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ABSTRACT

The work deals with a numerical solution of
the interaction of two-dimensional incompress-
ible flows and a freely vibrating profile with large
amplitudes. The profile with two degrees of free-
dom can oscillate around an elastic axis and in
the vertical direction. The motion of the profile
is described by two nonlinear ordinary differen-
tial equations solved numerically using four-order
Runge-Kutta method.

The system of incompressible unsteady Euler
or Navier-Stokes equations represents the math-
ematical model of inviscid or viscous flows.

Numerical schemes of the finite volume method
are applied on a structured quadrilateral C-mesh.
The method of artificial compressibility and a
time marching method are used for steady state
computations, which precede the unsteady solu-
tion. Dual-time stepping method is employed for
numerical solution of unsteady simulations.

Deformations of the computational domain due
to the profile motion are treated using the Ar-
bitrary Lagrangian-Eulerian method. Numerical
scheme used for unsteady flow simulations is im-
plemented in a form satisfying the geometric con-
servation law.

1. INTRODUCTION

This work is a continuation of previous publica-
tions of the authors concerning prescribed oscil-
lations and free vibrations of a profile with one
degree of freedom (Honzátko et al., 2006) and
two degrees of freedom (Honzátko, 2007) in fluid
flow.

Numerical solution of the interaction of in-
compressible viscous fluid with a vibrating struc-
ture with two degrees of freedom based on stabi-
lized finite element method was presented, e.g.,
in Sváček et al. (2005).

Here, the finite volume method developed for
solution of such type of problems is presented.

2. MATHEMATICAL MODEL

The governing equations of viscous flow are
two-dimensional incompressible Navier-Stokes
equations in dimensionless conservative form
(Honzátko, 2007):
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with diagonal matrix
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(
0, 1, 1

)
. (4)

Here, W is the vector of conservative variables,
Fc, Gc are inviscid physical fluxes and Fv, Gv

are viscous physical fluxes. Time is denoted t,
space coordinates are represented by x, y and Re
is Reynolds number. Symbols u = (u, v) and
p stand for velocity vector and pressure, respec-
tively.

As far as inviscid flows is concerned, a dimen-
sionless conservative form of incompressible Eu-
ler equations can be obtained from equation (1)
for Re →∞:
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with diagonal matrix

D = diag
(
0, 1, 1

)
. (7)

The method of artificial compressibility
(Chorin, 1967) and a time marching method are
used for steady state computations, which pre-
cede the unsteady solution. The artificial com-
pressibility method consists in modifying govern-
ing equations by adding of the time derivative
of pressure to the continuity equation. It is rep-
resented by substitution of the matrix D by the
diagonal matrix

Dβ = diag
(

1
β2 , 1, 1

)
. (8)

in Eqs. (1) and (5), where β ∈ R+ is a parameter.
For unsteady flows a dual-time stepping

method is applied. The mathematical models
are reformulated (Gaitonde, 1998; Arnone et al.,
1999, 1993) to be handled by a time-marching
steady-state solver. This approach requires the
addition of derivatives with respect to a fictious
pseudo time τ to each of the three equations (1),
resp. (5) to give
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resp.
DβWτ + DWt + F c

x + Gc
y = 0. (10)

A steady-state solution in pseudo time (∂p/∂τ,
∂u/∂τ, ∂v/∂τ → 0) corresponds to an instanta-
neous unsteady solution in real time tn, where the
superscript n denotes a time level. Hereby, the
unsteady flow calculation are transformed into a
series of steady-state calculations in pseudo time
τ between tn and tn+1. It provides a possibility
to develop a time-accurate time-marching scheme
for unsteady incompressible flows.

Upstream condition is represented by pre-
scribed values of the vector u, i. e. u = u∞,
pressure is extrapolated from the flow field. The
downstream condition is given by a value of p at
the outlet boundary, i. e. p = pout. The other val-
ues of the vector of conservative variables Wout at
the outlet boundary are extrapolated. Wall con-
ditions are nonpermeability conditions in the case
of inviscid flows, i. e. (u, v)|Twall ·n = (uw, vw)T ·n.
Here, (uw, vw)T stands for a velocity vector of the
moving boundary and n designates unit normal
vector to the boundary. In the case of viscous
flow the non-slip wall boundary condition is used
at walls, i. e. (u, v)T |wall = (uw, vw)T .

EA

Figure 1: Schema of the vertical and rotational
motion of the profile.

3. DESCRIPTION OF THE PROFILE
MOTION

It is supposed that the vibrating profile has two
degrees of freedom. The profile can oscillate in
the vertical direction and in the angular direction
around a so-called elastic axis EA (see Figure 1).
The motion is described by two nonlinear ordi-
nary differential equations:

mḧ + Sϕϕ̈ cosϕ− Sϕϕ̇2 sinϕ+

+khhh + dhhḣ = −L(t),
(11)

Sϕḧ cosϕ + Iϕϕ̈ + kϕϕϕ + dϕϕϕ̇ = M(t), (12)

where, h is vertical displacement of the elastic
axis (downwards positive) [m], ϕ is rotation angle
around the elastic axis (clockwise positive) [rad],
m is mass of the profile [kg], Sϕ is static moment
around the elastic axis [kg m], khh is bending
stiffness [N/m], Iϕ is inertia moment around the
elastic axis [kg m2] and kϕϕ is torsional stiffness
[Nm/rad]. The coefficients of the proportional
damping are considered in the form dhh = εkhh

and dϕϕ = εkϕϕ, where ε ∈ R is a small parame-
ter.

The aerodynamic lift force L [N] acting in the
vertical direction (upwards positive) and the tor-
sional moment M [Nm] (clockwise positive) in
the case of viscous flow are defined as
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where d [m] is the airfoil depth (see Figure 2), n =
(n1, n2) is unit inner normal to the profile surface
Γw(t), r⊥ =

(
r⊥1 , r⊥2

)
=
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)
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)
[m], (x, y) is a point on the profile surface and(
xEA, yEA

)
are coordinates of the elastic axis, and
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Figure 2: Schema of the airfoil segment.

σij are components of the stress tensor:

σ11 = −p + 2ρν
∂u
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, σ22 = −p + 2ρν
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∂y
,

(15)
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)
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Here, ρ [kg m−3] denotes fluid density, p [Pa] is
pressure, ν [m2 s−1] is kinematic viscosity and
(u, v) [m s−1] stand for fluid velocity vector com-
ponents. In the case of inviscid flow, the contri-
bution of viscous forces vanishes and the relations
(13) and (14) reduce to

L(t) = d

∮

Γw(t)
pn2 dl, (17)

M(t) = d

∮

Γw(t)
p(−n2r1 + n1r2) dl, (18)

where r = (r1, r2) = (x− xEA, y − yEA) [m].
Eqs. (13), (14) and (17), (18) together with

the boundary conditions for velocity on moving
boundaries represent the coupling of the fluid
with the structure.

The system of Eqs. (11), (12) is completed with
the initial conditions prescribing values h(0),
ϕ(0), ḣ(0), ϕ̇(0). Furthermore, it is transformed
to the system of first-order ordinary differential
equations and solved numerically by the fourth-
order Runge-Kutta method.

4. NUMERICAL SCHEME

Concerning the dual-time stepping method, the
derivatives with respect to the real time are dis-
cretized using a three-point backward formula,
which results in an implicit scheme of second-

order of accuracy in time:
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respectively. Here, Cn

i denotes an i-th finite
volume cell Ci(t) at time tn, |Cn

i | is volume of
Cn

i and Wn
i is the approximation of the aver-

aged value of W over Cn
i . The viscous fluxes

are neglected for inviscid flow. The convective
fluxes are discretized centrally in the finite vol-
ume method and an artificial dissipation term is
added. The four-stage Runge-Kutta scheme is
used for marching in pseudo time τ . The exact
numerical discretization and the detailed descrip-
tion of the numerical scheme used is described in
Honzátko (2007).

In the ALE formulation the inviscid fluxes are
evaluated on the mesh configuration and with
grid velocities w such that a geometric conserva-
tion law (LesoinneFarhat, 1996; KoobusFarhat,
1999):

|Cn+1
i | − |Cn

i | =
∫ tn+1

tn

∮
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wn dl dt, (22)

is verified. The symbol n stands for an outer
normal vector to the cell boundary.

5. NUMERICAL RESULTS

Numerical results of flow induced vibrations are
presented for the profile NACA 0012. A struc-
tured quadrilateral C-mesh is used in numer-
ical simulations. The following input quanti-
ties were considered (Sváček et al., 2006): m =
0.086622 kg, Sϕ = −0.000779673 kg m, Iϕ =
0.000487291 kg m2, khh = 105.109 N/m, kϕϕ =
3.695582 N m/rad, d = 0.05 m, ρ = 1.225 kg/m3,
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Figure 3: Angle of profile rotation ϕ [◦] in depen-
dence on time t [s] for upstream flow velocities
U∞ = 5, 25, 41 m/s (inviscid flow).

profile chord c = 0.3 m. The position of the elas-
tic axis of the profile measured along the chord
from the leading edge is xEA = 0.4c = 0.12 m.
The far-field flow velocities U∞ = ‖u∞‖ = 5 −
41 m/s were considered.

First, the results of numerical simulations of
free profile vibrations in inviscid flow are pre-
sented. Figures 3 and 4 show the angle of rotation
ϕ [◦] and the vertical displacement h [mm] of the
profile in dependence on time t [s], respectively.
At time t = 0, the profile is released with the ini-
tial values h(0) = −0.05 m, ḣ(0) = 0, ϕ(0) = 6◦,
ϕ̇(0) = 0. The results refer to the upstream flow
velocities U∞ = 5, 25 and 41 m/s. For the veloc-
ity U∞ = 5 m/s and U∞ = 25 m/s, the system
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Figure 4: Vertical profile displacement h [mm] in
dependence on time t [s] for upstream flow veloc-
ities U∞ = 5, 25, 41 m/s (inviscid flow).

is stable and the free vibrations are damped by
aerodynamic forces. For U∞ = 41 m/s an unsta-
ble behaviour and a divergence type of instability
is observed.

Further, numerical results for inviscid and lam-
inar viscous flows are compared. Figures 5 and
6 show comparison of the angle of rotation ϕ [◦]
and vertical displacement h [mm] of the profile
in dependence on time t [s] for the upstream flow
velocity U∞ = 10 m/s, respectively. Initial con-
ditions are h(0) = −10 mm, ḣ(0) = 0, ϕ(0) = 3◦,
ϕ̇(0) = 0.

Isolines of pressure and velocity magnitude
around the vibrating profile for laminar viscous
flow simulation are shown in Figure 7. The
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Figure 5: Comparison of inviscid and laminar
viscous flow results for angle of rotation ϕ [◦] in
dependence on time t [s] (U∞ = 10 m/s).

fluid flow patterns correspond to time instants
t = 0.04, 0.06 and 0.08 s, for which the angles
of rotation ϕ and vertical displacements h are
marked by circle symbols in Figures 5(b) and
6(b).

6. CONCLUSION

The numerical solver using finite volume method
for simulations of interaction of inviscid and lam-
inar viscous incompressible flows and a freely vi-
brating profile with two degrees of freedom was
developed. The numerical calculations for invis-
cid flow performed with the smaller far-field ve-
locities give expected results for angle and ver-
tical displacements of the profile in time do-
main, i.e., the damping increases with increas-
ing the upstream flow velocity. The instability
of the system was observed for the far-field ve-
locities above the critical one (here represented
by U∞ = 41 m/s). The solution is in agreement
with the numerical results presented in Sváček
et al. (2006), where for the divergence insta-
bility is given U∞ = 37.7 m/s and for flutter
U∞ = 42.4 m/s computed by NASTRAN code
(ČečrdleMaleček, 2002) for linear approximation.
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Figure 6: Comparison of inviscid and lami-
nar viscous flow results for vertical displacement
h [mm] in dependence on time t [s] (U∞ =
10 m/s).

Also first results for laminar viscous flows show
expected angle and vertical displacements of the
profile in time domain, comparable to the inviscid
solution because of small effects of viscous forces
for small upstream flow velocities.
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