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SUMMARY 

Residual stress plays an important role in shaping materials properties. We 
present both the method to determine texture-weighted strain orientation 
distribution function for arbitrary crystal and sample symmetries and an example 
of the determination of the average macroscopic strain tensor as applied to the 
orthorhombic crystal symmetry and general triclinic sample symmetry of the 
uranium sample. The strain tensor was determined by the least-squares 
refinement of interplanar spacings for 19 Bragg reflections, as determined from 
the neutron TOF measurements at LANSCE. An annealed uranium plate was 
used as a reference sample, thus providing reference interplanar spacings for all 
19 reflections. The resulting strain and stress tensors show strong shear 
components that could not be detected through the measurements customary 
carried out along a few principal directions in the sample. 

INTRODUCTION 

Residual stress is of utmost importance for many materials properties. A common 
procedure for the determination of residual strains is based on the directional 
measurements of the interplanar d spacings, the so-called sin2ψ method [1]. An 
alternative approach was proposed [2, 3] that is based on the determination of 
strain and stress related parameters in Rietveld refinement [4]. In this way, both 
structure and microstructure (strain, stress, texture, and crystalline defects) 
information can be obtained simultaneously. In Rietveld refinement, all available 
Bragg reflections are used to obtain the strain tensor, which is of particular 
advantage in case of multiphase components and low crystalline symmetry 
systems with overlapping reflections. This procedure was successfully applied to 
the Al/SiC (short whisker) composites using GSAS program, which contains 
model for anisotropic strain correction for cubic or hexagonal symmetry [5]. A 
recently published model allows for accurate modeling of diffraction-line shifts 
in Rietveld-refinement for all Laue symmetries without making Voigt or Reuss 
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approximation [6]. This is accomplished by expanding strain and stress tensor 
components in series of spherical harmonics, similarly to the texture modeling. 
The method yields the texture-weighted strain orientation distribution function 
(WSODF) and average macroscopic strain and stress tensors that are usually of 
engineering interest.  

 The aim here is to review the methodology developed in the previous 
paper [6] and to apply it to the neutron time-of-flight (TOF) measurements of 
two uranium samples in order to determine changes in the residual strain and 
stress state after plastic deformation. Uranium, a strategically important, although 
relatively poorly studied material, was chosen because of its orthorhombic 
crystalline structure (space group Cmcm, with unit-cell parameters at 25 oC: a = 
2.386 Å, b = 5.867 Å, c = 4.867 Å).  

 

THE MATHEMATICAL BACKGROUND 
 The strain calculated from the interplanar spacing of the sample under 
investigation ( d ) and the reference sample ( 0d ) is averaged through the rotation 
for ω around H/Hh =  ( H  being a reciprocal lattice vector for an (hkl) plane), 
which has to be parallel to y , the direction of the diffraction vector in the 
sample: 

0( ) / 1d dε =< > −h y       (1) 

Following Popa & Balzar [6], the strain is given by the following equation: 
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where the harmonic terms ( )yh,lI  are defined below and the pole 
distribution functions  
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can be used to calculate the crystallite orientation distribution function 
f ),,( 201 ϕϕ Φ . Here, ),,( 201 ϕϕ Φ  are the Euler's angles transforming the sample 
orthogonal coordinate system ),,( 321 yyy  into the crystallite orthogonal 
coordinate system ),,( 321 xxx , 
The unit vectors of the directions in crystal and sample, yh  and , are: 
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321332211 cossinsinsincos xxxxxxh Φ+Φ+Φ=++= ββAAA  (4) 

321 cossinsinsincos yyyy Ψ+Ψ+Ψ= γγ ,    (5) 

where ( )β,Φ , ( )γ,Ψ  are the polar and azimuthal angles of h  and y  in 
their respective coordinate systems. 

Depending on the crystalline and assumed sample symmetry, as well as on 
the strength and gradient of strain and texture, it is necessary to inspect (2) for a 
required number of terms to obtain the desired precision. We determined that for 
our sample the first three terms suffice: 

0 2 4
2 2( ) ( ) 2 ( , ) ( , ) ( , )
5 9

P I I Iε = + +h hy y h y h y h y    (6) 

The harmonic terms ( )yh,lI  in (6) could be expressed in two different ways, 
depending on the purpose of investigation. If both macroscopic strain-stress 
tensors and WSODF are desired, the equations (17) to (20) from [6] must be used 
for any harmonic number l . But if only the macroscopic strain and stress tensors 
are needed, then a hybrid representation, that is, (17) to (20) for 2,0=l  and (25), 
(26) for 4≥l  are preferred because of a fewer number of parameters [6]. 

Thus, for orthorhombic crystal symmetry and triclinic sample symmetry, by 
using Tables 9 and 17 from [6], we obtain: 
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The functions m
lP  were defined in [6]. The parameters mn

ilα , mn
ilβ , mn

ilγ , 
mn
ilδ , n

klµ , n
klν  were determined by the least-square refinement by minimizing: 
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where N  is the number of measured )(m points and n  the number of 
free parameters. There are 3 parameters for 0=l , 45 for 2=l , and 90 
parameters for 4=l , that is, 138 refinable parameters in total. 

The macroscopic strain and stress tensors are obtained from the coefficients 
for 2,0=l  by using the expressions (23) and (24) from [6]: 

 ∑∑
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Here jlC  are the monocrystal elastic stiffness modules; the matrix w  was 
given in Table 16 from [6]. The components of the strain tensor, for 
orthorhombic crystal symmetry and triclinic sample symmetry, were given in [7]. 

 

EXPERIMENT AND RESULTS 

The neutron TOF diffraction experiments yield the whole diffraction pattern 
at every sample orientation. A comparable experiment with constant-wavelength 
neutrons or x-rays would require an order of magnitude longer data collection 
time in order to scan through several Bragg reflections to provide a sufficient 
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number of d  spacings to determine average strain and stress tensors by this 
method. The measurements were carried out at the Spectrometer for Materials 
Research at Temperature and Stress (SMARTS) at the Los Alamos Neutron 
Science Center (LANSCE), Los Alamos National Laboratory. The measurements 
were performed on two uranium plates (plastically deformed by cold rolling and 
annealed). The interplanar d  spacings (neutron TOF measurements gave the 
information on 19 Bragg peaks) determined for the annealed plate were taken as 
the reference 0d  values at every sample orientation. Thus, the average 
macroscopic strain tensor reported here is relative to the state of strain in the 
annealed uranium plate. The samples were mounted in the Eulerian cradle with 
the χ  circle fixed at 130° from the beam direction. We varied χ  and φ  angles 
to obtain 18 different sample orientations. By using four detector banks in the 
diffraction (horizontal) plane (at 98.4°, 81.6°, -98.4° and –81.6° 2θ), we obtained 
72 histograms (diffraction patterns) at different sample angles. Texture was 
determined by GSAS, using the generalized spherical harmonics model [8]. It 
was evident that texture does not conform to mmm symmetry, as expected to be 
produced by rolling. Thus, we have not assumed either texture or strain sample 
symmetry in (6). Table 1 gives the full strain tensor, as calculated from (12). As 
expected, there is a tensile strain in both rolling and transverse directions, about 
factor of four stronger for the former. This results in the compressive strain in the 
normal direction of about 10-4. It is immediately noted that shear components are 
relatively strong. This may be caused by the slipping of rollers during cold 
rolling and/or significant texture present in the uranium plate before rolling was 
applied. However, a measurement yielding only strain components along 
principal sample axes, as it is customary carried out, would completely miss this 
information. 

 

Table 1. Strain tensor in sample coordinates for a cold-rolled uranium plate, as 
determined from the neutron TOF measurements. The figure in parenthesis for 

11e  gives standard uncertainty for the two least-significant digits, which is 
approximately constant for all strain-tensor components. 22e - rolling direction, 

11e - transverse direction, 33e - normal direction. 

 

 

 

 

4

1.55(22) 5.41 6.16
5.41 6.42 0.19 10
6.16 0.19 1.05

e −

− − 
 = − − ⋅ 
 − − − 
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CONCLUSION 

In summary, we reviewed a model [6] for the determination of texture-
weighted strain orientation distribution function and evaluated the average 
macroscopic strain tensor in cold rolled uranium plate. We presented a necessary 
methodology for an orthorhombic crystal symmetry and general triclinic sample 
symmetry and calculated all six components of the average strain tensor, based 
on the neutron TOF measurements collected at the SMARTS instrument at 
LANSCE. Strains are tensile in both rolling and transverse directions and 
compressive in the normal direction with strong shear components. 
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