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Summary

In this paper, a mesh-free algorithm is developed for the analysis of crack tip stress
in isotropic materials. The proposed algorithm is derived from a class of continuously
differentiable and positive definite compactly supported radial basis functions (CSRBFs).
Two classical crack tip problems are solved as examples. The stress intensity factors are
analyzed to exhibit the performance of the proposed method.

Introduction to Compactly Supported Meshless Functions

This paper introduces a meshless algorithm derived from a class of compactly sup-
ported radial basis functions (CSRBFs) for solving the governing partial differential equa-
tions of plane elasticity problems involving single crack. CSRBFs have the advantage of
a simple mathematical formulation and truly mesh free property. The continuously differ-
entiable, positive definite and integrable features of CSRBFs can also be a great benefit in
solving higher order partial differential equations with complicated boundaries.

CSRBFs were firstly introduced by Wu [1] and later expanded by Wendland [2] in the
mid 1990s. The principle idea of CSRBFs is to use a polynomial as a function of Euclidean
distance r with support on �0� 1� and vanish on �1� ∞�. The basic definition of the CSRBF
φl�k�r� have the form

φl�k�r� � �1� r�n� p�r�� for k � 1 (1)

subject to following conditions

�1� r�n� �

�
�1� r�n if 0� r � 1;
0 if r � 1 �

where p�r� is a prescribed polynomial, r �� x�x j �, j � 1�2� � � � �N is the Euclidean dis-
tance and x, x j � Rd . The index l in (1) is the dimension number and 2k is the smoothness
of the function. For small number of k � 0�1�2�3, Wendland’s CSRBFs can be formulated
explicitly in the following expressions

φl�0�r�
�
� �1� r�l� �

φl�1�r�
�
� �1� r�l�1

� ��l �1�r�1��
φl�2�r�

�
� �1� r�l�2

� ��l2 �4l�3�r2 ��3l�6�r�3��
φl�3�r�

�
� �1� r�l�3

� ��l3 �9l2 �23l�15�r3

��6l2 �36l�45�r2 ��15l�45�r�15���

�������
������

(2)

The value l is determined by � d
2 �� k�1, where d is the dimension number.
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Let f �x� : R � R be a real-valued function and let
�

x j : j � 1�2� � � � �N
� � Rd be N

distinct points. Let φl�k�r j� be a positive definite CSRBFs, where r j � � x� x j � is the
Euclidean distance between x and x j. We can scale a basis function with compact support
on �0� δ� by replacing ri with ri�δi where δi � 0. With a scaling factor δi the compactly
supported approximation function s�x� to f �x� can be written as

s�x� �
N

∑
j�1

αn
j φl�k

�
ri

δi

�
� (3)

where δ j can be variable or constant for different node points depends on the nature of
the problem. In general, the smaller the value of δ i, the higher percentage of zero entries.
However, this would also be resulted in lower accuracy. The Error bound for CSRBFs
approximation of f � H s�Rd� can be found in [3].

Governing Equations of Single Crack Models

To illustrate the application of CSRBFs, two classical crack problems subject to ten-
sions are considered.

Model 1: Single-edge crack problem contains a single edged-crack along the negative
x-axis and its crack tip occurs at the origin over a square plate as depicted in Figure 1(a).
The solution of the problem has been found to be anti-symmetric. This leads to have the
transformation property that requires only to solve the upper-half of the square plate defined
on Ω � ��x�y��� a

2 � x� a
2 �0� y� a

2	
Model 2: Centre crack problem contains a single crack in the centre of a square plate as
illustrated in Figure 1(b). This problem satisfies the symmetry property, so only the quarter
region of the plate defined on Ω � ��x�y��0� x� a

2 �0� y� a
2	 is considered.

Crack

(a) edge crack Model

2a

Crack
2a

b

b

�

(b) centre crack Model

�

� �

��

b

b

Figure 1: Two examples of mode I crack tip problems

These two models involve the following set of equilibrium equations resolved into the x
and y directions

∂σx

∂x
�

∂τxy

∂y
� 0� and

∂τxy

∂x
�

∂σy

∂y
� 0�
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subject to the essential and natural boundary conditions over the solved domain Ω. The
corresponding function of stresses, σx, σy and shear stress, τxy are defined by

σx �
E

�1�ν2�
�εx �νεy� ; σy �

E
�1�ν2�

�εy �νεx� ; τxy �
E

2�1�ν�
�γxy�

where εx � ∂u�∂x, εy � ∂v�∂y are the strains in x and y directions respectively, γxy �
∂v�∂x�∂u�∂y is the shear strain, ν is the Poisson’s ratio and E is the Young’s modulus, u
and v being displacements in x and y directions respectively. According to these equations,
the governing displacements equations in Ω
∂Ω � R2, can be modelled by the following
system of equations

1
�1�ν�

∂2u
∂x2 �

�1�ν�
2�1�ν�

∂2v
∂x∂y

�
1
2

∂2u
∂y2 � 0; (4)

1
�1�ν�

∂2v
∂y2 �

�1�ν�
2�1�ν�

∂2u
∂x∂y

�
1
2

∂2v
∂x2 � 0� (5)

The local analytic solution of the displacements u and v in the vicinity of the crack tip can be
modelled by a series expansions in polar coordinates �r�θ� about the crack tip. According
to the results presented by Nairm [4], the analytic solution of the tangential displacements
with respect to r and θ are given respectively by

ur �
1

2E

∞

∑
n�1

r
n
2

�
C1n

	
γ1 cos



n�2

2

�
θ� γ2 cos



n�2

2

�
θ
�
�

C2n
	
γ1 sin



n�2

2

�
θ� γ3 sin



n�2

2

�
θ
�


� (6)

uθ �
1

2E

∞

∑
n�1

r
n
2

�
C1n

	
γ4 sin



n�2

2

�
θ� γ2 sin



n�2

2

�
θ
�
�

C2n
	�γ4 cos



n�2

2

�
θ� γ3 cos



n�2

2

�
θ
�

� (7)

where C1n and C2n are the expansion coefficients to be determined. The terms γ 1, γ2, γ3 and
γ4 are defined by

γ1� 6�n�ν�n�2� � γ2��n�2�4In��1�ν� �
γ3��n�2�4In� �1�ν� � γ4� n�6�ν�n�2� �

subject to the following conditions In � n mod 2 �

�
0 when n is even;
1 when n is odd.

The series solution automatically satisfies the equilibrium condition given by equations (4)
and (5).

Computational Algorithm and Results

To handle the boundary singularity in the neighbourhood of the crack tip, we adopt the
overlapping decomposition technique. The solved domain is divided into two overlapping
subdomains Ω1 and Ω2 such that Ω � Ω1 �Ω2 as depicted in Figure 2. The subdomain
Ω2 as shown in Figure 2(b) is the open upper-half rectangle, which covers the neighbour-
hood of the crack tip. In this study, the numerical solutions in Ω 1is calculated by using
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Figure 2: (a) The collocation points in Ω1, (b) the collocation points in Ω2.

Wendland’s CSRBFs, while the series expansions (6) and (7) are used to approximate the
displacements in Ω2 . In order to ensure the smoothness across the two regions Ω 1 and Ω2 ,
we include some nodal points in Ω2 when we formulate the CSRBFs method for the sub-
domain Ω1 . Similarly, some of the nodal points in Ω1 are also included in the formulation
of the series expansion method for Ω2 .

Let X1 � �x1�x2� � � � �xN1	 � R2 be a set of distinct interior points that are selected to
coincide with the collocation points in Ω1
∂Ω, X2 �

�
x�N1�1�� � � � �x�N1�N2�

�
in ∂Ω be the

boundary points, and X3 � �x�N1�N2�1�� � � � �x�N1�N2�N3�	 be a small set of nodal points in
Ω1 Ω2. Let N be the total number of collocation points such that N � �N1 �N2 �N3�.
By collocating at the same set of nodal points �xi�yi�

N
i�1 from the sets X1, X2 and X3, the

displacements u�xi�yi� and v�xi�yi� in equations (4) and (5) are approximated by CSRBFs
φl�k�r� at these collocation points. The numerical algorithm is constructed based on a sim-
ple Wendland’s function φ4�2�r�δ� � �1� r�δ�6�



3�18r�δ�35�r�δ�2

�
. The CSRBFs in-

terpolant for functions u�xi�yi� and v�xi�yi� are given by

uh�xi�yi� �
N

∑
j�1

α j

�
�1� r�δ�6�



3�18r�δ�35�r�δ�2�� � (8)

vh�xi�yi� �
N

∑
j�1

β j

�
�1� r�δ�6�



3�18r�δ�35�r�δ�2�� � (9)

where r j �
�

�xi� x j�2 ��yi� y j�2 and δ j is a desired scaling factor. The unknown coef-
ficients β j and α j can be determined in which all the set of data points �x i�yi�

N
i�1 � R2 are

distinct.

The first and second partial derivatives of equations (4) and (5) with respect to x and
y can be determined by differentiating equations in (8) and (9). The approximation solu-
tions uh�xi�yi� and vh�xi�yi� can be determined by substituting these partial derivatives into
equations (4) and (5), which yields the following system of equations

1
�1�ν�

N

∑
j�1

α j
	
Mxj

�
�

�1�ν�
2�1�ν�

N

∑
j�1

β j
	
Pj

�
�

1
2

N

∑
j�1

α j
	
Myj

�
� 0 (10)
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1
�1�ν�

N

∑
j�1

β j
	
Myj

�
�

�1�ν�
2�1�ν�

N

∑
j�1

α j
	
Pj

�
�

1
2

N

∑
j�1

β j
	
Mxj

�
� 0 (11)

where Mxj �
∂2�φ4�2�r j�δ j��

∂x2 , Myj �
∂2�φ4�2�r j�δ j��

∂y2 and Pj �
∂2�φ4�2�r j�δ j��

∂x∂y . The specific bound-

ary conditions Γ�is as described in Figure 2 are given by

Edge crack model Centre crack model
Γ1: σx� 0� τxy� 0� x �� a

2 � 0� y� a
2 ; u � 0� τxy� 0� x � 0� 0� y�a

2 ;
Γ2: σx� 0� τxy� 0� x � a

2 � 0� y� a
2 ; σx� 0� τxy� 0� x � a

2 � 0� y� a
2 ;

Γ3: σy� 10� τxy� 0� � a
2� x� a

2 � y � a
2 ; σy� 10� τxy� 0� 0� x� a

2 � y � a
2 ;

Γ4: σy� 0� τxy� 0� � a
2� x� 0� y � 0; σy� 0� τxy� 0� 0� x� a

4 � y � 0;
Γ5: v � 0� τxy� 0� 0� x� a

2 � y � 0 v � 0� τxy� 0� a
4� x� a

2 � y � 0�

For each collocation point in Ω1Ω2, two equations would be set according to the form:
u � ur cosθ�uθ sinθ, and v � ur sinθ�uθ cosθ, where u, v are the displacements in the x,
y directions found by the radial basis function method, u r, uθ are the radial and tangential
displacements respectively found by the series method.

In calculating the numerical solutions in the vicinity of the crack tip we select Ns �
�N4 �N5� distinct nodal points �xk�yk� in the neighbourhood of the crack tip, where N4 is
a number of points in �∂Ω1Ω2� and N5 is a number of boundary points in ∂Ω2 for θ � 0.
The displacements of these nodal points are approximated by the series expansions (6) and
(7). Since the analytic solution given by (6) and (7) automatically satisfy the equilibrium
equations (4) and (5), as well as the boundary conditions for θ� π, we only need to consider
the remaining boundary conditions.

The present algorithm combined with least square approximation method to obtain the
best fit coefficients C1i and C2i of the series expansions (6) and (7). In applying the least
square method, we choose l extra nodal points in Ω 2 , where l � 3. The nodal points have
a one-one correspondence between their polar coordinates and their Cartesian coordinates:
�rk�θk�� �xk�yk�, where xk � rk cosθk and yk � rk sinθk� for k � 1� � � � ��Ns � l�. The sum
of squares of the error for functions u and v are given by

S1 � ∑�xk�yk�

	
uh �xk�yk��



urk cosθk�uθk sinθk

��2
�

S2 � ∑�xk�yk�

	
vh �xk�yk��



urk sinθk �uθk cosθk

��2
�

where ur and uθ are the series expansion defined in equations (6) and (7). The best fit
coefficients C1i and C2i, i � 1�2� ����Ns can be determined accordingly by minimizing the
sum of the squares of the error S1 and S2 by

∂S1

∂C1i
� 0� and

∂S2

∂C2i
� 0� for i � 1�2� ����Ns� (12)

In the numerical computation, the equations (10), (11), (12) and the given boundary con-
ditions are re-arranged to a matrix form �Q� ��a� � ��p�, where �Q� has order 2�N �Ns��
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2�N �Ns�, ��a� and ��p� are 2�N �Ns� column vectors. Since CSRBF is a class of positive
definite and continuously differentiable function, the resulting matrix �Q� is conditionally
positive definite and hence invertible. Once the unknown coefficients are determined, the
approximation solutions uh �xi�yi� and vh�xi�yi� can be calculated accordingly by using
equations (8) and (9). For the numerical comparison, we computed the mode I stress in-
tensity factor KI as given by KI � lim

r�0


�
2πrσθ

�
�
�

2πC11� from the result of analysis.

The numerical results of the two considered models are compared against the one listed in
standard textbook [4] as shown in Table 1.

Table 1: Stress intensity factor in the vicinity of crack tip
Stress intensity factor (KI )

Our Results Textbook [4] results
Edge crack model 32.8 35.4
Centre crack model 20.8 21.0

The numerical results of KI agree well with the well-known results, this indicates a good
performance of the proposed method in applying to solve mode I crack models. The condi-
tioning number and the computational efficient are significantly improved due to the sparse
resultant matrix. The degree of accuracy of the numerical results is very much dependent
on the size of the local support δ j. The accuracy of the computations can be enhanced by
using large scaling factor δ j to increase the support for the function, however this results in
more intensive computation.
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