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Summary

The effect of the size of rubber particles on the micromechanical behavior in glassy
polymer matrix is investigated employing the homogenization method, together with a unit
cell model containing irregularly distributed heterogeneous particles. It is clarified that the
localized plastic zone only occurs between cavitated large particles and the noncavitating
small particles merely change their shapes and conform to the propagation of the localized
plastic zone without promoting plastic deformation in the matrix. The maximum mean
stress in the matrix and the average normal stress on the noncavitating small particle mainly
depend on the macroscopic triaxiality of the loading condition.

Introduction

In rubber-blended polymer, the onset of cavitation in multiple rubber particles relaxes
the high triaxiality stress state and suppresses the formation of macroscopic crack in the
polymer. As a result, large plastic deformation is substantially promoted compared with
single-phase polymer [1]. It is also well known that the onset of cavitation is dependent on
the size of particles and is inhibited in particles smaller than 200nm [2].

To clarify the size dependence of the cavitation behavior, the main objective of studies
has been to determine the critical stress for the initiation of a void in rubber material. Be-
cause the cavitation process requires surface energy, van der Waals intermolecular force,
in other words, surface tension, is taken into account for the bulk [3] and for rubber parti-
cle [4]. Moreover, as void nucleation develops via chain scission, the contribution of the
tear energy of the molecular chain to the critical stress for the initiation of a void in the
rubber particle is also considered [4]. On the other hand, to investigate the post-cavitation
behavior in rubber-blended polymer, an axisymmetric unit cell model with a small void
pre-existing inside the particle has been used [5]. Furthermore, employing a plane-strain
unit cell model, the effects of stiffness, volume fraction and heterogeneity of the particle on
the post-cavitation behavior under complex loading are also investigated [6]. The results
indicate that regardless of the magnitude of the stiffness of the particle, the relationships
of the average normal stress normalized by particle stiffness and the volumetric strain of
particle are cast into a characteristic single line. However, since the typical value of initial
stiffness of rubber material is 1MPa, the effect of the deformation constraint from a cav-
itated rubber particle on the plastic deformation in the matrix is negligible, and therefore
plastic deformation in a porous material has been investigated [7]. Recently, a modified
pre-existing small void model, in which the surface tension is assumed to act on the surface
of the void [8], has been used to investigate the size dependence of the cavitation behavior.
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It was clarified that the decrease in the size of particles causes the increase in the average
normal stress on the interface and the suppression of cavitation.

To address the effect of the size of rubber particles on the micromechanical behavior
of the polymer blend, in this study, we employ the homogenization method together with
a unit cell model containing irregularly distributed heterogeneous particles. Assuming that
cavitation occurs at the initial deformation stage in the case of large particles, we replace
these particles with voids of the same size. Furthermore, small particles are assumed to
deform without cavitation throughout the whole deformation process. A parametric study is
performed to clarify the effect of particle size on the plastic deformation in the matrix under
different loading conditions. Subsequently, the development of the maximum mean stress
in the matrix and the average normal stress on noncavitating small particles are investigated.

Constitutive Equation

The complete constitutive equation for the rubber material employed in this investiga-
tion is derived based on the affine molecular chain network theory [9]. According to this
theory, the deviatoric component of the principal stress bi and principal stretch λi relation
becomes [9]
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where N is the average number of segments in a single molecular chain, CR = nkBT is the
shear modulus, n is the number of molecular chains per unit volume, kB is Boltzmann’s
constant, T is the absolute temperature and L is the Langevin function.

The rate-type expression of the constitutive equation, which relates the rate of Kirch-
hoff stress Ṡi j to strain rate ε̇i j, becomes
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where σi j, δi j and Ai j are the Cauchy stress tensor, Kronecker’s delta and the left stretch
tensor, respectively. To introduce the volume constant constraint to rubber material, we use
the penalty method with the penalty parameter K = 5000.

The constitutive equation used to model the large strain plastic behavior of the polymer
matrix is derived based on the nonaffine molecular chain network theory given in Ref. [10],
which is a modified version of the eight-chain model [9] and which accounts for the change
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of the number of entangled points, in other words, the average number of segments N in a
single molecular chain. Here, we provide a brief explanation of the constitutive equation.
The total strain rate is assumed be decomposed into the elastic and plastic strain rates. The
elastic strain rate is expressed by Hooke’s law, and the plastic strain rate is modeled using
the nonaffine eight-chain model [10]. The final constitutive equation that relates the rate of
Kirchhoff stress Ṡi j and strain rate ε̇i j becomes
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where De
i jkl is the elastic stiffness tensor and σi j is the Cauchy stress. The shear strain rate

γ̇p in Eq. (3) is related to the applied shear stress τ̃ as [11]
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where γ̇0 and A are constants, s̃= s+αp indicates shear strength [12], s is the shear strength
that changes with plastic strain from the athermal shear strength s0 = 0:077µ= (1�ν) to a
stable value sss, p is the pressure, α is a pressure-dependent coefficient, µ is the elastic
shear modulus and ν is Poisson’s ratio. Since s depends on the strain rate, the evolution
equation of s can be expressed as ṡ = h [1� (s=sss)] γ̇p where h is the rate of resistance with
respect to plastic strain. Furthermore, B0

i j in Eq. (3) is the deviatoric component of back
stress, and the deviatoric component of principal back stress is given by an expression of
the same type as Eq. (1) but as a function of the principal plastic stretches. However, we
assume that elastic strains remain small, so that the back stresses can be evaluated based
on the total stretches. Note that only the deviatoric components of back stress are needed
in Eq. (3) so that the hydrostatic part is irrelevant. Full details may be found in Ref. [10].

Computational Model

Γ2

Γ1

Figure 1: Computational
model

Figure 1 illustrates the plane-strain unit cell model contain-
ing irregularly distributed heterogeneous particles. With this
model, we employ the homogenization method and the finite
element method to establish a computational tool. The parti-
cles are assumed to be circular cylinders of three sizes with the
size ratio 1:5:10 among particles. Here, the size of the small-
est particles (dark circle) is assumed to be 200nm, and these
particles deform without cavitation throughout the whole de-
formation process while the others, sized as 1µm and 2µm,
cavitate at the initial deformation stage and are replaced by
voids of the same size.

With regard to the boundary condition of the unit cell, the macroscopic constant strain
rate, Γ̇2 = 1:0� 10�5=s, is applied on the unit cell and the macroscopic strain rate Γ̇1
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is prescribed as different values to realize different macroscopic triaxiality of the loading
condition. The material parameters for the rubber material employed are N0 = 16, n0 =
1:0� 1026 and T = 296K. The volume fraction of particles is 20%, and the coherent
boundary condition is assumed to apply to the particle-matrix interface. On the other hand,
we use the same material parameters for the polycarbonate (PC) matrix as those used in
Ref. [10].

Results and Discussions

Figure 2 indicates the macroscopic average stress and maximum mean stress in the
matrix versus macroscopic equivalent strain relations, where macroscopic equivalent strain
is defined as Γe =

p
(2=3)Γ0

iΓ0

i and s0 is the initial shear strength of matrix. Figure 3
indicates the distribution of the equivalent plastic strain rate and the high-mean-stress re-
gion (dotted line) in the matrix under the macroscopic strain rate ratio Γ̇1=Γ̇2 = 0, where

ε̇p =
q

(2=3) ε̇p
i j ε̇

p
i j. At the early deformation stage (Γe = 0:02), the localized plastic zone

only occurs between large particles, and the macroscopic stress decreases after the forma-
tion of a strong shear band at the upper part of the unit cell. In subsequent deformation
stages, the shear band propagates along the surface of large particles and covers the area of
noncavitating small particles and new shear bands onset between large particles at the lower
part of the unit cell. Throughout the whole deformation process, the small particles merely
change their shape and conform to the propagation of the localized plastic zone without
promoting or suppressing the plastic deformation in the matrix. We also confirmed similar
characteristics for the other macroscopic loading conditions, although different types of
shear bands were observed. These results indicate that noncavitating small particles have
negligible effect on the plastic deformation behavior in the matrix.
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Figure 2: (a) Macroscopic average stress and (b) Maximum mean stress in matrix
vs macroscopic equivalent strain

With regard to the maximum mean stress in the matrix, at the early deformation stage,
the high-mean-stress region in the matrix is located near the inflection point of the inclina-
tion of the shear band or next to the equator of noncavitating small particles and the value of
maximum mean stress increases when the macroscopic strain rate ratio increases. Similar
results were reported for the case of cavitated particles in Ref. [6]. Therefore, we suggest
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that the macroscopic triaxiality of the loading condition is the most important parameter
in the evaluation of the maximum mean stress at an early deformation stage. At later de-
formation stages, as the stretch of the molecular chain along the surface of large particles
increases, the maximum mean stress increases at the ligament between the large particles.
These results confirmed that noncavitating small particles have insignificant effect on the
maximum mean stress in the matrix.
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Figure 3: Equivalent plastic strain rate distribution and high mean stress regions in
matrix (dotted line) for Γ̇1=Γ̇2 = 0
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Figure 4: Average normal stress
on the interface of noncavitating
small particle (below the arrow)
vs macroscopic equivalent strain

Figure 4 indicates the development of average
normal stress on the interface of noncavitating small
particles. Even though the shape of the particle
changes from a circle to long and slender when the
localized plastic zone passes through, the distribu-
tion of the normal stress along the interface remains
almost uniform, which is attributable to the hydro-
static stress condition caused by the low stiffness of
the rubber. Moreover, the average normal stress on
the interface of noncavitating small particles at the
early deformation stage increases when the macro-
scopic strain rate ratio increases, and then it de-
creases when localized deformation occurs in the
matrix. At the subsequent deformation stages, the

average normal stress reaches another peak when the localized plastic zone propagates to
the particle, and it decreases when the plastic zone leaves the surface of that particle. These
results indicate that the average value of the normal stress on noncavitating small particles
also depends on the macroscopic triaxiality of the loading condition and that the onset of
debonding may occur when the localized plastic zone propagates to the small particle.

Moreover, the results presented above suggest that large particles are beneficial for
promoting plastic deformation in the matrix. To our knowledge, Bucknall had mentioned
a similar result in Ref. [1], in his experimental study on the evaluation of the toughness
of rubber-blended polymer. Therefore, we conclude that the model containing irregularly
distributed heterogeneous particles can be used to clarify the toughening mechanism in
rubber-blended polymer.
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Conclusioins

In this study, we employed the homogenization method together with a unit cell model
containing irregularly distributed heterogeneous particles to investigate the effect of the size
of rubber particles on the micromechanical behavior in glassy polymer matrix. The follow-
ing is a summary of the results: (1) The localized plastic zone only occurs between large
particles and the noncavitating small particles merely change their shapes and conform to
the propagation of the localized plastic zone without promoting or suppressing the plastic
deformation in the matrix. (2) The maximum mean stress in the matrix mainly depends on
the macroscopic triaxiality of the loading condition, and the noncavitating small particles
have insignificant effect on it. (3) The average normal stress on the noncavitating small
particle also depends on the macroscopic triaxiality of the loading condition, and the onset
of debonding may occur when the localized plastic zone propagates to the small particle.
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