜆 = 1∕𝐾𝑟 and 𝐵 = 1.25
(

(1 − 𝜀)∕𝜀
)

10
9 . Thereby, the fluid and

solid effective thermal conductivities 𝑘𝑓.eff and 𝑘𝑠.eff in Eqs. (10) and
(11) become calculated as follows:
𝑘𝑓.eff ,(𝑥,𝑦)

𝑘𝑓
=

𝑘𝑠𝑡.𝑓
𝑘𝑓

+
𝑘𝑑,(𝑥,𝑦)
𝑘𝑓

, (23)

𝑘𝑠.eff
𝑘𝑠

=
𝑘𝑠𝑡.𝑠
𝑘𝑠

. (24)

4. Boundary conditions and energy calculation

In the present study, the no slip condition is assumed for the
dimensionless velocities on the two solid cylinders’ walls, whereas, the
6

dimensionless temperatures on these walls are considered as follows:

𝜃𝑓 = 𝜃𝑠 = 1 at (𝑟 = 𝑟𝑖) and (0 < 𝜑𝑜 < 360),

𝜃𝑓 = 𝜃𝑠 = 0 at (𝑟 = 𝑟𝑜) and (0 < 𝜑𝑜 < 360). (25)

Moreover, Fourier’s law is employed to calculate the quantity of heat
transferred from the inner cylinder wall into the fluid and solid phases,
as follows:

𝑞𝑓 = −
𝑘𝑓.eff
𝑘𝑓

𝜕𝑇𝑓
𝜕𝒏

, 𝑞𝑠 = −
𝑘𝑠.eff
𝑘𝑠

𝜕𝑇𝑠
𝜕𝒏

, (26)

Thereafter, Eq. (26) is transformed to be in terms of dimensionless
parameters as follows:

Nu𝐿𝐹 =
𝑞𝑓𝐷𝑖

(𝑇ℎ − 𝑇𝑐 )
= −

𝑘𝑓.eff
𝑘𝑓

𝜕𝜃𝑓
𝜕𝒏

,

Nu𝐿𝑆 =
𝑞𝑠𝐷𝑖

(𝑇ℎ − 𝑇𝑐 )
= −

𝑘𝑠.eff
𝑘𝑠

𝜕𝜃𝑠
𝜕𝒏

, (27)

where, (Nu𝐿𝐹 ) and (Nu𝐿𝑆 ) represent the local Nusselt numbers of fluid
and solid phases, respectively, over the inner cylinder periphery. Then,
the surface-average Nusselt numbers (Nu𝐹 ) and (Nu𝑆 ) are calculated
by integrating the local Nusselt numbers along the inner cylinder
circumference as follows:

Nu𝐹 = 1
𝑆 ∫

𝑺

0

𝑘𝑓.eff
𝑘𝑓

𝜕𝜃𝑓
𝜕𝒏

𝑑𝒔,

Nu𝑆 = 1 𝑺 𝑘𝑠.eff 𝜕𝜃𝑠 𝑑𝒔, (28)

𝑆 ∫0 𝑘𝑠 𝜕𝒏
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Fig. 8. Samples of (i) streamlines, (ii) fluid isotherms, and (iii) solid isotherms, for different particle diameters, at 𝐾𝑟 = 1.0, 𝜀 = 0.5, and Ra = 2 × 108.
here (𝒏) and (𝒔) refer to the perpendicular and tangential orienta-
tions, respectively, at the wall of cylinder, while, (𝑆) is the cylinder
circumference.

5. Numerical approach

The spectral element method is employed to numerically solve the
governing Eqs. (7)–(11) along with the boundary conditions in Eq. (25).
This method, which is exhaustively explicated in Karniadakis et al.
[36] and Thompson et al. [37], is inserted in our privately owned
code to analyse unsteady free convection in a porous medium. In
this approach, the partial differential equations are discretised spa-
tially and temporally. Spatially, the Galerkin technique, which is a
nodal-based spectral-element technique described in Fletcher [38,39]
and Karniadakis and Sherwin [40], is employed to discretise the equa-
tions. Like that, the computational region is split into a number of
rough unrefined quadrilateral macro-elements. This means that each
macro-element contains four corner nodes. Fig. 2a demonstrates the
macro-elements employed in the current investigation. It is comprised
from 520 macro-elements and 560 nodes. During the integration pro-
cess, these macro-elements use non-linear Lagrange polynomials as
weighting and shape functions. Indeed, employing such polynomi-
als enables every macro-element to be extra partitioned into (𝑁𝑥 ×
𝑁𝑦) interior nodes for further mesh resolution and producing micro-
elements or micro-mesh, as illustrated in Fig. 2b, which will be used
in the numerical runs. Consequently, a mesh resolution study can be
conducted by altering the order of the Lagrangian polynomial (𝑝𝑜) to
7

secure that numerical results are independent to the size of the spatial
mesh. Temporally, the explicit Adams–Bashforth approach is employed
to discretise the advection term, while the implicit Adams–Moulton
approach is used to discretise the diffusion and pressure terms. These
two approaches are thoroughly described in Chorin [41], Karniadakis
et al. [36] and Thompson et al. [37].

A mesh resolution study was performed by increasing the poly-
nomial order within the range of (𝑝𝑜 = 2 − 9) to produce a typical
micro-mesh for the numerical runs. Within this study, the average fluid
and solid Nusselt numbers Nu𝑓 and Nu𝑠 are employed as accuracy
indicators. Fig. 3 shows an example of the study results at Rayleigh
number (Ra = 5× 107), annulus interior cylinder/sphere diameter ratio
(𝐷𝑖∕𝑑 = 30), and porosity (𝜀 = 0.5). In this figure, it is shown that
Nu𝑓 and Nu𝑠 are converged at 𝑝𝑜 = 8 with an error of less than 0.1%.
This means that a group of (9 × 9) interior nodes are used in every
macro-element, as demonstrated in the red-marked element in Fig. 2.

The code algorithm was verified against analytical and experimental
results of Cheng [27] and Nasr et al. [9], respectively. The verification
was conducted for the problem of forced convection about a circular
cylinder having a diameter of 𝐷 = 2.7 mm, and submerged inside a
packed bed of aluminium spheres having a diameter of 𝑑 = 12.23 mm.
Fig. 4 shows this comparison for the distributions of average Nus-
selt number (Nu𝐷) with Péclet number (Pe𝐷), and depicts a rational
agreement. In addition, the precision of the present algorithm was also
verified against the results of Kumari and Jayanthi [30], Pop et al. [28]
and Yih [29], for the problem of natural convection about a circular

cylinder immersed in a saturated porous medium. Fig. 5 demonstrates
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Fig. 9. Variation of Nu𝐹 with time at (Top) 𝐷𝑖∕𝑑 = 20, and (Bottom) 𝐷𝑖∕𝑑 = 50, at Ra = 2 × 108.
this comparison, and also shows a reasonable agreement with an error
less than 0.05%. Furthermore, it is worth mentioning that our code was
used and validated number of times priorly, for instance in Al-Sumaily
et al. [42] and Al-Sumaily and Thompson [43] for forced convective
flow over a cylinder in a porous medium, in Al-Sumaily [44] for forced
convective flow over multi-cylinders in a porous medium, and in Al-
Sumaily and Thompson [45] for natural convective flow around a
cylinder in a porous enclosure.

6. Discussion the results

As mentioned before in the introduction that there have been some
conflicting conclusions concerning the dependency of the convective
heat transfer on the particle diameter 𝑑 and the porosity 𝜀 of the
porous medium used. Therefore, the present study focusses on this
dependency as Rayleigh number and solid-to-fluid thermal conductivity
ratio are varied. Indeed, the effects of these two independent pertinent
parameters were investigated for the following ranges: Cylinder-to-
particle diameter ratio (𝐷𝑖∕𝑑 = 100 − 20) and porosity (𝜀 = 0.3 − 0.7).
Here, it is worth mentioning that in Eq. (6) (Normalisation), the inner
cylinder diameter was taken as the unit scale (𝐷𝑖 = 1.0); therefore
within the range of the particle diameter, it can be seen that when the
ratio of 𝐷𝑖∕𝑑 decreases from 100 to 20, this means that the particle
diameter 𝑑 increases. The results were obtained at three different values
of Rayleigh number (Ra = 8×107, 1×108, 2×108), and for solid-to-fluid
thermal conductivity ratio (𝐾𝑟 = 1 − 105) covering a broad range of
non-metallic and metallic porous substrates as air was chosen to be the
flowing fluid with (Pr = 0.71) and (𝑘𝑓 = 0.025 W∕m.K), as demonstrated
in Table 1.
8

6.1. Effect of particle diameter

Fig. 6 shows the effect of particle diameter on the convection heat
transfer throughout the fluid phase (average and local fluid Nusselt
numbers Nu𝐹 , Nu𝐿𝐹 , respectively) and the conduction heat transfer
throughout the solid phase (average and local solid Nusselt numbers
Nu𝑆 , Nu𝐿𝑆 , respectively), at different Rayleigh numbers, and at 𝐾𝑟 =
1.0, e.g., very low solid thermal conductivity 𝑘𝑠 for non-metallic materi-
als, and at 𝜀 = 0.5. It can be clearly seen that as the particle diameter 𝑑
increases, e.g., 𝐷𝑖∕𝑑 decreases, both the average fluid and solid Nusselt
numbers Nu𝐹 and Nu𝑆 increase. It is shown that the increase in Nu𝐹
becomes great at higher Rayleigh numbers, i.e., Ra = 2 × 108. Also, the
increase in Nu𝐹 becomes sharp at lower particle diameters, i.e., 𝐷𝑖∕𝑑 <
50. The reason is that the convection heat transfer is intensified when
the thermal dispersion 𝑘𝑑 increases. The empirical expressions of the
thermal dispersion 𝑘𝑑 , given in Eqs. (19) and (20), display that this
parameter is a strong function of the particle diameter and the fluid
velocity 𝑣; thus it increases as anyone of these two variables increases.
Therefore, firstly, increasing Rayleigh number leads to an increase in
the convective flow currents and the flow velocity in the vicinity of
the cylinder wall. Thus, at low and moderate values of Ra ≤ 108, the
fluid velocity in the pore scale is not strong, and the added dispersive
conductivity developing from the enlargement in the particle diameter
is not sufficiently great to raise 𝑘𝑑 extremely. However, at high values
of Ra > 108, the impact of 𝑘𝑑 becomes greater, and the convection
heat transfer enhances considerably as the particle diameter enlarges.
Additionally, the figure shows that the average conductive Nusselt
number Nu𝑆 slightly increases with increasing the particle diameter.
The reason will be discussed in detail later. However, importantly,
the comparison between the plots of the figure demonstrates that the
overall change in Nu at any 𝑑 is more significant than that in Nu
𝐹 𝑆
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Fig. 10. Variations of Nu𝐹 with 𝐷𝑖∕𝑑 at different Ra, and at various solid/fluid thermal conductivity ratio ranging between 𝐾𝑟 = 1 − 105.
for all Ra. Furthermore, the figure shows different distributions for the
local fluid and solid Nusselt numbers Nu𝐿𝐹 and Nu𝐿𝑆 , respectively,
with angular positions around the cylinder surface. This is because that
the fluid thermal boundary layer around the heated cylinder surface is
highly affected by the flow speed within the hydrodynamic boundary
layer of the fluid. Thus, the regions that experience high flow speed
produce high local fluid temperature gradients, and then generate
higher Nu𝐿𝐹 as at 𝜃 = 70𝑜, 𝜃 = 100𝑜, 𝜃 = 270𝑜 for higher particle
9

diameter. Whereas, the solid thermal boundary layer around the heated
cylinder surface is hardly and not directly influenced by the flow speed.
It is shown that the distribution of Nu𝐿𝑆 is only affected at 𝜃 = 90𝑜

because the solid thermal boundary layer is compressed by the gap
between the cylinders and not by the flow velocity. It is obvious in
the next Figs. 7 and 8.

Moreover, the influence of the particle diameter on the flow conduct
and the fluid and solid temperature fields within the annular space,
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Fig. 10. (continued).
are shown in Figs. 7 and 8 at Ra = 8 × 107 and Ra = 2 × 108,
respectively, and at fixed 𝐾𝑟 = 1.0 and 𝜀 = 0.5. It can be seen that at
low particle diameters 𝐷𝑖∕𝑑 ≥ 40, the flow conduct in the annular space
is completely a unicellular flow. Thus, there is only one pair of cells,
which rotate opposite to each other on the left and right sides of the
interior cylinder. The intensity of these cells increases and they move
upward as the particle diameter increases. This is due to that when
the particle size is small, the amount of solid material becomes large,
therefore, the movement of the fluid within the solid phase becomes
highly restricted, generating insignificant free convection. However, by
increasing the particle diameter 𝐷𝑖∕𝑑 ≤ 30, the fluid flow becomes
easier to penetrate the solid particles as the void fraction is increased
due to the enlargement in the pore spaces between the particles. This
produces higher free convection in the area, converting the unicellular
flow into multicellular flow, i.e., generating three pairs of cells at
𝐷𝑖∕𝑑 = 30 and 20. This action becomes more significant for higher

Rayleigh number Ra = 2 × 108, demonstrated in Fig. 8, as the
multicellular flow conduct begins earlier at 𝐷𝑖∕𝑑 = 40. It is worth
mentioning here that in some cases such as at Ra = 2× 108 and 𝐷𝑖∕𝑑 =
20 and 50, the flow becomes unsteady (periodic), as illustrated in Fig. 9,
showing oscillatory motions for the cells horizontally above the interior
cylinder. This can be apparently seen in the plots of streamlines in
Fig. 8 at 𝐷𝑖∕𝑑 = 20, which depicts the clear non-uniform unstable cells’
movement and the deformation in the cells’ shapes occurring due to
10
this oscillatory movement. Moreover, the plots in Figs. 7 and 8 display
that the decrease in the particle diameter tends to magnify the thermal
boundary layers of fluid and solid phases surrounding the cylinder. The
isotherms of both phases appear to be analogous at smaller particle
diameter 𝑑, which refers to the condition of thermal equilibrium in the
bed. But, it can be seen that the variance between the two temperature
fields develops as the particle diameter or Rayleigh number increases.

It is necessary to investigate the influence of the particle diam-
eter on heat transfer within porous beds at different low, moderate
and high solid thermal conductivities. In another word, to investigate
the influence of porous thermal conductivity on the reliance of heat
transfer on the particle diameter. For this purpose, Fig. 10 displays the
variations of Nu𝐹 with particle diameter 𝐷𝑖∕𝑑, at variant solid/fluid
thermal conductivity ratios ranging between 𝐾𝑟 = 1 − 105 covering
most of the non-metallic, semi-metallic, and metallic porous materials,
and at different Rayleigh numbers. It can be seen that the effect of
particle size for the non-metallic beads on Nu𝐹 is entirely different
from that for the metallic beads. Thus, when using highly non-metallic
porous materials, the plots reveal that Nu𝐹 increases as the particle
size enlarges. However, this trend of Nu𝐹 changes gradually into the
whole negative impact at higher solid thermal conductivity for highly
metallic porous materials. To clarify the reasons of these attitudes, it
is important to know that there are three mechanisms of heat transfer
occurring in the system. The first mechanism is the convection heat
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Fig. 11. Variations of Nu𝑆 with 𝐷𝑖∕𝑑 at different Ra, and at various solid/fluid thermal conductivity ratio ranging between 𝐾𝑟 = 1 − 103.
transferred from the hot inner cylinder directly into the fluid phase.
This mechanism is a function of the fluid thermal conductivity and the
contact surface area ‘‘CSA" between the heated cylinder and the solid
articles. The second mechanism is the conduction heat transferred
rom the hot cylinder directly into the solid particles touching it. This
echanism is a function of the solid thermal conductivity as well

s the contact surface area ‘‘CSA" between the heated cylinder and
11
the solid particles. The third mechanism is the interfacial convection
heat transfer between the particles and the surrounding fluid, which
is called in the literature as the ‘‘fin effect’’. Indeed, this effect is a
complicated mechanism as it is a function of five parameters, namely
the inter-phase surface area of the particles 𝑎𝑠𝑓 in Eq. (14), the particle-
to-fluid convective heat transfer coefficient ℎ𝑠𝑓 in Eqs. (15) and (16),
the dispersive thermal conductivity in Eqs. (19) and (20), the porous
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Fig. 12. Trends of (a) Nu𝐹 and (b) Nu𝑆 , with 𝐾𝑟 at variant Ra and 𝐷𝑖∕𝑑.
permeability in Eqs. (13) and (18), and the amount of conduction heat
released from the solid particles to the surrounding fluid.

Firstly, at low solid thermal conductivity 𝑘𝑠, the conduction heat
transfer during the particles is poor owing to the high conductive ther-
mal resistance. Thereby, the majority of the heat transports directly into
the fluid phase by convection. Also, increasing the particle diameter
12
causes a decrease in the contact surface area ‘‘CSA" between the hot
cylinder and the solid particles decreases; however, the hot surface area
exposed to the flowing fluid is increased, producing higher values of
Nu𝐹 . This is directly. Indirectly, in this case, the ‘‘fin effect’’ becomes
acting to transfer heat from the fluid phase into the solid particles.
Then, as the particle diameter enlarges, the interfacial convective heat
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Fig. 13. (a) Variations of (Left) Nu𝐹 and (Right) Nu𝑆 with 𝜀 at different Ra, and (b) Variation of (Left column) Nu𝐿𝐹 and (Right column) Nu𝐿𝑆 around the cylinder circumference
for different 𝜀 and Ra, both at 𝐾𝑟 = 1.0 and 𝐷𝑖∕𝑑 = 40.
transfer coefficient ℎ𝑠𝑓 in Eqs. (15) and (16), and the dispersive thermal
conductivity in Eqs. (19) and (20), are also increased. This leads to a
further and significant increase in Nu𝐹 due to the enlargement in the
particle diameter.
13
Secondly, however, by increasing the solid/fluid thermal conductiv-
ity ratio to be between 𝐾𝑟 = 50− 100, representing using semi-metallic
porous materials, the conduction heat transfer within the solid phase
is improved, increasing the solid field temperatures. Consequently, the
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Fig. 14. Samples of (i) streamlines, (ii) fluid isotherms, and (iii) solid isotherms, for different porosity, at 𝐾𝑟 = 1.0, 𝐷𝑖∕𝑑 = 40, and Ra = 8 × 107.
fluid-to-particles ‘‘fin effect’’ becomes weaker, resulting in a remarkable
decrease in the effect of the particle size on Nu𝐹 , particularly at
small particle sizes. Lastly, further increase in the solid/fluid thermal
conductivity ratio, i.e., 𝐾𝑟 ≥ 100, causes a more increase in the
conduction heat transfer during the particles, and a more decrease
in the direct convection into the fluid phase. This produces a higher
reversed (particles-to-fluid) ‘‘fin effect’’. Thereby, as the particle di-
ameter increases, although the hot surface area exposed to the fluid
phase increases, the bigger effect of the reversed ‘‘fin effect’’ is also
enhanced, resulting in a raising in the fluid temperature field. Then,
this obviously leads to a remarkable reduction in Nu𝐹 as the particle
diameter increases.

Indeed, these findings for the effect of particle diameter on Nu𝐹
at different kind of porous particle beads, e.g., different 𝑘𝑠, in free
convection regime at higher Rayleigh numbers are similar to those
reported by Al-Sumaily et al. [46] in forced convection at higher
Reynolds numbers.

Moreover, Fig. 11 shows the variations of Nu𝑆 with particle di-
ameter 𝐷𝑖∕𝑑, at variant solid/fluid thermal conductivity ratio within
the range of 𝐾𝑟 = 1 − 103. We mentioned above that at low solid
thermal conductivity 𝑘𝑠, the conduction heat transfer becomes poor,
and Nu𝑆 decreases as the particle diameter increases. However, the
plots of Fig. 11 show the opposite trend. Hence, it can be seen that
Nu𝑆 increases as the particle diameter increases for all solid thermal
conductivities. But, it is shown that the effect of the particle diameter
on the trends of Nu𝑆 is significant only at lower 𝑘𝑠, and it diminishes
at higher 𝑘 .
14

𝑠

The reason is that as the particle diameter increases, the particle-
to-fluid convective heat transfer coefficient ℎ𝑠𝑓 in Eqs. (15) and (16)
is also increased. Consequently, the reversed (particles-to-fluid) ‘‘fin
effect’’ increases too. Indeed, it seems that the heat transfer due to
the reversed ‘‘fin effect’’ is higher than the direct reduction in Nu𝑆 .
Therefore, this significant contribution from the reversed ‘‘fin effect’’
causes a decrease in the temperature field within the solid particles. As
a result, the solid thermal boundary layer is decreased and the solid
temperature gradient around the heated cylinder is increased, leading
to an increase in Nu𝑆 . However, at very higher 𝑘𝑠, as the particle
diameter enlarges, it is obvious that the significant increase in the
conduction heat transfer during the particles owing to the higher 𝑘𝑠
balances the reduction in the conduction heat transfer as a result of
the particle diameter enlargement as well as the increased reversed ‘‘fin
effect’’ together.

Fig. 12 displays the variations of Nu𝐹 and Nu𝑆 with the thermal
conductivity ratio 𝐾𝑟, at different Rayleigh numbers and particle sizes.
One can see that the increase in 𝐾𝑟 increases Nu𝐹 and decreases Nu𝑆 . It
is shown that the increase in Nu𝐹 is significant and becomes linear after
𝐾𝑟 ≥ 100. However, the decrease in Nu𝑆 becomes trivial after 𝐾𝑟 ≥ 100.
Also, the increments of Nu𝐹 are much higher than the decrements of
Nu𝑆 . This is due to the effective fluid thermal conductivity is highly
influenced by changing 𝐾𝑟.

6.2. Effect of porosity

Fig. 13 shows the effect of porosity on the average and local fluid
Nusselt numbers Nu and Nu , respectively, and on the average and
𝐹 𝐿𝐹
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Fig. 15. Samples of (i) streamlines, (ii) fluid isotherms, and (iii) solid isotherms, for different porosity, at 𝐾𝑟 = 1.0, 𝐷𝑖∕𝑑 = 40, and Ra = 2 × 108.

Fig. 16. Variation of Nu𝐹 with time at (Top) 𝜀 = 0.65, and (Bottom) 𝜀 = 0.7, at Ra = 2 × 108.
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Fig. 17. Variations of Nu𝐹 with porosity at different Ra and 𝐾𝑟.
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ocal solid Nusselt numbers Nu𝑆 and Nu𝐿𝑆 , respectively, at different
ayleigh numbers, and at constant 𝐾𝑟 = 1.0 and 𝐷𝑖∕𝑑 = 40. It is

observed that the increase in the porosity enhances Nu𝐹 and Nu𝐿𝐹
numbers; but decreases Nu𝑆 and Nu𝐿𝑆 numbers. The reason will be
iscussed in detail later, but briefly can say that high porosity condition
eans a lower solid material exists within the porous medium, leading

o a reduction in the contact surface area ‘‘CSA" between the heated
ylinder and the solid particles. Therefore, as the porosity increases, the
irect convection from the hot cylinder into the fluid phase increases;
hile, the direct conduction from the hot cylinder into the solid phase
ecreases. In addition, by comparing Figs. 6 and 13, one can see that
he effect of porosity on Nu𝐹 and Nu𝑆 is higher than the effect of
article diameter. For example, it can be seen that at Ra = 2 × 108

nd 𝐾𝑟 = 1.0, the increase in the porosity from 𝜀 = 0.3 to 0.7
ncreases the value of Nu𝐹 from 3.31 to 17.48 with 81% enhancement
n convection heat transfer; while Nu𝑆 decreases from 2.16 to 1.04 with
2% diminution in conduction heat transfer. Whereas, as the particle
iameter increases from 𝐷𝑖∕𝑑 = 100 to 20, Nu𝐹 increases from 3.63
o 14.16 with 74.3% enhancement in heat transfer, but Nu𝑆 decreases
rom 1.57 to 1.64 with 4.2% diminution in heat transfer.

The effect of changing the porosity value of the packed bed on the
luid flow and the thermal behaviour within both phases in the annular
pace, are shown in Figs. 14 and 15 at Ra = 8 × 107 and Ra = 2 × 108,
16
espectively, and at constant 𝐾𝑟 = 1.0 and 𝐷𝑖∕𝑑 = 40. Similar to the
influence of the particle diameter, it is seen that at low porosity 𝜀 ≤ 0.5,
he flow behaviour in the annular space is a unicellular flow by gener-
ting only one pair of cells. Also, the strength of the cells increases and
hey move upward as the porosity increases. This is attributed to that
hen the porosity is low, the void fraction is decreased owing to the

eduction in the pore space between the particles. Therefore, the flow
oves hardly within the solid phase producing weak free convection.
evertheless, by increasing the porosity 𝜀 ≥ 0.6, the movement of the

luid flow becomes easier and generating higher free convection. It can
e seen that the higher convection due to the higher porosity converts
he unicellular flow into a multicellular flow, for example, three pairs
f cells for 𝜀 ≥ 0.6. Also, this action becomes more significant for
igher Rayleigh number Ra = 2 × 108, demonstrated in Fig. 15, as the
ulticellular flow behaviour commences earlier at 𝜀 = 0.5 instead of
= 0.6 at Ra = 8 × 107. It can be seen that any change in porosity

lters considerably the fluid temperature distribution around the inner
ylinder, especially near the cylinder wall within the thermal boundary
ayer. So, it is found that the increase in porosity increases the distances
etween isothermal contour lines above the inner cylinder making a
hermal plume touching the celling of the bed and moving along with it
ownwards. But, the solid temperature distribution seems to be hardly
ffected by any change in porosity of the porous medium. Also, the
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Fig. 18. Influence of particle diameter on the average temperature differential between the fluid and solid phases at different 𝐾𝑟 and Ra.
isotherms of the two phases are shown to be similar at smaller 𝜀,
which refers to the thermal equilibrium condition in the bed. It is worth
mentioning that in some cases at higher Rayleigh number Ra = 2 × 108

and higher porosity 𝜀 = 0.65 and 0.7, chaotic periodic flows are seen,
see Fig. 16.

The effect of the porosity on Nu𝐹 at different solid/fluid thermal
conductivity ratios 𝐾𝑟 is also investigated. Fig. 17 shows the variations
of Nu𝐹 with porosity at variant solid thermal conductivities 𝐾𝑟 = 1 −
103, and at different Rayleigh numbers. It is observed that at 𝐾𝑟 = 1.0,
17
as the porosity increases, Nu𝐹 increases. However, interestingly, this
behaviour changes to a decrease–increase trend at 5.0 ≤ 𝐾𝑟 ≤ 102 with
a minimum point, for all Rayleigh numbers. But, these minimum points
shift with 𝜀 as 𝐾𝑟 increases, altering the trend of Nu𝐹 into a continuous
decrease one at higher 𝐾𝑟 ≥ 103. This is a very intricate behaviour and
needs profound clarifications. Returning back to the three mechanisms
of heat transfer aforementioned that control the entire thermal system,
it can be stated that at 𝐾𝑟 = 1.0, the conduction during the particles is
poor, and the ‘‘fin effect’’ is performing from the fluid to the particles.
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Fig. 19. Influence of porosity on the average temperature differential between the fluid and solid phases at different 𝐾𝑟 and Ra.
Also, increasing the porosity causes three effects as follows; smaller
inter-phase surface area 𝑎𝑠𝑓 , smaller ‘‘CSA", but higher permeability 𝐾
in Eq. (13). The first effect decreases the energy exchange (‘‘fin effect’’)
between the two phases, causing a decrease in Nu𝐹 . However, the
second and third effects enlarge the hot cylinder surface area disclosed
straightway to the fluid, resulting in a considerable direct increase in
Nu𝐹 , which appears to be much greater than the reduction because of
the former impact.

Moreover, for 𝐾𝑟 > 1.0, the immediate conduction into the particles
increases, and the ‘‘fin effect’’ starts acting from the particles to the
fluid. Therefore, as the porosity increases but in lower values, it seems
that the impact of ‘‘fin effect’’ is still higher than the trivial direct
convection, transferring more energy into the fluid from the particles.
Thereby, it is seen that Nu𝐹 decreases. However, further increase in the
porosity making the direct convection effect to be predominant, causing
Nu𝐹 to increase. But, at higher 𝐾𝑟 ≥ 1000, the immediate conduction
with the particles and the ‘‘fin effect’’ becomes very significant, and
dominates the increased direct convection as the porosity increases.
18

Thereby, it is seen that Nu𝐹 continuously decreases. It is also observed
in Fig. 17 that the effect of Rayleigh number on Nu𝐹 diminishes entirely
at very lower values of porosity of 𝜀 = 0.3.

6.3. Effects of particle diameter and porosity on ‘‘LTE’’ condition

Local thermal equilibrium ‘‘LTE’’ condition supposes that the vari-
ance between the fluid and solid phases’ temperatures of a porous
medium is neglected everywhere and at any instant, see Al-Sumaily
et al. [47]. This means that both phases have almost similar temper-
atures during the bulk porous system, and the radiative and convective
heat transfer between the involved phases is ignored. Indeed, nu-
merically, this implies that merely a single-phase energy equation is
required to estimate the temperature field through the porous medium;
however, not for per singular phase. Frankly, this approach simplifies
solving the intricate highly-coupled governing formulations, and short-
ens the computational time. Therefore, it is important to assess the
validity of the ‘‘LTE’’ assumption against the parameters prevailing the
physical system. Abdedou and Bouhadef [48], Al-Sumaily et al. [49,50]
used the Local Thermal non-Equilibrium ‘‘LTNE" energy model to calcu-

late the temperatures of both fluid and solid phases and the average
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emperature difference between them throughout the entire compu-
ational domain. They pointed to that the ‘‘LTE’’ condition can be
atisfied when the average temperature difference is less than or equal
o 0.05. Following them, the variations of the average temperature
ifference between both phases (𝜃𝐹 −𝜃𝑆 ) against the change in particle
iameter, porosity, and thermal conductivity ratio are displayed in
igs. 18, 19, 20, respectively, at different Rayleigh numbers. It can
e seen that the decrement in Rayleigh number, particle diameter,
nd/or porosity, or the increment in the thermal conductivity, have the
endency to reduce (𝜃𝐹 − 𝜃𝑆 ) and satisfy the ‘‘LTE’’ condition.

As mentioned above that the decrement in the particle diameter
educes 𝑎𝑠𝑓 and the ‘‘fin effect’’, but increases ‘‘𝐶𝑆𝐴’’ and the immediate
onduction heat transfer during the particles. In consequence, this
ction allows the thermal fluid field to grow and get closer to the
lightly altering thermal solid field, reducing (𝜃𝐹 − 𝜃𝑆 ), as illustrated
n Fig. 19. This is clearly displayed in Fig. 21 at 𝐾𝑟 = 50, representing
he patterns of the local temperature difference between the two phases
ithin the whole annular domain at different particle diameters. In
ddition, in Fig. 19, it is also seen that the porosity affects the (𝜃𝐹 −
𝑆 ) positively as a result of the elimination of solid substance from
he porous medium, especially in the vicinity of the heated inner
ylinder. Actually, increasing the removal of solid substance causes the
eat amount transferred into the fluid phase to be much higher than
hat passed into the solid phase, producing higher phase temperature
ifferential, as demonstrated in Fig. 22 at 𝐾𝑟 = 50. It is worth men-
ioning that the impacts of porosity and particle diameter on the phase
emperature differential becomes more pronounced at lower thermal
onductivity ratio, see Figs. 21 and 22 at 𝐾𝑟 = 1.0. It is important
o notice that the influences of Rayleigh number, particle diameter,
orosity, and thermal conductivity ratio in the current study are agreed
ith the results of Al-Sumaily et al. [50] for natural convection over
circular cylinder submerged in a square packed bed. However, they

re opposite to the performance of particle diameter and the porosity
19
n the implementation of forced convection about a cylinder immersed
n a horizontal bed presented by Al-Sumaily et al. [49].

. Conclusions

In the present study, a two-dimensional unsteady free convection
eat transfer inside an eccentric annular packed bed of spherical parti-
les is numerically investigated. Numerical results are obtained to show
he effect of the structural properties of the packed bed, i.e., the particle
iameter and the porosity, for different values of Rayleigh number and
orous materials (solid thermal conductivities) on the convection and
onduction heat transfer. The main conclusions of the present analysis
re presented as follows:
. Generally, the effect of particle diameter on the average fluid Nusselt
umbers Nu𝐹 depends strongly on the solid thermal conductivity as
ollows: At low thermal conductivity ratio 𝐾𝑟 ≤ 10, Nu𝐹 increases as
he particle diameter increases. At mild 50 ≤ 𝐾𝑟 ≤ 100, Nu𝐹 is a strong
unction of the particle diameter; thus, it can be increased or decreased
t the particle diameter changes. Whereas, at higher 𝐾𝑟 ≥ 100, Nu𝐹
ecreases as the particle diameter increases.
. Similarly, the effect of porosity on Nu𝐹 relies on the solid thermal
onductivity as follows: At low 𝐾𝑟 = 1.0, Nu𝐹 increases as the porosity
ncreases. At moderate 5.0 ≤ 𝐾𝑟 ≤ 100, Nu𝐹 decreases with the porosity
or a minimum value, and then start increasing. These minimum values
hift with porosity as 𝐾𝑟 increases. While, at higher 𝐾𝑟 ≥ 100, Nu𝐹 is
ecreased as the porosity increases.
. Importantly, the effect of porosity on Nu𝐹 and Nu𝑆 is higher than
he effect of particle diameter.
. Interestingly, the effect of Rayleigh number on Nu𝐹 is also dependent
n the value of 𝐾𝑟 as well as the particle diameter. Thus, Nu𝐹 is
ncreased as Ra increases at low 𝐾𝑟; however, it is decreased as Ra
ncreases at higher 𝐾𝑟, whereas at moderate 𝐾𝑟, Nu𝐹 can be increased
r decreased relying on the value of particle diameter.
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Fig. 21. Samples of temperature difference (𝜽F − 𝜽S) within the annulus at different particle size (𝑫𝒊∕𝒅), and at Ra = 8 × 107 and 2 × 108, and at 𝐾𝑟 = 1 and 50.
5. The increase in thermal conductivity ratio 𝐾𝑟 increases Nu𝐹 , but
decreases Nu𝑆 , for all values of Ra and particle diameter.
6. The decrease in Rayleigh number, particle diameter, and/or porosity,
or the increase in the thermal conductivity ratio, have the tendency to
reduce (𝜃𝐹 − 𝜃𝑆 ) and satisfy the ‘‘LTE’’ condition.

Nomenclature

𝑎𝑠𝑓 specific interfacial area.
Bi Biot number.
𝐶𝐹 inertial coefficient.
𝑑 particle diameter.
𝐷𝑖 interior cylinder diameter.
𝐷𝑜 exterior cylinder diameter.
Da Darcy number.
ℎ𝑠𝑓 interfacial heat transfer coefficient.
𝑘𝑓 thermal conductivity of fluid.
𝑘𝑠 thermal conductivity of solid.
𝑘𝑠𝑡 stagnant thermal conductivity of fluid.
𝐾𝑟 solid/fluid thermal conductivity ratio.
20
𝐾 permeability.
Nu Nusselt number.
𝑝𝑓 dimensional fluid pressure.
𝑃𝑓 dimensionless fluid pressure.
Pr Prandtl number.
Ra Rayleigh number.
Re𝑝 Reynolds number in the pore scale.
𝑆 circumference of the cylinder.
𝑇 dimensional temperature.
𝑢 dimensional horizontal velocity.
𝑈 dimensionless horizontal velocity
𝑣 dimensional vertical velocity.
𝑉 dimensionless vertical velocity.
𝑥, 𝑦 dimensional coordinates.
𝑋, 𝑌 dimensionless coordinates.
Greek symbols
𝜀 porosity.
𝜃 dimensionless temperature.
𝜇𝑓 dynamic viscosity.
𝜌𝑓 density.
𝜑 angular coordinate.
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Fig. 22. Patterns of temperature difference (𝜽F − 𝜽S) within the annulus at different porosity (𝜺), and at Ra = 8 × 107 and 2 × 108, and at 𝐾𝑟 = 1 and 50.
subscripts
eff effective.
𝑓 fluid.
𝑠 solid.
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