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ABSTRACT 
In this study the basic characteristics of dynamic 

response and vortex shedding from an elastically 
mounted circular cylinder in laminar flow is 
numerically investigated. The Reynolds number 
ranges from 80 to 160, a regime that is fully 
laminar. A vortex method is utilized to solve the 2-D 
Navier-Stokes equations in terms of vorticity. The 
effects of mass ratio and damping ratio on the 
system response are investigated. The numerical 
results exhibit acceptable agreement with available 
experimental data.    

1. INTRODUCTION 
Flow-structure interaction occurs in many 

engineering fields. A fundamental flow-structure 
interaction problem is the flow-induced vibration of 
a structure due to vortex shedding. The case of 
vortex induced vibration (VIV) of a circular 
cylinder has been given more attention because of 
its practical importance (such as in exchangers, 
marine cables and flexible risers in petroleum 
production). An elastically–mounted circular 
cylinder exhibits a range of responses depending on 
a number of parameters including the reduced 
velocity, U*, (U*=U fn /D, where U, D and fn are 
flow velocity, cylinder diameter, and natural 
frequency of system, respectively), Reynolds 
number, Re, mass ratio m* (ratio of cylinder mass to 
displaced fluid mass, m*=(4m)/(πρD2L)), and 
damping ratio, ζ, (ratio of damping coefficient to 
critical damping coefficient, ζ = c/ccritical). During 
vortex-induced vibration lock-in phenomenon may 
occur, in which the vortex shedding and oscillation 
frequencies synchronize. This synchronization can 
lead to an amplification of cylinder’s vibrational 
response.  

The practical significance of VIV has led to a 
large number of studies. Much experimental study 
has been done on VIV of a circular cylinder. Feng 
(1968) conducted VIV experiments in an air tunnel. 
He showed that depending on system parameters 
(m*, ζ, U*, fn), a range of responses may occur. He 
also explored the effects of damping on both the 
amplitude and frequency response. Gharib (1999) 

has noted the absence of lock-in behavior from 
almost all experimental studies for small mass 
ratios. 

Khalak and Williamson (1999) carried out VIV 
experiments using a setup with low mass-damping 
(m*ζ). They found that the system response, 
depending on the magnitude of mass-damping 
parameter, may be of two different types. Jauvtis 
and Williamson (2003) studied the behavior of an 
elastically-mounted cylinder with both streamwise 
and transverse motions. The range of values of m* 
in their study was between 5 and 25. It was found 
that the freedom of body to oscillate in both 
directions has very little effect on the transverse 
response of the system and the vortex wake 
dynamics. 

The only laminar flow, free-vibration experiment 
that we have encountered in the literature, was 
conducted by Anagnostopoulos and Bearman 
(1992). They indicate that the maximum amplitude 
occurred near the lower limit of the lock-in region.   

Some researchers tried to simulate VIV of a 
circular cylinder numerically. Newman and 
Karniadakis (1997) performed a direct numerical 
simulation (DNS) study of the flow past a freely 
vibrating cable using body fitted coordinates at 
Reynolds numbers 100 and 200.  Singh and Mittal 
(2005) simulated numerically VIV of a circular 
cylinder at low Reynolds numbers. They carried out 
two sets of computations to investigate the effect of 
Re and reduced natural frequency, Fn (Fn=1/U*). 
They found that the effect of Re is very significant. 
Guilmineau and Quetery (2004) investigated VIV of 
a circular cylinder with low mass-damping in a 
turbulent flow using three sets of initial condition: 
(a) from rest, (b) increasing velocity and (c) 
decreasing velocity.  

Some researchers studied the effect of mass and 
damping on the system response (Khalak and 
Williamson, 1997). Some of them suggest that the 
system response is characterized by combined 
mass-damping, m*ζ (Griffin, 1980; Neudascher & 
Rockwell, 1993); on the other hand some 
researchers state that the system response is 
influenced by the independent effects of mass and 



damping (Sarpkaya, 1995). 
Much research on this subject is discussed in the 

review by Williamson and Govardhan (2004). 
To date the majority of studies of VIV of a 

cylinder have been experimental and at Reynolds 
numbers where the flow is inherently turbulent and 
three dimensional.  The only laminar flow, free 
vibration experiment that we have encountered in 
the literature is by Anagnostopoulos and Bearman 
(1992). In this study we numerically simulated their 
experiment and investigated the behavior of 
dynamic response of the system. More specifically, 
we investigate the effect of mass ratio and damping 
ratio on the system response. 

2. NUMERICAL APPROACH 
To find the system response, we should solve the 

Navier-Stokes equations, calculate the fluid force 
applied to the cylinder, and then solve the cylinder 
equation of motion. 

The governing equations for the incompressible 
flow of a Newtonian fluid are the Navier-Stokes and 
continuity equations, which for two-dimensional 
flows can be expressed in terms of vorticity and 
stream-function as follows: 
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where ω, ψ and ur are the vorticity, stream-function 
and velocity vector, respectively, and ν is the 
kinematic viscosity of the fluid. Equation (2) is the 
Poisson equation for stream function which replaces 
the continuity equation. We use a vortex method to 
solve the vorticity equation, Equation (1). An 
“operator splitting” method is applied to solve this 
equation. In this method the vorticity transport 
equation is splitted into the convection and 
diffusion parts as follows: 
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The vorticity field is discretized into a number of 

point vortices, and the time domain is also 
discretized into small time steps. Equation (3) states 
that the total derivative of vorticity is zero during 
“convection”, or that the vorticity of a particle is 
constant as convected with the local velocity. 
Hence, in the “convection” part, the vortex particles 

are convected with the local velocity for a short 
period of a time step. To determine the velocity 
field, Equation (2) is solved for the stream function 
(given the vorticity field), and the velocity field is 
then computed as the curl of stream function. Next, 
the diffusion process is simulated by solving 
Equation (4) using a second order ADI finite 
difference scheme. The “no-flow” boundary 
condition is satisfied during the solution of 
convection problem, and the “no-slip” boundary 
condition is satisfied by the creation of new vorticiy 
on the body surface during each time-step. The 
force acting on the cylinder is due to both the 
pressure and shear stress distributions. In order to 
calculate the surface pressure, the Navier-Stokes 
equation in the radial direction is used, as discussed 
by Akbari (1999). Having obtained the velocity 
field, the skin friction on the cylinder surface is also 
obtained from a finite difference approximation. 
The drag and lift are obtained by integrating the 
pressure and skin friction around the cylinder 
surface. For more details on the numerical method 
applied in this investigation, refer to Akbari (1999) 
and Akbari and Price (2005).   

The transverse response of the cylinder, y(t), to 
the fluid force, Fy(t), is modeled using a mass, 
spring and damper model. The cylinder's equation 
of transverse motion is given by: 
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where, m is the cylinder mass, c the damping 
coefficient, k the structural stiffness, y the transverse 
cylinder displacement, and Fy is the transverse fluid 
force on the cylinder. Having calculated the 
transverse force, we use a fourth-order Runge-Kutta 
scheme to solve Equation (5), for the cylinder 
displacement.   

3. RESULTS 
In VIV of a cylinder the fluctuating force 

originating from vortex shedding causes the 
cylinder to vibrate. Therefore, before simulating 
VIV, we should make certain that the magnitude 
and frequency of the periodic forces on the cylinder 
are calculated with acceptable accuracy. 

For this purpose, we investigated the flow past a 
fixed cylinder at different Reynolds numbers 
(80<Re<200). In each case we obtained the mean 
drag coefficient, DC , the amplitude of lift 
coefficient, LC ′ , and the Strouhal number, St, 
(St=fvU/D). A power spectrum analysis is applied to 
find the frequency of vortex shedding. To check the 
accuracy of our results, we compare the results with 
previous available data. The results for Re=100 are 



compared in Table 1 with available data, where an 
acceptable agreement is observed. 
 

Table 1: Comparison of results for a fixed 
cylinder at Re = 100. 

  LC ′  DC  St 
Anagnostopoulos (1994)  0.27 1.20 0.167 
Henderson (1995)  0.33 1.35 0.166 
Shiels et al. (2001)  0.33 1.33 0.167 
Present results  0.33 1.33 0.163 

 
To check the accuracy of our results for other Re 

numbers, we investigated the variation of St with 
Re and compared these results with the “universal” 
Strouhal-Reynolds number relation given by 
Williamson (1988). These are as presented in Figure 
1, where a good agreement is observed. 

 

 
Figure 1: Variation of St versus Reynolds number 

for a fixed cylinder; experimental results from 
Williamson (1988). 

 
In this work vortex induced vibration of an 

elastically supported circular cylinder at low 
Reynolds numbers is numerically investigated. As 
mentioned before, to date the majority of studies of 
VIV of the cylinder have been at a Reynolds 
number where the flow is inherently turbulent and 
three dimensional. The only laminar flow, free 
vibration experiment that we have seen in the 
literature is by Anagnostopoulos and Bearman 
(1992). We decided to simulate their experiment 
numerically, and then investigate the changes in 
system responses with variation of mass ratio and 
damping ratio. 

Therefore, first we set the system parameters 
corresponding to what Anagnostopoulos and 
Bearman (1992) used in their experiments: m*=149, 
fn=7.016, ζ=0.0012. The reduced velocity range is 5 
to 9. The changes to reduced velocity is achieved by 
altering the flow speed, and thus the Reynolds 
number will also change according to Re=17.9U*; 
therefore, the Reynolds number changes from 90 to 
160 in these simulations.   

At the start of each simulation the cylinder was 
held fixed at its equilibrium position until a periodic 
flow was established. For each reduced velocity we 
investigated the time history of cylinder 
displacement and the lift force on the cylinder. 
Applying a power spectrum analysis, vortex 
shedding and cylinder oscillation frequencies are 
obtained and are checked for lock-in phenomenon.  

 
(a) 

 

(b)

(c) 

Figure 2: Displacement response of the cylinder at: 
(a) Re = 90, (b) Re = 105, (c) Re = 110. 

 
Figure 2 presents the displacement histogram of 

the cylinder displacement for three different U* (and 
hence Re). Part (a) of the figure corresponds to 
U*=5.03 (Re=90). As seen in the figure, the 
vibration amplitude of the cylinder is very small in 
this case. Lock-in does not occur in this case, since 



a PDS analysis of the lift force indicates that the 
vortex shedding occurs at its natural frequency for a 
stationary cylinder. Moreover, we can see that a 
beating effect is present in the results of our two-
dimensional analysis, which is in agreement with 
the experimental results by Anagnostopoulos and 
Bearman (1992).  

Increasing the reduced velocity (and hence Re), 
we will face a sudden change in the system 
response. The oscillation amplitude increases 
gradually before it reaches a steady value after 
many oscillation cycles. Another noticeable change 
is that in this case the vortex shedding frequency 
diverges from that for a stationary cylinder and 
becomes equal to the frequency of the cylinder 
oscillation. Figure 2(b) indicates one such case for 
U*=5.87 (Re=105). Figure 4(c) shows similar 
results for a case with U*=6.15 (Re=110). In this 
case also lock-in has occurred and the cylinder 
experiences high amplitude oscillation, but the 
amplitude is more than the previous case. 

In Figure 3 the variation of the maximum 
amplitude with U* and Re are presented and 
compared with the experimental results of 
Anagnostopoulos and Bearman (1992) as well as 
the numerical results of Anagnostopoulos (1994). 
Although there are some differences with the 
previous results, the general trend of the lock-in 
region is captured well. Unlike what is reported by 
Anagnostopoulos and Bearman (1992), we found 
the highest amplitude of oscillation near the middle 
of lock-in region. This is, however, in agreement 
with the results of Feng (1968).  

 

 

 

Figure 3: Variation of maximum non-dimensional 
cylinder oscillation amplitude with Re. 

 

Nevertheless, the reduced velocity at which 
lock-in starts to occur and the reduced velocity band 
over which lock-in occurs is in good agreement 
with the experimental data.   

Vortex induced vibration of a circular cylinder is 

in general a nonlinear phenomenon and the system 
response depends on a number of parameters 
including the reduced velocity, U*, Reynolds 
number, Re, mass ratio, m* and damping ratio, ζ. 
We intend to study the variation of system behavior 
due to changes in mass ratio and damping ratio. 

To see the effect of mass ratio on the system 
response, we investigated three cases with m*=298, 
149, 74.5. In all these cases the damping ratio is 
held constant at ζ=0.0012. Figure 4 presents the 
variation of maximum cylinder oscillation 
amplitude with reduced velocity for these three 
cases with different mass ratios. It is observed that 
decreasing mass ratio results in an increase in the 
oscillation amplitude, and an increase in the reduced 
velocity over which lock in occurs. 

 

 

 

Figure 4: Variation of maximum non-dimensional 
cylinder oscillation amplitude with Re for three 

cases with different mass-ratios. 

 

 
Referring to Figure 4 and considering the results 

of the case with m*=74.5, we observe that the 
maximum attainable amplitude for this case is about 
0.52 D. We observe that by doubling the mass-ratio 
to m*= 149, the amplitude response of the system 
has slightly decreased, and the maximum amplitude 
decreased to 0.48 D. This should be compared with 
a case where the value of mass ratio is doubled 
again (increased from 149 to 298). It is seen that in 
this case there is a considerable change in the 
cylinder oscillation amplitude response, such that 
the maximum oscillation amplitude has decreased to 
0.36 D. This shows that the changes in the system 
response due to mass-ratio variation are not linear in 
general.  

We also investigated the effect of damping ratio 
on the system response. We considered three 
damping ratio, ζ = 0.0024, 0.0012, 0.0006. In all 
these cases m*=149. Figure 5 presents the variation 
of maximum oscillation amplitude for three 
different damping ratios. We see that increasing 



damping ratio decreases oscillation amplitude and 
the velocity rang over which lock-in occurs. Here 
again we see that the changes in the system 
response due to damping ratio variation are not 
linear.  

 

 

Figure 5: Variation of maximum non-dimensional 
cylinder oscillation amplitude with Re for three 

cases with different damping-ratios. 
  
 Comparing the results presented in Figures 4 and 
5 for this range of Re number, mass ratio and 
damping ratio, it appears that the system response is 
not characterized by combined mass-damping 
parameter (m*ζ), unlike what was proposed by 
Griffin (1980). In other words, it can be observed 
that the mass ratio and damping ratio have 
independent influences on the system response. It is 
also found that the system is more dependent on 
mass ratio. 

Considering the case with m*=149 and ζ=0.0012 
as the base case, we can double m*ζ by either 
doubling m* (to 298) or doubling ζ (to 0.0024). 
Comparing the results of these two cases (the case 
with m*=298, ζ=0.0012 and the case with m*=298, 
ζ=0.0012) with the base case (with m*=149, 
ζ=0.0012), it is observed that the mass ratio exhibits 
more influence on the oscillation amplitude such 
that the changes are more considerable. 
 The vorticity field for each case was also 
investigated. Figure 6 shows the instantaneous 
vorticty field at four selected Reynolds numbers for 
the case with m*=149 and ζ=0.0012. For all the 
range of Reynolds numbers considered here, vortex 
shedding is of 2S type (two oppositely vortices are 
shed per cycle). Parts (a) and (d) of the figure show 
the vorticity contours for Re=100 and Re=150 
respectively, where lock-in did not occur. The 
vorticity contours in these cases are very similar to 
those for a fixed cylinder at the same Reynolds 
numbers. Parts (b) and (c) of the figure show 
vorticity contours for two cases where lock-in has 

occurred. Comparing with the contours for a fixed 
cylinder at the same Re, we see that vortex spacing 
is smaller for the oscillating cylinder. It shows that 
that the vortex shedding frequency diverges from 
that predicted by the Strouhal relation. In these 
cases the vortices in the wake coalesce giving rise 
to the C(2S) mode of vortex shedding (as described 
by Williamson and Roshko, 1988). The C(2S) is 
very similar to the 2S mode except that vortices 
coalesce in far wake.   

 

 

(a) 

 

(b) 

 
(c) 

 
(d) 

Figure 6: Instantaneous vorticity contours for a 
free-vibrating circular cylinder at different 

Reynolds numbers for the case with m*=149 and 
ζ=0.0012: (a) Re=90; (b) Re=105; (c) Re=110;  

(d) Re=150. 

4. CONCLUSION 
The flow induced vibration of a low-damped 
elastically mounted circular cylinder in laminar 
flow was simulated using a two dimensional vortex 
method. Our main purpose in this work was to 
investigate the system response due to changes in 
mass ratio and damping ratio in low-Reynolds 
number regime. We simulated a case for which 
experimental results are available and found 
acceptable agreement. We also investigated the 
system response due to changes in mass ratio and 
damping ratio. It is found that in the present range 



of Reynolds number, mass ratio and damping ratio, 
the system response is governed by mass ratio and 
damping ratio independently. In the synchronization 
regime at low Reynolds numbers we found the 2S 
or C(2S) type vortex shedding, unlike the 2P or S+P 
types which are observed in the turbulent flow 
regime.  
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