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A B S T R A C T   

In this paper, a numerical investigation of natural convection in a porous medium confined by two horizontal 
eccentric cylinders is presented. The cylinders are impermeable to fluid motion and retained at uniform different 
temperatures. While, the annular porous layer is packed with glass spheres and fully-saturated with air, and the 
cylindrical packed bed is under the condition of local thermal non-equilibrium. The mathematical model 
describing the thermal and hydrodynamic phenomena consists of the two-phase energy model coupled by the 
Brinkman-Forchheimer-extended Darcy model under the Boussinesq approximation. The non-dimensional derived 
system of formulations is numerically discretised and solved using the spectral-element method. The investi-
gation is conducted for a constant cylinder/particle diameter ratio (Di/d) = 30, porosity (ε) = 0.5, and solid/fluid 
thermal conductivity ratio (kr) = 38.6. The effects of the vertical, horizontal and diagonal heat source eccen-
tricity (− 0.8 ⩽e⩽0.8) and the annulus radius ratio (1.5 ⩽RR⩽ 5.0) on the temperature and velocity distributions 
as well as the overall heat dissipation within both the fluid and solid phases, for a broad range of Rayleigh 
number (104 ⩽ Ra ⩽ 8 × 107). The results show that uni-cellular, bi-cellular and tri-cellular flow regimes appear 
in the vertical eccentric annulus at the higher positive eccentricity e = 0.8 as Rayleigh number increases. 
However, in the diagonal eccentric annulus, the multi-cellular flow regimes are shown to be deformed and the 
isotherms are particularly distorted when Rayleigh number increases. In contrast, in the horizontal eccentric 
annulus, it is found that whatever the Rayleigh number is only an uni-cellular flow regime is seen. In addition, it 
is shown that the fluid flow is always unstable in the diagonal eccentric geometry at e = 0.8 for moderate and 
higher Rayleigh numbers. However, it loses its stability in the vertical eccentric geometry only at two particular 
cases, while it is always stable in the horizontal eccentric geometry, for all eccentricities and Rayleigh numbers.   

1. Introduction 

Natural convection is one of the most complicated physical phe-
nomena that describes the operation of thermal energy transfer in fluids 
driven by buoyancy forces (Hakan, 2007; Hakan et al., 2009; Selime-
fendigil and Hakan, 2017; Nadezhda et al., 2017; Walid et al., 2017). 
Natural convection heat transfer in annuli takes place in numerous in-
dustrial applications such as within the nuclear, solar, and electric en-
ergy fields, as well as in the thermal storage systems. The presence of a 

fluid between two circular cylinders, concentric or eccentric, at different 
fixed temperatures generates a complicated buoyancy-driven flow in the 
existence of a constant gravitational force. If the temperature discrep-
ancy between the cylinders is slight, the energy conveyance will be 
dominated by diffusion. Therefore, the average Nusselt number stays 
generally invariable in such conductive flow regime for the entire 
Rayleigh numbers under a specific critical value. Over this critical 
Rayleigh number, the thermal convection occurs producing thermal 
plumes appearing in the annular gap. Natural convection inside annular 
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spaces has been analysed extensively, and received much attention in 
the literature. For example, the authors (Schwalp and de Witt, 1970; 
Powe et al., 1971; Custer and Shaughnessy, 1977; Charrier-Mojtabi 
et al., 1979; Keivan et al., 2017) investigated this problem in concen-
tric annuli; while others such as (Darrell and Roger, 1983; Feldman 
et al., 1982; Ho et al., 1989; Hosseini et al., 2005; Hwang and Jensen, 
1991; Koichi et al., 2001; Kuehn and Goldstein, 1976; Projahn et al., 
1981; Ratzel et al., 1979; Yao, 1980) investigated the influence of ec-
centricity on heat transfer for diverse boundary conditions and using 
various numerical methods. 

Briefly, Kuehn and Goldstein (1976) developed a correlation to 
predict natural convection heat transfer from horizontal cylinder to a 
fluid within a cylindrical enclosure under quasi-steady conditions uti-
lising a conduction boundary-layer model. Ratzel et al. (1979) examined 
natural convection in concentric and eccentric annular regions using the 
finite element procedure. Yao (1980) studied analytically free convec-
tion in eccentric annuli employing perturbation techniques with the 
eccentric area transformed into a unit circle. Projahn et al. (1981) 
employed the implicit finite difference method with the body-fitted 
curvilinear coordinate transformations to model free convection flow 
in eccentric annuli. They reported results for both vertical and hori-
zontal eccentricities, and compared with data presented by Kuehn and 
Goldstein (1976). The bipolar coordinate transformations were also 
utilised by Feldman et al. (1982) to calculate developing flow and 
thermal distributions within an eccentric annular duct. Darrell and 
Roger (1983) studied numerically natural convection flow within an 
eccentric annular region between two circular cylinders isothermally 
heated employing the finite element and pseudo-spectral algorithms 
with a bipolar coordinate transformation. Ho et al. (1989) studied free 
convection in eccentric annuli with mixed boundary conditions and 
presented a correlation for Nusselt number against Rayleigh number. 
Hwang and Jensen (1991) investigated a convective dispersed flow in an 
eccentric annulus using the variables separation method. Koichi et al. 
(2001) examined natural convection in eccentric horizontal annuli be-
tween a heated outer elliptical pipe and a cooled inner cylindrical pipe 
with different orientations. Hosseini et al. (2005) tested natural con-
vection heat transfer in an open-ended vertical eccentric annulus, and 
observed an optimal value for the eccentricity in which the heat dissi-
pation is maximised. 

Natural convection inside cylindrical porous annuli has a large 
importance in many industrial applications such as underground cable 
systems, thermal insulations, and thermal energy storages. The case of 
concentric porous annulus has obtained the much focus in the literature. 
Caltagirone (1976) conducted the first experimental investigation on 
porous annulus of constant radius ratio utlising the Christiansen effect to 
visualise the isotherms in a cylindrical porous layer. Caltagirone was 
able to observe only bi-cellular flow regime, and therefore he concluded 
that the multi-cellular structures do not exist when Rayleigh number 
increases. Later, Rao et al. (1987), Rao et al. (1988) investigated 
analytically transient natural convection in a horizontal porous 
concentric annulus in two and three dimensions, respectively, employ-
ing the Galerkin method. They obtained three modes of solutions: The 
first mode always produces a uni-cellular flow which corresponds to the 
pure conduction state. The second mode corresponds to the disturbance 
resulting in the thermal field at the summit of the annulus, so a down- 
forward flow is produced to compose a secondary flow, consequently 
generating a bi-cellular flow. Whereas, the third mode corresponds to 
the higher temperature disturbance occurred at the top of the annulus, 
generating a tri-cellular flow at higher Rayleigh numbers. Himasekhar 
and Bau (1988) focused on studying the behaviour of two-dimensional 
bifurcation phenomena using the Galerkin method and the regular 
perturbation expansion techniques. Unique and multiple solutions were 
obtained, with a possibility to be stable and unstable, relying upon the 
values of Rayleigh number and radii ratio used. The visualisation ex-
periments of Caltagirone (1976) have been re-conducted by Charrier- 
Mojtabi et al. (1991) who proved the existence of two-dimensional four- 

cell flow structures. The numerical works done by Barbosa Mota and 
Saatdjian (1992), Barbosa Mota and Saatdjian (1994), Barbosa Mota and 
Saatdjian (1995) examined the effect of radius ratio on the transition of 
the flow regime and its stability. They showed that the transition from a 
two-cell to a four-cell flow regime relies on the Darcy-Rayleigh number, 
whether it increases or decreases. 

The diminution in heat transfer resulting from the use of an eccentric 
geometry was first examined numerically by Bau (1984), Bau (1984) for 
small and moderate values of Darcy-Rayleigh numbers, respectively, 
using the regular perturbation expansion technique, and then by 
Himasekhar and Bau (1986) for large Darcy-Rayleigh numbers using a 
boundary-layer technique. Their results were utilised to clarify the po-
tential of heat transfer optimisation from an annulus by a correct se-
lection of the eccentricity. In these works, the steady-state Darcy- 
Oberbeck-Boussinesq’s (DOB) model was used, and the calculated flow 
field was restricted to only a bi-cellular flow pattern. Later, Barbosa 
Mota and Saatdjian (1997) employed the transient Darcy-Boussinesq’s 
model and found out that the eccentricity that reduces the heat loss for a 
particular Rayleigh number and radius ratio alters considerably the flow 
regime. The results showed that at the eccentricity e <0.5, two bi- 
cellular and tetra-cellular flow structures were observed, which persist 
to be stable for all Rayleigh numbers examined. However, for the ec-
centricity e⩾0.5, it was observed that the change between the two 
foregoing flow structures takes place at higher Rayleigh numbers, with 
inability to gain stable bi-cellular solution for Rayleigh numbers over the 
transition value. They mentioned that this behaviour is identical to that 
noticed by Barbosa Mota and Saatdjian (1994) for the concentric case 
with very small radius ratios. The results suggested that the thermal 
insulation is further effective when the eccentricity is set to the highest 
value in which a four-cell flow regime is generated rather than to the 
value that minimises the heat loss when the flow regime is bi-cellular. 
Barbosa Mota et al. (2000) also employed Darcy-Boussinesq’s model 
to study natural convection in an elliptic annuli containing porous 
media utilising a high-order compact finite difference method. They 
found out that more horizontally flattening to the outer wall of the 
elliptic annulus changes unexpectedly the usual four-cellular flow 
pattern into the two-cellular flow pattern with co-rotating secondary 
cells. The later unusual flow regime is characterised owing to the fact 
that the secondary cell in each half-annulus is enfolded by the primary 
cell and is co-rotating, rather than is segregated from the primary cell 
and is counter-rotating as in the usual four-cellular flow regime. Also, 
interestingly, their numerical results showed that the flows in these two 
regimes are stable. 

To the authors’ knowledge, most of the works discussed above about 
natural convection in eccentric porous annuli concluded that the ec-
centricity effect does not cause the solutions losing stability, and they 
have been restricted to stable behaviours, which is obvious not the only 
case that can happen in actuality. In fact, instability is expected to occur 
in such physical problem due to mainly the reverse temperature gradient 
at the summit of the annulus, identical to the subject of the well-known 
Bénard problem. Indeed, all of these works above used the simple Darcy- 
Boussinesq’s model with the thermal equilibrium assumption to calcu-
late the flow and thermal fields. 

The present study is to extend the previously published work by 
considering the full Brinkman-Forchheimer-extended Darcy (BFD) and the 
Local Thermal non-Equilibrium (LTNE) energy models for calculating the 
fluid velocity and temperatures, respectively. Indeed, this extension to 
the BFD and LTNE can be considered as a new feature in this study to 
investigate numerically natural convection inside eccentric annuli 
packed with spherical particles. In addition, effects of the annulus’s 
eccentricity, in vertical, horizontal and diagonal directions, and the 
annulus’s radius ratio, on the flow and the temperature distributions, 
and the rates of heat loss, as well as on the stability of the solutions, are 
investigated. Therefore, the another novelty in this work is the 
complicated geometry of three sorts of annuli considered, and this 
geometric parameter is included for different Rayleigh numbers. 
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2. Problem statement 

Fig. 1 displays the formulation of the problem considered. The sys-
tem comprises of an eccentric horizontal annulus with an outer diameter 
Do, an inner diameter Di, and an annular space that has a radius ratio RR 
= Do/Di. The eccentricity e is identified as the distance between the 
centres of the inner and outer cylinders. The eccentricity is indicated as 
negative when the centre of the interior cylinder is below the centre of 
the exterior cylinder and vice versa. Vertical, horizontal, and diagonal 
eccentricities are taken into consideration. The annular cavity is filled 
with spherical particles saturated with air with Prandtl number Pr =
0.71 and thermal conductivity kf = 0.02587 W/m K at 20 ◦C. The 
packed bed of spheres are considered to be made from window glass 
characterised by a low porosity ε = 0.5 and a low thermal conductivity 
ks = 1.0 W/m K at 20 ◦C. Hence, a constant solid/fluid thermal con-
ductivity ratio kr = ks/kf = 1/0.02587 = 38.6 is taken into account 
within this study. Also, the inner cylinder-to-particle diameter ratio is 
presumed to be fixed at Di/d = 30. Initially at time t = 0, the external 
and internal annulus surfaces are assumed to be at the same tempera-
ture. However, at time t > 0, the internal surface is abruptly warmed up 
to Th, and afterwards kept at that temperature with assuming that 
Th > Tc. This swift alteration in the temperature establishes perspective 
unsteadiness in the system and producing a buoyancy-driven laminar 
flow. 

3. Governing equations 

The buoyancy-driven flow in the annular porous medium is supposed 
to be two-dimensional, unsteady, viscous, incompressible, and laminar. 
The fluid physical properties are assumed to be invariable, unless for the 
density involved in the buoyancy term of the y-momentum equation, 
which is permitted to change linearly with the temperature in accor-
dance with the Boussinesq’s approximation. The porous medium is 
presumed to be macroscopically isotropic and homogeneous. The 
Brinkman-Forchheimer-extended Darcy (BFD) model is used to calculate 
the fluid flow. Also, the hypothesis of the Local Thermal non-Equilibrium 
(LTNE) between the solid and fluid phases is assumed everywhere, so the 
two-equations energy model is employed to predict the temperatures of 
the two phases. Importantly, the governing equations in the porous bed 
are formulated on the basis of the fundamental principles of the volume 
averaging theorem Slattery (1967) and Whitaker (1967). Thereby, ac-
cording to these assumptions, the mass, momentum and energy equa-
tions can have the following dimensional form (see, Vafai and Sozen 
(1994) and Amiri and Vafai (1994)): 

∂ú
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∂ṕ

∂ý
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where, u
́
, v

́ 
are the dimensional horizontal and vertical velocity com-

ponents along the dimensional x
́ 

and y
́ 

directions, and T
́ 

and p
́ 

are the 
dimensional temperature and pressure. The subscripts f and s denote the 
mobile fluid phase and the stationary solid phase, respectively, and eff 
and ε refer to the effective property and the porosity, respectively. 

While, Su
́ 

and Sv
́ 

are the dimensional source terms in the momentum 
equations. In order to analyse the flow and thermal fields in general 
scale, the following scaling parameters are selected as Di, the diameter of 
the inner cylinder, αf , the fluid thermal diffusivity, (Th − Tc), the tem-
perature difference between the hot inner and the cold outer cylinders, 
and ρf α2

f , the characteristic pressure, and the non-dimensional variables 
are defined as: 

x, y =
x́ , ý

Di
, u, v =

ú , v́ Di

αf
, Tf ,s =

(T
́

f ,s − Tc)

(Th − Tc)
, P =

ṕ D2
i

ρf α2
f
. (9) 

With the substitution of these variables in the aforementioned gov-
erning conservation equations (1–8), the following non-dimensional 
equations are obtained: 

∂u
∂x

+
∂v
∂y

= 0, (10) 

Fig. 1. Configurations of the eccentric annulus with coordinate system.  
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The fluid and solid effective thermal conductivity kf .eff and ks.eff , 
respectively, in the diffusion terms of Eqs. 16 and 17 represent the 
stagnant conductivity of the two phases, which can be calculated based 
on the experimental correlation of Zehner and Schluender (1970) as 
follows: 

kf .eff

kf
=
(

1 −
̅̅̅̅̅̅̅̅̅̅̅
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ks.eff

ks
= (1 − ε), (19)  

where λ = 1/kr and B = 1.25((1 − ε)/ε)
10
9 . The main dimensionless pa-

rameters of the problem emerging in equations (10–17) are Rayleigh, 
Darcy, and Biot numbers, based on the inner cylinder diameter. They are 
denoted respectively by: 

Ra =
gβf D3

i (Th − Tc)

αf νf
, Da =

K
D2

i
, Bi =

D2
i hsf asf

ks
, (20)  

where, νf and αf are the fluid kinematic viscosity and the thermal 
diffusivity, respectively, and βf and g are the volumetric expansion co-
efficient and the gravitational acceleration, respectively. In addition, K 
and CF are the permeability and the inertia coefficient, respectively, of 
the spherical particles, which are calculated according to the Ergun’s 
empirical expressions Ergun (1952) based on the particle diameter d and 
the porosity ε as follows: 

K =
ε3d2

150(1 − ε)2, (21)  

CF =
1.75
̅̅̅̅̅̅̅̅̅̅̅̅
150ε3

√ , (22)  

whereas, asf represents the specific surface area of the solid particles, 
while hsf represents the particle-to-fluid convective heat transfer coef-
ficient in the porous bed. The expression of Dullien (1979) for calcu-
lating asf , and the correlation of Wakao et al. (1979) for calculating hsf , 
are employed as follows: 

asf =
6(1 − ε)

d
, (23)  

hsf =
kf

d

(
2 + (Pr)1/3( Rep

)0.6
)
, (24)  

where, Rep is the Reynolds number in the particle level, 

Rep =
| u→|d

νf
. (25) 

Therefore, from Eqs. (20)–(24), the Darcy and Biot numbers can be 
expressed as functions of the porosity ε, the inner cylinder-to-particle 
diameter ratio Di/d, and the solid/fluid thermal conductivity ratio kr 

as follows: 

Da =

(
d
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)2 ε3

150(1 − ε)2, (26)  

Bi = 6(1 − ε)
(

1
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)(
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d

)2(
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)0.6
)
. (27)  

4. Boundary conditions 

The motion of the flowing air is demonstrated utilising the stream 
function Ψ gained from the calculated velocity components u and v by: 
u = ∂Ψ/∂y and v = − ∂Ψ/∂x. The velocity components are assumed u =

v = 0 on all solid boundaries of the cylinders. While, the boundary 
conditions for the dimensionless temperatures are assumed as follows: 

Tf = Ts = 1 at (r = ri) and (0 < θo < 360),
Tf = Ts = 0 at (r = ro) and (0 < θo < 360). (28) 

The heat transfer rates across the fluid and solid phases represent the 
physical entity of concern in this study and are calculated by applying 
the Fourier’s law at the heated inner cylinder surface as follows: 

qf = −
kf .eff

kf

∂T ′

f
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|r=ri

, qs = −
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s
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and in terms of the non-dimensional parameters, 
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1
S

∫ S

0
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,

(30)  

where, Nuf and Nus refer to the fluid and solid Nusselt numbers, 
respectively, n and t refer to the perpendicular and tangential directions 
at the inner cylinder wall, respectively, and S refers to the periphery of 
the inner cylinder. Also, the total Nusselt number Nut can be calculated 
as the summation of Nuf and Nus: 

Nut = Nuf +Nus. (31)  

5. Computational procedure 

The time-split spectral element method, explained thoroughly in 
Karniadakis et al. (1991) and Thompson et al. (2006), is used to 
numerically solve the above non-dimensional governing Eqs. (10)–(17) 
for analysing the transient momentum and energy transport in the un-
steady natural convection regime. This approach is incorporated in our 
existing in–house code to discretise the equations in time as well as the 
space. In the temporal discretisation, an “explicit approach” 
(Adams–Bashforth) is used to deal with the advection term due to the 
nature of non-linearity, whereas an “implicit approach” 
(Adams–Moulton) is employed for handling the pressure and diffusion 
terms. This discretisation method is extensively described in Chorin 
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(1968), Karniadakis et al. (1991) and Thompson et al. (2006). While, the 
Galerkin technique, reported by Fletcher (1984), Fletcher (1991) and 
Karniadakis and Sherwin (2005), of the nodal-based spectral-element is 
used for discretising the equations in space. Thus, the computational 
domain is divided into a group of coarse quadrilateral macro-elements. 
A refinement that is called a (h-refinement) for the macro-mesh gener-
ated can be made in zones that experience high gradients such as close to 
solid boundaries. Also, the macro-elements employ high-order Lagrange 
polynomials depending on Gauss–Lobatto-Legendre quadrature points 
as weighting and shape functions within the integration process of the 
equations. Using non-linear high-order polynomials permits each 
macro-element to be subdivided further into (Nx × Ny) nodes towards 
more enhancement (p-refinement) in the mesh resolution. Thereby, in 
this (h − p) discretisation approach, the computational area is discretised 
just once with as much as exemplary macro-element mesh, and after-
wards a precise solution can be acquired by only increasing the poly-
nomial order (po) at the run time before the numerical convergence is 
accomplished. 

The present study employs a typical computational mesh, which is 
comprised of 520 macro-elements and 560 nodes, and is illustrated in 
Fig. 2(Left). Later, a grid resolution study is performed for the configu-
ration shown in Fig. 2(Left) by changing the Lagrangian polynomial, po 
= 2–9, to guarantee that the current obtained results are unrelated to the 
spatial mesh size. Many numerical simulations were conducted at 
various values of eccentricity and Rayleigh number, and the average 
fluid and solid Nusselt numbers Nuf and Nus were monitored as accuracy 
indication. For brevity, sample of the results are demonstrated in Fig. 3 
for the case of vertical eccentric annulus at Rayleigh number Ra =

5×107 and eccentricity e = 0.8. The results shown in Fig. 3 depict that 
Nuf and Nus are converged by po = 8 with relative errors of lower than 
0.1%. This results in a group of (9× 9) internal node points throughout 
each macro-element of the grid, whereas keeping the same structure of 
the macro-element. Fig. 2(Right) shows the spectral micro-elements 
computational grid employed in the present simulations. 

Fig. 2. (Left) Typical macro-elements. (Right) Elements are further subdivided into (9 × 9) internal node points.  

Fig. 3. Nusselt number within (Left) fluid phase and (Right) solid phase, with polynomial degree po, for the mesh resolution study.  

Fig. 4. Comparison between our numerical results with experimental and 
analytical results of Nasr et al. (1994) and Cheng (1982). 
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The current algorithm was previously verified for related problems 
such as forced convection from a single cylinder by Al-Sumaily et al. 
(2012) and Al-Sumaily and Thompson (2013) and from multi-cylinders 
by Al-Sumaily (2014), as well as for natural convection from a single 
cylinder by Al-Sumaily (2014), embedded in a packed bed of spheres. 
Additional verifications for the implementation of the current algorithm 
were performed. Thus, results from our code were compared with the 
analytical and the experimental results formerly published by Cheng 
(1982) and Nasr et al. (1994), respectively, for convection heat transfer 
from a cylinder of diameter D = 2.7 mm, and immersed in a packed bed 

of spherical aluminium. particles with dp = 12.23 mm. The comparison, 
which is displayed in Fig. 4 for the variation of average Nusselt number 
against Péclet number PeD, shows obviously an acceptable agreement 
between the present numerical results and the two analytical and 
experimental results. Furthermore, the accuracy of the present code was 
also checked by comparing its results with these of Kumari and Jayanthi 
(2004), Pop et al. (1992) and Yih (1999), for the problem of free con-
vection heat transfer from a circular cylinder situated inside a saturated 
porous medium in the condition of thermal equilibrium. Fig. 5 depicts 
this comparison, and demonstrates a good agreement for our code with a 
maximum deviation less than 0.05%. 

6. Results and discussion 

The numerical results are obtained by considering Prandtl number 
Pr = 0.7 for air as a flowing fluid. Whereas, the porous medium is a 
packed bed of spherical particles made of window-glass as a thermal 
insulator with a porosity corresponding to ε = 0.5 and solid-to-fluid 
thermal conductivity kr = 38.6. The particles that are packed inside 
the cylindrical gap between the two cylinder have size kept constant 
with inner cylinder-to-particle diameter ratio Di/d = 30. The focus is on 
the geometrical parameters, which are the annulus’s eccentricity (− 0.8 
⩽e⩽ 0.8) in three vertical, horizontal, and diagonal directions and the 
radius ratio (1.5 ⩽ RR ⩽ 5.0), in order to analyse the velocity and 
temperature fields as well as the local heat transfer on the cylindrical 
surface before calculating the overall heat transfer throughout both the 
fluid and solid phases, to including results for a wide range of Rayleigh 
number ( 104 ⩽ Ra ⩽ 8 × 107). Thus, searching for a perfect configu-
ration resulting to a maximum reduction in heat transfer is the first 
priority in the present study. Also, in order to investigate the instabilities 
that can take place in the fluid motion for given geometrical parameters 
and Rayleigh numbers. 

Fig. 5. Comparison for angular local Nusselt number Nu/
̅̅̅̅̅̅
Ra

√
along the cyl-

inder circumference between the results of the present code with the results of 
Pop et al. (1992), Yih (1999) and Kumari and Jayanthi (2004). 

Fig. 6. Fluid mean Nusselt number Nuf with Ra for radius ratio of RR = 2, at different vertical, diagonal, and horizontal eccentricities e = − 0.8, 0, 0.8.  
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The variation of the average heat transfer from the inner cylinder 
represented by Nusselt number throughout the fluid phase (Nuf ) and the 
solid phase (Nus) with Rayleigh number are shown in Figs. 6 and 7, 
respectively, for vertical, diagonal, and horizontal eccentricities e =
− 0.8, 0, 0.8, using a fixed radius ratio RR = 2. In Fig. 6, it can be seen 
that for the three vertical, diagonal, and horizontal eccentric configu-
rations considered here, the extreme negative and positive eccentricities 
e = − 0.8 and 0.8, respectively, seem to be much better for heat transfer 
enhancement than the concentric situation when e = 0, for low and 
moderate Rayleigh numbers, Ra ⩽ 107, with no influence from Rayleigh 
number. However, as Rayleigh number increases behind 107, Nuf in-
creases significantly with Rayleigh number, and Nuf for the vertical and 
diagonal configurations at e = − 0.8 is higher than that at other eccen-
tricities e = 0 and 0.8. Also, Nuf for these configurations is greater than 
that for the horizontal one at e = − 0.8 and 0.8. It is shown that the 
horizontal situation gives similar converged heat transfer performance 
at all eccentricities e = − 0.8, 0, 0.8 for very high Rayleigh number. 
However, Fig. 7 shows that the variation of Nus is approximately flat and 
robustly independent on Rayleigh number. Also, the values of Nus for 
the concentric annulus at e = 0 and the positive eccentric annulus at e =
0.8 are higher than those for the negative eccentric annulus at e = − 0.8. 
This is true when moving the inner cylinder in the three vertically, 
horizontally, and diagonally directions. In addition, it can be seen that 
the rates of Nus are lower than those of Nuf in Fig. 6, by roughly between 
2.5–6.5 times for the concentric annulus and by nearly between 2–4.5 
for the positive and negative eccentric annuli for Rayleigh number be-
tween Ra = 104 – 8× 107. 

The impact of Rayleigh number on the hydrodynamic and thermal 
fields in the vertical, diagonal, and horizontal eccentric configurations 
are shown in Figs. 8–10, respectively, at two eccentricities e = − 0.8 
(negative location) and 0.8 (positive location) (Note that the red colour 

refers to high temperatures and the blue colour for low temperatures). In 
Fig. 8, when the inner cylinder is located downstream at e = − 0.8, an 
expected flow regime is obtained, thus, it is characterised by a main 
primary cell in each half-annulus forming which is called a uni-cellular 
flow regime. In this regime, it is seen that the fluid close the interior 
cylinder ascends over its periphery and the boundary layer separates 
from the top surface at (θ = 90◦). As time goes on further, the split fluid 
at the top surface ascends structuring an upward flow that hits the top 
surface of the annulus and descends along the outer perimeter con-
structing a downward flow. Both of these two upward and downward 
flows form the primary rotating eddy in each half-annulus. It is seen that 
by increasing Rayleigh number, the intensity of the uni-cellular flow and 
the thermal convection in the annular gap increase producing an 
interesting thermal plume behaviour. 

Moving the inner cylinder vertically upwards to the extreme positive 
position e = 0.8, decreases the gap spacing in the upper area of the 
annulus, and as a result reducing the influence of crescent-shaped con-
vection and increasing the impact of the conduction heat transfer. 
However, the increment in Rayleigh number causes the convection ef-
fect in this zone to become stronger again. 

Thus, Fig. 8b demonstrates that at Ra = 5× 107, the flow in the upper 
layer differs slightly from the usual uni-cellular flow pattern at Ra < 5 ×
107, where there is seen a secondary cell in every half-annulus enfolded 
by the primary cell and is co-rotating. While, as Rayleigh number in-
creases to Ra = 6 × 107, the secondary cell is shown to segregate from 
the primary cell and is counter-rotating, forming which is called a bi- 
cellular flow regime. The segregation of the secondary cell is due to 
the constitution of a stagnant zone in the top region, consequently, the 
flow boundary layer at the interior cylinder is split from its surface at a 
position (θ ∕= 90◦), and a little counter-rotating eddy connected to the 
cylinder is generated. By increasing Rayleigh number to Ra = 7 × 107, a 

Fig. 7. Solid mean Nusselt number Nus with Ra for radius ratio RR = 2, at different vertical, diagonal, and horizontal eccentricities e = − 0.8, 0, 0.8.  
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tri-cellular or multi-cellular flow is obtained, which becomes more clear 
at Ra = 8 × 107. 

Fig. 9 illustrates the flow and thermal fields for the two diagonal 
eccentricities e = − 0.8 at the bottom left and e = 0.8 at the top right. The 
results obtained for the case of lower negative eccentricity e = − 0.8 
show that the uni-cellular flow still remains and prevails in the annulus 
layer. One can see that as Rayleigh number increases, the convective 
phenomena becomes more important, and the extent of the right kidney- 
shaped vortex increases. While, when the inner cylinder is positioned at 
the extreme upper right of the annulus (upper positive eccentricity) e =
0.8, the streamlines of the multi-cellular flow regimes, which occur on 
the combined effect of convection and conduction, are shown to be 
deformed and the isotherms are particularly distorted when the Ray-
leigh number increases after Ra = 4 × 107. Fig. 10 demonstrates the 
flow and thermal fields when the interior cylinder is located horizontally 
to the maximum left and right. The results show that the extent of left 
and right kidney-shaped eddies gradually grows as the gap enlarges, and 

the centre of the circulating flow moves upward in the annulus. 
Generally, for this case whatever the Rayleigh number is, a symmetric 
uni-cellular flow with respect to the vertical axis, is seen. 

Fig. 11 depicts the evolution of the average fluid Nusselt number Nuf 
calculated on the inner cylinder as function of time for the vertical and 
diagonal eccentric configurations, at three closer locations e = 0.4, 0.6, 
0.8, and at different values of Rayleigh number. From the figure, one can 
remark that in the vertical eccentric configuration, Nuf does not oscillate 
in time, and the curves of Nuf converge to the stable condition for all 
values of eccentricity and Rayleigh number, except interestingly at two 
certain cases. The circumstances of the first case are when Rayleigh 
number equals to Ra = 7 × 107 and the eccentricity at e = 0.8, while the 
conditions of the second case are when Ra = 5 × 107 and the eccentricity 
at e = 0.6. In the first case, the oscillation seems to have regular 
downward shape pulses every roughly 2 units time. However, in the 
second case, it is shown that the time signal differs significantly from 

Fig. 8. Patterns of (i) streamlines, (ii) fluid isotherms, and (iii) solid isotherms, for lower negative and upper positive vertical eccentricities (a) e = − 0.8 and (b) e =
0.8, for radius ratio RR = 2, at different Ra. 
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that in the first case, where Nuf is oscillating with time in a fully periodic 
regime. 

In the other hand, in the diagonal eccentric configuration, we 
conclude that the fluid flow loses drastically its stability at the closest 
location e = 0.8 for moderate and higher Rayleigh numbers Ra ⩾ 4 ×
107. The curves of Nuf at e = 0.8 suggest that as Rayleigh number in-

creases, the transition from a steady to a fully unsteady periodic 
behaviour happens faster. Whereas, the fluid flow gains the stability as 
Rayleigh number decreases below 4 × 107, as well as when the ec-
centricity decreases under e = 0.8 for all Rayleigh numbers, except 
extraordinarily at Ra = 4 and 5 × 107, when e = 0.6. The time history of 
Nuf for these two exceptional cases shows a new instability with similar 
behaviour of periodicity. The shape of this periodicity is regular pulsa-
tile with plateaus produced every one unit time, with high-frequency 
oscillations for higher Rayleigh number. In General, this unstable be-
haviours aforementioned in the vertical and diagonal configurations 

represent which are called Rayleigh-Bénard thermal instabilities occur in 
the top region of the porous layer, which stimulate big temperature 
gradients on the interior cylinder and could be unfavourable for pur-
poses of thermal insulation. The results also show that the flow behav-
iour in the horizontal eccentric geometry is stable for all eccentricities 
and Rayleigh numbers. 

Some details of the unsteady convective flows are displayed in 
Figs. 12–14 for three cases at different indicated times when Nuf reaches 
maximum and minimum values. The first case is for a vertical eccentric 
geometry at e = 0.8 and Ra = 7 × 107, and the other two cases are for a 
diagonal eccentric geometry at e = 0.8 with Ra = 8 × 107 and at e = 0.6 
with Ra = 5 × 107, respectively. The first instability demonstrated in 
Fig. 12 produces a large change in the dynamics of the system, which 
shows a transition from a tri-cellular flow at t1 to a bi-cellular flow at t3, 
and then to uni-cellular at t4, and vice versa throughout t4, t5, and t6. 
Fig. 13 shows the flow dynamic of the fully periodic flow over a full one 

Fig. 9. Patterns of (i) streamlines, (ii) fluid isotherms, and (ii) solid isotherms, for lower negative and upper positive diagonal eccentricities (a) e = − 0.8 and (b) e =
0.8, for radius ratio RR = 2, at different Ra. 
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period of time. It is shown that the maximum Nuf occurs in the flow with 
multi cells formed above the inner cylinder. While, observations in 
Fig. 14 show the flow behaviour over a complete plateau of a higher 
oscillation frequency. The multi-cellular flow seems to flap horizontally 
above the inner cylinder. 

The attention is now turned to display the effect of developing sec-
ondary cells in the top layer of annulus as Rayleigh number increments 
on the evolution of the local Nusselt number NuLf along the inner cyl-
inder surface. The variation of NuLf curves at the highest positive ver-
tical and diagonal eccentricities e = 0.8 are depicted in Fig. 15 at 
different Rayleigh numbers. In the vertical eccentric annulus, before the 
presence of secondary cells, the upsurge is greater at an angle θ = 270◦

for which the rise in the fluid temperature gradient behind the interior 
cylinder induce higher local heat transfer. The influences of the two 
secondary cells generated in the left region of annulus around the angle 
θ = 75◦ and the another two secondary cells produced in the right region 
around around the angle θ = 105◦ become more significant as Rayleigh 

number increases. However, as the inner cylinder moves clockwise by θ 
= 45◦ (in diagonal eccentric annulus), the vertical movement of the 
buoyancy forces deforms the secondary eddies generated, and a decay in 
the disturbed local heat dissipation is shown upstream of the annulus 
tracked by an upturn downstream. 

In prior Fig. 6, it was observed that for low Rayleigh numbers, the 
fluid mean Nusselt number Nuf may be further maximised if the 
concentric annulus that generates the minimum heat dissipation is 
constructed eccentric. However, for high Rayleigh numbers, the one can 
presume that an optimum eccentricity value exists in which the heat 
dissipation is minimised. The results that are presented in Figs. 16–18 
depict the variation of Nuf against the eccentricity, (− 0.8 ⩽e⩽ 0.8) nine 
values in step of 0.02. in vertical, diagonal, and horizontal directions, 
respectively, employing a fixed radius ratio RR = 2. It is shown that in all 
these three cases, for low Rayleigh numbers, i.e. Ra ⩽ 1 × 106, the 
minimum Nuf is situated at e = 0, pointing out that the concentric 
configuration is the best effectual one for the thermal insulation. While, 

Fig. 10. Patterns of (i) streamlines, (ii) fluid isotherms, and (ii) solid isotherms, for lower negative and upper positive horizontal eccentricities (a) e = − 0.8 and (b) e 
= 0.8, for radius ratio RR = 2, at different Ra. 
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a steep increase in Nuf is found to be at larger negative and positive 
values of eccentricity, which is coincident with the expansion of gap 
thickness in the top or bottom parts, respectively, of the annulus. 
However, as Rayleigh number increases, the eccentricity influence in the 
vertical and diagonal geometries is significantly different from that in 
the horizontal one. Thus, the value of the eccentricity that locates the 
minimum Nuf increases with Rayleigh number, until reaching an 

optimal value of eccentricity at e = 0.6, which can be considered as a 
better effectively eccentric insulation than concentric one. For larger 
positive value of e = 0.8 where the top layer becomes so slender, Nuf 

leaps suddenly due to the effect of cold wall of the outer cylinder. This 
jump in Nuf is more significant at higher Ra ⩾ 4 × 107 as a result of a 
better efficacious fluid mixing owing to the supplementary counter- 
rotating cells. Thus, the emergence of the co-rotating cell and the 

Fig. 11. Time evolution of Nuf for (Left) vertical eccentricity and (Right) diagonal eccentricity, at e = 0.8, 0.6, 0.4, with increasing values of Ra.  

Fig. 12. Details of flow behaviour for the case of vertical eccentricity at e = 0.8 and Ra = 7×107 shown in Fig. 12, over one periodic pulse at the times indicated by 
red circular points. 
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reduction of local gap thickness in the upper area of the porous layer 
clarify the cause of a steep increase in Nuf . 

Whereas, the effects of eccentricity on Nuf for the horizontal ge-
ometry that are plotted in Fig. 18 show that the gain in heat transfer for 
this geometry can not be enhanced by changing the eccentricity, and are 
only slightly increased with respect to the concentric geometry. It is 
obvious that as Rayleigh number increases, the heat transfer curve be-
comes entirely insensitive to the eccentricity. 

The effects of vertical, diagonal, and horizontal eccentricity locations 
on the conductive heat dissipation within the solid particles represented 
by the solid average Nusselt number Nus are demonstrated in 
Figs. 19–21, respectively. Interestingly, it is shown that the influence of 
the eccentricity on Nus in all these directions is identical. Thus, 

maximum savings in Nus is occurred at e = 0, and as the eccentricity is 
increased in either the positive or the negative direction, Nus increases. 
see Fig. 20. 

Some numerical results are presented in Fig. 22 in the form of 
streamlines and isotherms to show the effect of eccentricity at different 
positions under the three scenarios: vertical, diagonal, and horizontal 
eccentric configurations, at Ra = 8 × 107. One can see that moving the 
inner cylinder vertically or diagonally upward forms an obstruction 
region to the ascending convective flow causing it to slow upstream of 
the porous annular layer and to accelerate downstream. This perturba-
tion promotes a drop in the temperature gradient in the upstream 
proximity of the inner cylinder and an increase in the downstream vi-
cinity. However, when the inner cylinder reaches the higher location at 

Fig. 13. Details of flow behaviour for the case of diagonal eccentricity at e = 0.8 and Ra = 8×107 shown in Fig. 12, over one period at the times indicated by red 
circular points. 

Fig. 14. Details of flow behaviour for the case of diagonal eccentricity at e = 0.6 and Ra = 5×107 shown in Fig. 12, over one periodic pulse at the times indicated by 
red circular points. 
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e = 0.8, the gap thickness in the upper region becomes very small, 
hindering the occurrence of small secondary counter-rotating cells 
relative to the primary one. Hence, a transition in the flow structure 
between the uni-cellular into the tri-cellular occurs in the vertical 
eccentric configuration at this higher Rayleigh number. This clarifies the 
steep increase in Nuf shown in Fig. 16. At this position, moving the 
cylinder angularly clockwise by 45◦ deforms the structure of the tri- 
cellular flow. Then, by shifting the inner cylinder further clockwise by 
45◦, the secondary counter-rotating cells disappear altogether. The 
deformation and destruction of the secondary counter-rotating eddies 
result in an overall reduction in Nuf as illustrated in Figs. 16–18 at 
higher e = 0.8 and higher Ra = 8 × 107. From the thermal fields, an 
interesting plume behaviour is shown that the plume shifts in a clock-
wise or anti-clockwise directions as the horizontal eccentricity decreases 
or increases, respectively. 

The results reported in Figs. 23 and 24 offer an alternative technique 
for optimising the rates of heat dissipation by an appropriate selection of 

the annular radius ratio. Fig. 23 displays the variations of average fluid 
Nusselt number Nuf and solid Nusselt number Nus as a function of the 
radius ratio, six values namely RR = 1.5, 2, 2.5, 3, 4 and 5, of a 
concentric annular configuration, for different Rayleigh numbers. It can 
be noticed from the plots that the impact of radius ratio on Nuf relies 
greatly on Rayleigh number. Thus, for small Rayleigh numbers (i.e. Ra 
≤ 106), where the pure conduction mode of heat transfer is the domi-
nant, the increase in the porous layer thickness (RR) results in a 
considerable decrease in Nuf (i.e. reduction in heat loss). 

However, interestingly, as Rayleigh number increases, where the 
natural convection turns to be significant, there is an optimal value of 
the porous layer thickness appears for minimum Nuf . This critical value 
is shown to decrease as Rayleigh number increases. For instance, at Ra 
= 1 × 107 and 2 × 107, the critical thickness values are RR(cr) = 3 and 
2.5, respectively, and for Ra = (3–7) × 107, RR(cr) = 2. For the highest 
Ra = 8 × 107, it is noticed that the useful insulation radius ratio turns to 
be the smaller one (lesser thickness). In addition, Fig. 23 shows that as 

Fig. 15. Variation of NuLf around the interior cylinder surface, at various Ra, at highest positive (Left) vertical and (Right) diagonal, eccentricities e = 0.8.  

Fig. 16. Variation of Nuf versus the vertical eccentricity at various Ra.  
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the porous layer thickness is increased by increasing the annular radius 
ratio the conductive heat loss Nus during the solid spheres are reduced 
regardless the value of Rayleigh number. 

Fig. 24 depicts another observation for the effect of radius ratio on 
the heat dissipation. It shows the variation of the total average Nusselt 
number Nut against Rayleigh number for the aforementioned six radius 

Fig. 17. Variation of Nuf versus the diagonal eccentricity at various Ra.  

Fig. 18. Variation of Nuf versus the horizontal eccentricity at various Ra.  
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ratios. It is shown that much bigger rates of heat transfer is obtained at 
smaller radius ratio for all Rayleigh numbers. Nevertheless, for very 
higher Rayleigh numbers, the influence of radius ratio reduces, hence, 

any value of radius ratio can achieve higher Nut. Also, it is shown that 
for low and moderate Rayleigh numbers, the figure recommends bigger 
annular radius ratio for thermal insulation purposes. 

Fig. 19. Variation of Nus versus the vertical eccentricity at various Ra.  

Fig. 20. Variation of Nus versus the diagonal eccentricity at various Ra.  
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Fig. 21. Variation of Nus versus the horizontal eccentricity at various Ra.  

Fig. 22. Effect of (a) vertical, (b) diagonal, and (c) horizontal, eccentricities on flow and thermal patterns, at Ra = 8× 107.  
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The flow and thermal fields in the porous concentric annulus for 
different radius ratio, RR = 1.5, 2, 2.5, 3, 4 and 5, are illustrated in 
Fig. 25 at Ra = 1 × 106, 1 × 107, and 8 × 107. When the porous layer 
is thinner, it is seen that the fluid moves parallel to the internal walls as a 
result of the central zone between the two hydrodynamic boundary 
layers being quite slender. As a consequence of the thin thickness of the 
porous layer, the conduction heat dissipation is the dominant mode in 
the entire annulus for all Rayleigh numbers. However, increasing the 
porous layer width and Rayleigh number strengthens the free convec-
tion and make it prevailing in the top portion of the annulus. Hence, this 
causes concentric isotherms, such are almost consistently distributed, 
moving strongly upward generating a high temperature gradient in the 
lower region of the annulus, and producing a strong thermal plume in 
the upper region. It is noticed that reducing the radius ratio to the small 
value of RR = 1.5 is not hindering the appearance of secondary cells in 
the top portion of the annulus. It is concluded that within the range of 
radius ratio investigated here, multi-cellular flow structures can not be 
occurred even at very high Rayleigh numbers. Indeed, this behaviour is 
dissimilar to that seen in the vertical or diagonal eccentric geometries 
with very high eccentricity. 

7. Conclusions 

In this study, natural convection and heat transfer between two 
horizontal concentric and eccentric cylinders filled with spherical par-
ticles as a porous medium saturated by air is investigated numerically. 

Characteristics of flow and heat transfer are studied for a broad range of 
pertinent parameters of the problem: The eccentricity (− 0.8 ⩽e⩽ 0.8) in 
vertical, diagonal and horizontal directions, the annulus radius ratio 
(1.5 ⩽ RR ⩽ 5.0) and Rayleigh number (104 ⩽ Ra ⩽ 8 × 107). The 
following conclusions are drawn from the present results: 

1. The average fluid Nusselt number (Nuf ) is not affected by Rayleigh 
number for Ra ≤ 107 in the vertical, diagonal and horizontal 
eccentric annuli. However, for Ra > 107, Nuf increases significantly 
with Rayleigh number. The heat transfer performance of the vertical 
and diagonal configurations is much better than that for the hori-
zontal one. 
2. In the vertical eccentric annulus, only uni-cellular flow regime is 
seen at e = − 0.8 for all Rayleigh numbers, however, at e = 0.8, uni- 
cellular, bi-cellular, and tri-cellular are seen, as Rayleigh number 
increases. In the diagonal eccentric annulus, the multi-cellular flow 
regimes are deformed and the isotherms are particularly distorted 
when Rayleigh number increases. 
3. In the diagonal eccentric annulus, the fluid flow is significantly 
unstable at e = 0.8 for Ra ⩾ 4 × 107, and becomes stable as Rayleigh 
number decreases below 4 × 107, or as the eccentricity decreases 
under e = 0.8. However, in the vertical eccentric annulus, interest-
ingly, it loses the stability only at two cases when e = 0.8 at Ra = 7 
×107 and when e = 0.6 at Ra = 5 × 107. 
4. For low Rayleigh numbers, the concentric insulation is the most 
effectual one amongst the three eccentric configurations considered, 
while the better heat transfer enhancer is in the eccentric annuli at 
larger negative and positive eccentricities. However, for large Ray-
leigh numbers, in the vertical and diagonal eccentric configurations, 
there is an optimal value of eccentricity at e = 0.6 for better effec-
tively eccentric insulation than concentric one. 
5. The effect of porous layer thickness (radius ratio RR) on Nuf de-
pends on Rayleigh number. Thus, for low Ra, Nuf decreases as RR 
increases; however, for large Ra, a critical value of RR is obtained for 
getting minimum Nuf , while, for very high Ra, the useful insulation 
RR turns to be the smaller one. 
6. The reduction in RR to the smaller values is not hindering the 
appearance of secondary cells in the upper region of the annulus, and 
multi-cellular flow structures could not be observed even at very 
high Rayleigh numbers. 
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