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Normal Modes of Rotating Timoshenko Beams
T.-L. Zhu!

Summary

A modeling method for flapwise and chordwise bending vibration analysis for
rotating Timoshenko beams is introduced. For the modeling method shear and the
rotary inertia effects are correctly judged based on Timoshenko beam theory. Equa-
tions of motion of continuous models are derived from a modeling method which
employs hybrid deformation variables. The equations thus derived are transmitted
into dimensionless forms. The effects of dimensionless parameters on the modal
characteristics of the Timoshenko beams are successfully examined through numer-
ical study. In particular, eigenvalue loci veering phenomena and integrated mode
shape critical deviations are contemplated and examined in this work.

Introduction

Rotating structures frequently occur in several types of engineering structures
such as turbines, turbo machines and aircraft rotary wings. In order to design the
rotating structures properly, there modal characteristics must be computed exactly.
In the present study, the equations of motion of rotating Timoshenko beams are
derived, using hybrid deformation variables introduced in [1], [2] and [3]. The
critical use of hybrid deformation variables which distinguishes the present mod-
eling method from other traditional modeling methods, is the key ingredient used
to derive the equations of motion rigorously. Moreover, the combined effect of
angular speed, hub radius, slenderness ratio, shear/extension modulus ratio on the
shear and rotary inertia (thus, on the modal characteristics) of Timoshenko beams
is successfully investigated in this study.

Equations of motion
In the present work, we use s, the arc length stretch, instead of u; to measure
the displacement in the axial direction (see [1] for detail). We use uy, and uy;
as deformations due to bending and shear respectively along the x, direction, and
u3p and usg as deformations due to bending and shear, respectively along the x3
direction
The assumed mode approach will be used in the present study to investigate

the natural frequencies and normal modes of Timoshenko beams. By employing
the Rayleigh Ritz method the deformation variables are approximated as follows
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where @1, Gopi, Posi, P3p; and @3 are shape functlons for s, upp, ups, uzp and us, re-
spectively, and ¢g;’s are generalized coordinates.

The equations of motion of a beam can be derived from the Lagrange’s equation
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in which, N = Uy + pp + o + U3p + Uss is the total number of generalized coordi-
nates, and U and T are the strain and kinetic energies of the beam, respectively,
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where E is Young’s modulus, A the cross-sectional area of the beam, u the shear
co-efficient, G the shear modulus, I, and I3 the second area moments of inertia,

respectively, L the length of the beam, Vv and @ the the velocity and acceleration
vectors, respectively. The velocity vector can be obtain as

X . . -
V= {S — /0 [(M’zh + M’zs) (M’z;, + MIZV) + (Mg;, + Mgs) (u’3;, + M’3s)] do — Quz}, — Quzs}il

! u%wz‘ﬁQ[HH(‘g__/ (uy, + 165,) +(u,3h+ul3s)2}d6>H7z

+ (Ift3},—|—ll3s)73 )



Normal Modes of Rotating Timoshenko Beams 759

As the present study will be focusing on beams with constant cross-section, it
is useful to rewrite the equations of motion in a dimensionless form. For this trans-
formation several dimensionless variables and parameters are defined as follows:
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where, Tj is a time parameter, defined as

_ [or?
In= EL (11)

Substituting Eqs. (10) and (1) - (5) into the Lagrange’s equation, and ignoring the
coupling effect between bending and axial-stretching, we can obtain the following
linearized equations of motion for bending and shear.
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where, B and n are the square of the slenderness ratio and the material ratio, re-
spectively, defined as
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in which, yj;; are shape functions of .
The equations of motion (12) - (15) can be written as a matrix form,

M|{8}+[K]{6} =0 (25)

where [M] is the mass matrix and [K] is the stiffness matrix, each of order (yp, +

Mg+ M3p + H3s) X (Map+ Hos + t3p + Us). {6} and {6} are the (ks + o5 + p3p +
Uss) % 1 acceleration and displacement vector coordinates, respectively,
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Each element of [M] in Eq. (26) and of [K] in Eq. (27) is in fact a sub matrix
defined as follows.

— 1
My = (Mizjhzh I 5 M§132b2h> (29)
My = Ml?jm (32)
— 1
M33 = (M,?j’” + BM{j’z””) (33)
M34 — M3h3v (34)
My = M3 2 (35)
M44 — M3Y3Y (36)
K =7 ( KGBZhZh 15 KGAZhZh M2h2h> n K332h2h 37)
K= ( KGBZth S I(gAZth _ Mi2jh2s> (38)
Ky = ( KGBzvzb 15 KGszzb Mff”) (39)
Ky = ( Kngvzs +6 KgAzszs _ M.z;zs) +Bn Kl%*zxzx (40)
K3 = <KGB3b3b n 6KGA3h3h> _|_KBz3h3b 1)
Ky — ( KGBSh3v 15 KGA3h3v> (42)
K3 = ( KGB3 b § KGA3v3h> (43)
(1(533 s3s + SKI?A:‘;S:‘;S) + ﬁnK{j%m (44)

In the above equations, the M;;’s and K;;’s are actual matrices with elements
being defined in Eqgs. (17)-(24).
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Numerical Example
A rotating beam with k = 0.5, 6 = 1, n = 0.25, and B = 1E®6, is analyzed,
using the approach proposed in the present study. The locus of the four lowest
natural frequencies of a rotating beam is shown in Fig. 1.
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Figure 1: Four lowest natural frequencies (k = 0.5, = 1,1 =0.25,and § = 1 E6)

In Fig. 1, veering occurs when 7y (angular speed ratio) >2.5 for the first-second
frequencies and y >15 for the third-fourth frequencies.
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