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Abstract. The three-dimensional transition to turbulence in the wake of a tapered circular cylin-
der with the taper ratio 75:1 has been analyzed by performing direct numerical simulation. The
Reynolds number based on the uniform inflow velocity and the diameters at the wide and narrow
ends were 300 and 102, respectively. The same Reynolds number range was previously studied by
Parnaudeau et al. (TSFP4, 2005) but with a different taper ratio 40:1. The effect of taper ratio on
the transition-turbulence was investigated in the present study and it was found that the Strouhal
number versus Reynolds number curves nearly collapse. Thereby, indicating that a change in the
taper ratio by a factor of two has only a modest effect on the Strouhal number. However, there still
exists a significant contrast in the cellular shedding pattern. Flow-visualization of instantaneous
λ2-structures and the enstrophy | ω | revealed that the mode A appeared around Re ≈ 200 and
mode B around Re ≈ 250.
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1. Introduction

Three-dimensional flow over circular cylinders is a common phenomenon in many
engineering applications which occurs behind oil-platform legs, chimneys, cooling
towers and even tapered aircraft wings. Such three-dimensionalization of the sep-
arated flow is often induced by a spanwise variation of the cylinder diameter (e.g.
tapered cylinders). A distinct feature of tapered cylinder wakes is that depending
on the local Reynolds number (Relocal) along the span, a range of flow-regimes (e.g.,
laminar unsteady wake (L3), transition in the wake (TrW) or shear layer (TrSL),
etc) may exist side by side in the same geometry. Three-dimensional instabilities
in the wake of tapered circular cylinders (L3 regime) was previously studied by
Papangelou [1], Piccirillo and Van Atta [2], Vallés et al. [3] and more recently by
Narasimhamurthy et al. [4]. However, the TrW regime for tapered cylinders has had
remarkably few investigations in comparison to uniform circular cylinders. Recently
Parnaudeau et al. [5] performed Direct Numerical Simulation (DNS) in the TrW
regime with a taper ratio, RT = l/(d2 − d1) = 40 : 1 (where l is the length of the
circular cylinder and d2 and d1 denote the diameter of its wide and narrow ends,
respectively).

In the present study RT = 75 : 1, which implies a more modest tapering than
considered by Parnaudeau et al. [5] and the Reynolds numbers are same in both
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Figure 1. Computational domain (not to scale)

the cases. Thereby, the effect of tapering on the transition-turbulent process is
investigated in the present study. In this DNS study, an in-depth exploration of
the frequency spectra and the instantaneous vortical structures was carried out to
understand both the evolution of large-scale structures (vortex dislocation or vortex

splits) and the small-scale structures (mode A and mode B). Qualitative comparisons
of the present results with the earlier numerical study in L3 regime [4], and in-house
PIV (Particle Image Velocimetry) measurements by Visscher et al. [6] (where they
studied TrSL regime) were also investigated.

2. Flow configuration and numerical method

The computational domain was as shown in Figure 1. All dimensions were normal-
ized by d2. The mean diameter, dm = 0.67. The aspect ratio (a = l/dm), RT , and
the Reynolds numbers Re2, Re1, Rem, based on the uniform inflow velocity (U = 1)
and the diameters d2, d1, dm, respectively were as shown in Table 1.

Table 1. Flow parameters

Case a RT Re2 Re1 Rem

Present simulation 74 75:1 300 102 201

Parnaudeau et al.[5] 40 40:1 300 100 200

The Navier-Stokes (N-S) equations in incompressible form were solved in 3-D space
and time using a parallel Finite Volume code [4, 10]. The code uses staggered Carte-
sian grid arrangement. Time marching was carried out using a 3rd order explicit
Runge-Kutta scheme for the momentum equations and an iterative SIP (Strongly
Implicit Procedure) solver for the Poisson equation. Spatial discretization was car-
ried out using a 2nd order central-differencing scheme. The total number of grid
points used was equal to 15 x 106. The time step ∆t = 0.003d2/U and the number
of Poisson iterations per time step was equal to 50.

A uniform inflow velocity profile U = 1 was fixed at the inlet without any
free-stream perturbations. A free-slip boundary condition was applied on both the
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side walls, top wall and the bottom wall (see Figure 1). At the outlet, Neumann
boundary condition was used for velocities and pressure was set to zero. The no-slip

boundary condition on the cylinder body was implemented by using a direct forcing

Immersed Boundary Method (IBM) [4, 9]. The computations were performed on
a SGI Origin 3800 parallel computer. The total consumption of CPU-time was
approximately equal to 12000 hours.

3. Results and discussion

3.1. frequency analysis

The time evolution of the instantaneous velocity components U, V, W and the
instantaneous pressure, P, were sampled along two lines parallel to the axis of the
cylinder and located 2dm and 12dm downstream the axis in X -direction, respectively.
Both lines were offset by 1dm in Z -direction. The time traces of U, V, W and P

were plotted in Figure 2, 3, 4 and 5, respectively. The figures clearly indicate the
oblique and cellular shedding pattern. Qualitative investigations of the frequency
spectra were carried out by the spectral analysis of cross-stream velocity component
(W ) time trace. In Figure 6(a) the Strouhal number (St = fdm/U) versus Relocal

(= Udlocal/ν; dlocal is the local diameter) curve from Parnaudeau et al. [5] was
compared against the present result. It is surprising to see that the curves nearly
collapse. Thereby, indicating that a change in the RT by a factor of two doesn’t
affect the Strouhal number much. However, there still exists a significant contrast
in the distribution of constant-frequency cells along the span.

The vortex dislocations in the TrW state of flow of a uniform circular cylin-
der typically occurs at the location of mode A instability [8]. In contrast, these
large-scale structures occur spontaneously along the whole span for tapered circular
cylinders (see Figure 6(b)). The two discontinuities in the local Strouhal number
(Stlocal = fdlocal/U) versus Relocal curve in Figure 6(b) for the uniform circular
cylinder correspond to change over of eddy-shedding mode from laminar-mode A
and mode A-mode B, respectively [8]. However, for the tapered case it seems that
the vortex dislocations depend primarily on the RT .

In Figure 7 the Stlocal curve from the present simulation (TrW regime) was
plotted together with the results from Narasimhamurthy et al. [4] (L3 regime) and
the PIV measurements by Visscher et al. [6] (TrSL regime). In all the three studies
RT = 75 : 1. The Strouhal number initially increases with Reynolds number and
then decreases with the increase in Rem, similar to the uniform circular cylinder
[11]. Piccirillo and Van Atta [2] in their experimental study (L3 regime) observed
that the shedding cell size increases with the local diameter. A similar observation
was also reported by Parnaudeau et al. [5]. In Figure 7 it can be seen that shedding
cell size clearly increases towards the large diameter for low-Reynolds numbers (L3
and TrW). It seems that this observation is only valid for low-Reynolds numbers as
the curves for TrSL doesn’t follow this trend.

3.2. instantaneous vortical structures

In order to identify the topology and the geometry of the vortex cores correctly the
λ2-definition by Jeong and Hussain [12] was used. λ2 corresponds to the second
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largest eigenvalue of the symmetric tensor SijSij + ΩijΩij , where Sij and Ωij are
respectively the symmetric and antisymmetric parts of the velocity gradient tensor.
Figure 8 shows the iso-surfaces of negative λ2 at different instances in time, t. 3-
dimensionality in the form of waviness in the spanwise vortex cores (primary Karman
vortices) is evident even in the L3 regime. The snap shots clearly illustrate the
time-evolution of the vortex dislocations (around Y = 25 − 40) and the small-scale
streamwise structures (mode A and mode B) along the span. However, vortex
dislocations are more clearly visible in Figure 9. Negative λ2, vorticity magnitude
or enstrophy | ω | and the vorticity components evaluated at the same instant in
time were plotted together. The vortex dislocations formed between spanwise cells
of different frequency when the primary vortices move out of phase with each other
are visible at Y ≈ 12, 23, 40. The development of helical twisting of vortex tubes
is visible in the vicinity of the vortex dislocations. Williamson [7] concluded that
these helical twistings are the fundamental cause for the rapid spanwise spreading
of dislocations, and indeed for the large-scale distortion and break-up to turbulence
in a natural transition wake.

In uniform circular cylinder wakes the Reynolds number will be constant along
the whole span and therefore the individual modes of 3-dimensionality (either mode
A or mode B) exist along the entire span of the cylinder. Barkley and Henderson
[13] from their Floquet stability analysis predicted the critical Reynolds number
for the uniform circular cylinder to be 188.5 ± 1.0 and the wavelength of mode
A equal to 3.96 diameters. However, in the present tapered cylinder study the
Relocal varies along the span and both mode A and mode B co-exists in the same
geometry. Thereby, only a small span of the cylinder is available for each of the
modes to develop (especially for mode A) and it is hard to pin-point the exact
Reynolds number at which these modes start to appear. Parnaudeau et al. [5]
reported that the mode A behind their tapered cylinder occurred in the L3 regime.
Flow-visualization of the present DNS revealed that the mode A appeared around
Relocal ≈ 200 and mode B around Relocal ≈ 250.

4. Conclusions

The effect of taper ratio on the transition-turbulence was investigated in the present
study and it was found that the Strouhal number versus Reynolds number curves
nearly collapse. Thereby, indicating that a change in the taper ratio by a factor of
two doesn’t affect the Strouhal number much. However, there still exists a significant
contrast in the cellular shedding pattern.

Spot-like vortex dislocations in the TrW regime of uniform circular cylinders
correspond to change over of eddy-shedding mode from laminar-mode A and mode
A-mode B [8] but for tapered circular cylinders it primarily depends on RT . In
the present investigation, it was observed that the shedding cell size increases with
the local diameter, which is in agreement with the previous studies at low-Reynolds
numbers [2, 4, 5]. Both mode A and mode B were found to co-exist in the same
geometry but only in a small span of the cylinder. It was hard to pin-point the
exact Reynolds number at which these modes develop. However, from the flow-
visualization it can be concluded that the mode A appeared around Relocal ≈ 200
and mode B around Relocal ≈ 250.
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Figure 2. Time evolution of the U velocity along the entire span. Y = 0 corresponds to
Re2 and Y = 49.5 corresponds to Re1.

Figure 3. Time evolution of the V velocity along the entire span (see Figure 2 for details).
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Figure 4. Time evolution of the W velocity along the entire span (see Figure 2 for details).

Figure 5. Time evolution of the Pressure P along the entire span (see Figure 2 for details).
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(b) Tapered cylinder versus uniform circular cylinder

Figure 6. Strouhal number versus Reynolds number.
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Figure 7. Stlocal along the non-dimensionalized span. RT = 75 : 1 for all the curves.
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Figure 8. 3-dimensional λ2 contours (negative λ2) showing the topology and geometry of
the vortex cores at different instances in time, t. Y-axis corresponds to the axis of the
cylinder. The flow direction is from bottom to top.
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Figure 9. 3-dimensional vortical structures at the same instant in time, t = 47d2/U
as vortex dislocation occurs along the span. The flow direction is from bottom to top.
(a)Negative λ2; (b)Enstrophy | ω |; (c)streamwise vorticity ωx; (d)spanwise vorticity ωy;
(e)cross-stream vorticity ωz. The surfaces colored yellow and red mark a particular value
of positive and negative vorticity, respectively.
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