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ABSTRACT Fluid Dynamic (CFD) approaches as well as to show the

In this work, we present solutions for flow over an airfoil capability and the accuracy of developing algorithms.
and square obstacle using Weakly Compressible SmoothedSmoothed Particles Hydrodynamics (SPH) is one of the most
Particle Hydrodynamics (WCSPH) method. For the solution of successful meshless computational methods, which was
these two problems, we present an improved WCSPH algorithmintroduced separately by Gingold and Monaghan [3] and Lucy
that can handle complex geometries with the usage of multiple [4] in 1977 to simulate astrophysical problems. Lately, it has
tangent solid boundary method, and eliminate particle clustering attracted significant attention of the fluid and solid mechanics
induced instabilities with the implementation of particle fracture as well computer graphics communities, and in turn has been
repair procedure as well as the corrected SPH discretizationutilized to solve a wide variety of complex and highly non-
scheme. We have shown that the improved WCSPH method carlinear engineering problems [5-8]. In this method, instead of
be effectively used for flow simulations over bluff-bodies with using Eulerian fixed mesh, the computational domain is
Reynolds numbers as high as 1400, which is not achievablerepresented by a set of particles which are allowed to move in
with standard WCSPH formulations. Our simulation results are accordance with the solutions of relevant governing and
validated with a Finite Element mesh-dependent Method constitutive equations. In fact, the aforementioned particles are
(FEM), and excellent agreements among the results weremerely movable points which carry relevant physical and
observed. We illustrated that the improved WCSPH method is hydrodynamic transport properties such as temperature,
able to capture the complex physics of bluff-body flows enthalpy, density, viscosity and so forth. The Lagrangian nature
naturally such as flow separation, detachment of separated flow,0f SPH lends itself remarkably to the simulation of a variety of
wake formation at the trailing edge, and vortex shedding complex fluid flow processes such as flow around bluff-bodies.
without any extra effort to increase the particle resolution in One of the common approaches for solving the balance of the

some specific areas of interest. linear momentum equation utilized in the SPH literature is the
Weakly Compressible SPH (WCSPH), implemented in this
INTRODUCTION work. In this approach, the pressure term in the momentum

There are several complex flow phenomena such asequation is computed explicitly from a simple thermodynamic
separation, circulation and reattachment in many industrial and equation of state.
engineering problems [1, 2]. These phenomena occurs inlt has been reported in the SPH literature that the WCSPH
various practical application like water channels design, heat method suffers dramatically when dealing with fluid flow
transfer performance of fins, sudden expansion in air problems characterized by higher Reynolds number values [9,
conditioning ducts, flow behaviors in a diffuser, and flow 10]. Therefore in this work, we have suggested and
around structures. Square obstacle and airfoil are appropriateémplemented an improved SPH algorithm for the WCSPH
geometries for revealing the fundamental characteristics of theapproach. The improved algorithm comprises; i-) the MBT
fluid flow around structures. In light of this, they became widely method to treat solid boundaries with complex geometries [11],
modeled benchmark problems to validate new Computational ii-) the artificial particle displacement procedure to repair the
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non-uniformity and local fractures in particle distributions as a,
well as iii-) the corrective SPH discretization scheme to f
circumvent the particle inconsistency problem and in turn ¢
enhance the accuracy of overall computation. The WCSPH J,
method is implemented on two bluff body test cases, namely Jr*
square obstacle and airfoil problems. It is shown that the p
WCSPH results for both intermediate and higher Reynolds p
number values in laminar regime are in good agreement with p,

those in FEM methods.

Keywords: Smoothed Particle Hydrodynamics (SPH),

Meshless methods, Bluff-body, Airfoil problem, Square

obstacle problem

NOMENCLATURE

Ccre Courant-Friedrichs-Lewy coefficient

Fe Magnitude of body force vector

£8 Body force vector

H The height of the computational domain

h Smoothing length

hij Averaged smoothing length

[ Particle identifier for a center particle

L Identity tensor

] Particle identifier for a neighbor particle

L The length of the computational domain

I Characteristic length for Reynolds number

Lo Characteristic length for the speed of sound

m Maximum camber in percentage of the chord

M Mach number

m Mass corresponding to th® particle

n Particle movement method constant

n, Particle movement method constant

n Number density

P Pressure

p Position of the maximum camber in percentage of the
chord

P, Reference pressure

F Position vector

2 Magnitude of the distance between the particlasd]

lo Cutoff distance

Si Normalized distance with respect to smoothing length

t Time

T Viscous stress tensor

v Velocity vector

Vp Bulk velocity

Vmax ~ Maximum value of the fluid velocity

V' Velocity component ix direction

v Velocity component ity direction

W Kernel function

X x horizontal coordinate system

y y vertical coordinate system

Coefficient for quintic spline kernel

Artificial particle displacement coefficient
Dirac-delta function

Density variation factor to calculate speed of sound
Artificial particle displacement vector

Dynamic viscosity

Density

Reference density

c Total stress tensor

® Problem dependent coefficient to calculate speed of
sound

Q Total bounded volume

7] The angle of attach of airfoil

GOVERNING EQUATIONS

The governing equations used to solve the fluid problems
in this article are the mass and linear momentum balance
equations which are expressed in the Lagrangian form and
given in direct notation as

DplDt=-p.v (2)

oDV / Dt=[g + pf 2)
In the present simulations, the fluid is assumed to be
incompressible and Newtonian. Hence, the incompressibility

condition requires that the divergence of the fluid velocity
0.v=0 be zero. Here,p is the fluid density, v is the

divergence-free fluid velocityg is the total stress tensor, and

f® is the body force term, respectively. The total stress is

defined ass=-pl +T , where p is the absolute pressureis the
identity tensor,T is the viscous part of the total stress tensor.
Finally, D/Dt is the material time derivative operator defined
asD/Dt=0/0t+vd/ox .

SPH FORMULATION

The three-dimensional Dirac-delta function, also refer to as
a unit pulse function, is the starting point for the SPH
approximation technique. This function satisfies the identity

f(ri)=1 f(Fj)53 (rij)dafj 3)

Q
3. . . .
where d s is a differential volume element ar@ represents

the total bounded volume.

The SPH approach assumes that the fields of the particle of
interest are affected by that of all other particles within the

global domain. The interactions among the particles within the
global domain are achieved through a compactly supported,
normalized and even weighting function (smoothing kernel
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function) w(rj,h)  with a smoothing radiuskh (cut off example, it might be possible for a partigte exert a force on
particlei, and not to experience an equal and opposite reaction

force from particlei. To ensure that Newton’s third law is not
violated and the pair wise interaction among particles moving

distance, localized domain) beyond which the function is zero.
Hence, in computations, a given particle interacts with only its
nearest ne|ghbors contained in thl_s localized d(_)mam. _Here, theclose to each other is achieved, the smoothing length is
length h defines the support domain of the particle of interest, ) ) i _ _

« is a coefficient associated with the particular kernel function, Substituted by its average, defined aﬁ‘o"‘:(hi +hl)' The

and where rj is the magnitude of the distance between the averaged smoothing length ensures that partiggewithin the
particle of interest and its neighboring particlgslf the Dirac influence domain of particleand vice versa.

delta function in Equation (3) is replaced by a kernel function The SPH approximation for the gradient of an arbitrary function
i.e., scalar, vectorial, or tensorial) can be written through the

W(rij ,h), the integral estimate or the kernel approximation to an o K. i
substitution f(Fj)_,af(Fj)/axj in Equation (4) to produce

arbitrary functionf () can be introduced as

f(r) o(r(m) =7 (s ,h)d3Fj (4) af(Li)[<af(Li)>;
Q axi 6xi

o - - ) Upon integrating Equation (6) by parts and using compactness

and 1j is the position vector defining the center point of the property of the kernel function as well as noting that

kernel function.

Approximation to the Dirac-delta function by a smoothing _

kernel function is the origin of the smoothed particle h,itcan be shown that

of (T;
| (kj)W(rij ,h)d3|7j (6)
Q 6xj
where the angle brackgt) denotes the kernel approximation,

aW(rij ,h)/axik=—aw(r.j ,h)/axjk for a constant smoothing length

hydrodynamics. The Dirac-delta function can be replaced by a . = .
ydrody pl y af(L.) o (i) ( j)aw(r:i ,h)d3r_j @
satisfies several conditions; namelynormalization condition: 0% 0% axj

the area under the smoothing function must be unity over its Using a Taylor series expansion and the properties of a second-
support domainJ,W(rij ,h)d3rj =1, ii) the Dirac-delta function rank isotropic tensor, a more accurate SPH approximation for
Q the gradient of an arbitrary function can be introduced as

property: as the smoothing length approaches to zero, the Dirac- of p( ) ks N my D\ Pl aW(r”. ,h) .
delta function should be recoverelim W(r,j ,h) = Js(rij), iif) XIk &j = 1pj( (rl)_ (7 )) axis (8)
h-0

compactness property: which necessitates that the kernel
function be =zero beyond its compact support domain,

W(rij ,h):o when rjj>«h, andiv) the kernel function should be

where 311 __ (mJ /,oj) k(aw(rij ,h)/axis) is a corrective second-

rank tensor. This form is referred to as corrective SPH gradient
spherically symmetric even functiow(r,j ,h)=W(—rij ,h), and be formulation that can eliminate particle inconsistency. It should

positive within the support domaiw(rij ,h)>0 when rj<kh be noted that the corrective terrzuﬁs is ideally equal to

Finally, the value of the smoothing function should decay with Kronecker deltas®S for a continuous function.

increasing distance away from the center particle. In the SPH literature, there are two main forms of the SPH
In this work, we have used a quintic spline kernel function approximation for the Laplacian of a vector-valued function
suggested by Morris [12] [13, 14].
5 5 5 We have in appendix shown that these two forms can be derived
(3—Sj) —6( 2—$j) +1~d\ Ty ) if Geg <1 from the SPH form of the second spatial derivative of a vector
. 2¢p _l
W(r" h) ey ( —sj) 6(2—5;]) if 1<sj<2 ) field 9<f P(r )/6)(I ox as
o 2¢p(r N i ow(s; h)
(-s) "2s5= ’ fk (LI) j 8 ﬂ(fp(ﬁ)_fp(ﬂ')) s rI‘Jn ©)
0 it 533 0,0 =17 0%
2P/ )
Here a :% andsj=fj /h . The spatial resolution of SPH L(ﬁ) 2+a]-|-|):8g ﬂ(f P(r)-t IO(rJ )) M (10)
4787h oo VTS 2 o

is affected by the smoothing length. Hence, depending on the
problem solved, each particle can be assigned to a different
value of smoothing length. However, for a variable smoothing
length, it is probable to violate Newton's third law. For

Upon replacing the corrective second rank tensor in Equation
(9) and its trace in Equation (10) by the Kronecker delta and its
trace, respectively, one can obtain the SPH Laplacian
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formulations of a vector-valued function commonly used in The time integration scheme starts with the predictor step to
SPH literature. Unlike Equation (10), Equation (9) can only be compute the intermediate particle positions and densities as
used for divergence free vector- valued functions. Throughout ﬁ(n+1/ )_4(n) _(n) (n+1/ )_ (n) (n)

this work, all modelling results are obtained with the usage of 'i =r 05 AL and A =A +0.5q¢ VAt
corrective SPH discretization schemes, and Equation (9) is usedespectively. Having computed the intermediate particle
for the Laplacian of velocity, while Equation (10) is used for the positions and densities during the first half time step, the

Laplacian of pressure in the pressure Poisson equation. pressure is computed using Equation (11), while the velocity is

_(n+1) __(n)  (n+1/2) ,
SPH SOLUTION ALGORITHMS computed by v; =v; At. In the next half time
(the corrector step), the particle positions and densities are
WCSPH (1) __(n+1/2) o (n+])
The artificial equation of state used in the WCSPH approach is updated as i i 057 AL and
of the foIIc;wmg form, pl(n+1):p|(n+1/2)+0.5ki(n+])At. Note that in order to
P-F =6 (o-p0) (11) differentiate between spatial and temporal indices, the time

where py, pg, ¢ are the reference density (taken as the real index n is put within brackets.

fluid density), reference pressure, and the speed of sound. This

state equation enforces the incompressibility condition on the Instabilities and their possible remedies in SPH

flow such that a small variation in density produces a relatively method

large change in pressure whereby preventing the dilatation of The homogeneity of the particle distribution is quite important
the fluid. The speed of sound for each particle must be for the accuracy and the robustness of SPH models. Highly
chosen carefully to ensure that the fluid is very closely irregular particle distributions which may occur as the solution
incompressible. The square of the sound speed might beProgress may cause numerical algorithms to break down. For

estimated !nstanpe, if thg pressure f_igld is sp!ved correctly thereby
5 B imposing the incompressibility condition as accurately as

CIZ;. $ max Ymax ,:U[Vmax}': Lo (12) possible, the particle motion closely follow the trajectory of
0 po\ Lod o streamline, hence resulting in a linear clustering and in turn

where ¢ is problem dependent coefficientymay is the fracture in particle distribution. In these regions due to the lack

of sufficient number of particles, or inhomogeneous particle
distribution, the gradients of field variables cannot be computed
length, FBis a body forceq is the relative incompressibility or  reliably. Such a situation leads to spurious fields, especially
the density variation factor, which is defined as erroneous pressure values in SPH approach. As the computation

5=D\pl po=VRax/ci2=M 2, where M is the Mach number. Upon ~ PrO9ress. the error in computed field variables accumulates
whereby blowing-up the simulation.

selecting the sound speed much larger than the fluid velocity (atTo prevent the particle clustering, the trajectory of particles can

least an order of magnitqde) thgrgby resulting i,n a very small be disturbed by adding relatively small artificial displacement
Mach number, the density variation can be limited to 1% K ] ) i
(3=0.01), which is used this work. Jri to the advection of particles computed by the solution of

maximum value of the fluid velocityL, is a characteristic

The speed of sound chosen has a direct effect on the permissibléghe equation of motion. Recall the form of a Lennard—Jones
time-step in a given simulation. The algorithm stability is potential (LJP)-type force used in the SPH literature as a
controlled by the Courant-Friedrichs-Lewy (CFL) condition, repulsive force for the solid boundary treatment,

where the recommended time-ste 15 is N , 1 BV

o IO IS 3 [ OO A (W7 M a4

M<CcFLIj, min/(G +vmax) Where r'ij—0-5(f"i+hj)’ hj min 1S ' j I

the minimum smoothing length among & particle pairs,
CcpL is a constant satisfying0<Ccpp <1(in this work,
CcpL=0.125.) the neighbor particleg, N, and n, are constants,8 is a

In order to increment the time-steps in WCSPH algorithm, we problem-dependent parametgfis the cutoff distance at which
have used a predictor corrector method. This technique is an

explicit time integration scheme, and is relatively simple to
implement. Particle positions, densities, and velocities are particle velocity in the system. If the second term (attractive
computed respectively as interaction) on the right-hand side of LJP force is neglected, and

DFfj/Dt=Vj , Dpj/Dt=kj , DVj/Dt=fj (13)

where Fikup is the force per unit mass on fluid particidue to

the inter-particle potential is zero, and . is the largest
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— k
n =2, and the forceF,

“Lpe and V. are replaced by

k 2
ar, /(At)

Jrik :ﬁi

where Jrik is an artificial particle displacement vector.

andrjj/At, one can write the relationship
k
B
3
rij

\Y/

r'02 maxAt

(15)

N
Here, the cut-off distance can be approximatedyas rj/N .
j

particlei. The smoothing length for all particles is set equal to
1.6 times the initial particle spacing.

The slightly modified periodic boundary condition is
implemented for inlet and outlet particles in the direction of the
flow. Particles crossing the outflow boundary are reinserted into
the flow domain at the inlet from the same y-coordinate
positions with the bulk velocity of the fluid so that the inlet
velocity profile is not poisoned by the outlet velocity profile.
The no-slip boundary condition is implemented floe square
obstacle. For upper and lower walls bounding the simulation
domain, the symmetry boundary condition for the velocity is

Since the repulsive force depends exponentially on the distancegpplied such that’ =0, and av* / dy = 0 which is discretized

and goes to infinity ar; = 0, when the distances between two

by using Equation (8). The no-slip boundary and symmetry

particles decreases, a stronger repulsive force between thdoundary conditions are implemented for both test cases using

closer particles is generated, hence clustering of particles is
effectively avoided. Given than;jk / rij3 is an odd function with

k

N
vanishing integral, one can writg i

J
symmetric particle distribution.

/ri? =0for a spherically

However, if the particle

N
distribution is asymmetric, and clustered, the tejqf/ri]?’:to is
]

no longer equal to zero, whereby implying the region with
clustered particle distribution. The artificial particle
displacement is only influential in the clustered region and
negligibly small in the rest of the computational domain due

toirijk/rijs ro Provided that the particle distribution is closely
i

uniform.

Boundary condition and domain definition

multiple tangent boundary (MBT) method, which is explained
in detail in [11].

The channel geometry and the boundary conditions for the
second benchmark problem are identical to the first one except
that the square obstacle geometry is replaced by the NACA
airfoil with a chord length of 2(m) which is created by

Yo = m(szc—xé)/ p2 {OS X < p
Ye = m(Zp(Xc—1)+1—x§) /(1—p2) p<x <1

wherem is the maximum camber in percentage of the chord,
which is taken to be 5%p is the position of the maximum
camber in percentage of the chord that is set to be 50 %jsand
the maximum thickness of the airfoil in percentage of the chord,
which is 15 %. The thickness distribution above and below the
mean camber line is calculated as

_ 05 ~
Y, =5t(0.296%, - 0.128,

(16)

(17)
0.3516% + 0.284° - 0 101>§4
3516 + 0.284° — 0.

Mass and linear momentum balance equations are solved for'he final coordinates of the airfoil for the upper surface

both test cases on a rectangular domain with the lendgthidf

m, a height oH =6m. For the first problem a square obstacle
with a side dimension of 0.7 m is positioned in the
computational domain with its center coordinates=t/3 and
y=L/2. Initially, a 349x145 array (in x- and y-directions,

respectively) of particles is created in the rectangular domain,

and then particles within the square obstacle are removed from
the particle array. The boundary particles are created and therb

distributed on solid boundaries such that their particle spacing
is almost the same as initial particle spacing of the fluid
particles. The simulation parameters, fluid density, dynamic
viscosity and body force are taken as

respectivelyp=1000kg/ m3, pu=1kg/ms, and

FBX=3.0x10'3N/kg . Body force per unit mass={) is used to
model the hydrostatic part of the pressure gradient. The mass o
each particle is constant and found through the relation
m=g/n; where ni=zw(rij ,h) is the number density of the

j=1

(%, , Y, ) and the lower surfacexg , Y, ) are determined using

the following relations:

X=Xy sing,

and

Yy =Y * Y COSP, X =Xty sing, YL=Yc Yt Cosp,

g=arctar{dy, tix) . Having obtained all coordinates of the airfoil

geometry, the upper and lower surface lines are curve fitted
using the least square method of order six. In so doing, it
ecomes possible to compute boundary unit normals, tangents
and slopes for each boundary particles. All the initial particles
falling between the upper and lower camber fitted curves are
removed from the rectangular computational domain, then
remaining fluid particles are combined with the boundary
particles to form a particle array of the computational domain.
The leading edge of the airfoil is located at Cartesian
]poordinates I(/5, H/2). Initially, a 300x125 array (ix- andy-
directions, respectively) of particles is created in the rectangular
domain, and then, particles within the airfoil are removed from
the particle array. Subsequently, boundary particles are created

Copyright © 2010 by ASME



and then distributed on solid boundaries. The smoothing length
for all particles is set equal to 1.6 times the initial particle
spacing.

il
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In this work, to be able to test the effectiveness of the 0 T T
improved WCSPH algorithm (involving the utility of MBT X
method together with artificial particle displacement and 6
corrective SPH discretization scheme) for modeling fluid flow
over complex geometries, we have solved two benchmark flow 4
problems; namely, two-dimensional simulations of a flow >
around a square obstacle and NACA airfoil. 2
The flow around the airfoil and square obstacle positioned
inside the channel were simulated for a range of Reynolds
numberRe=plcvy /u, which is defined by the characteristic

Y
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o
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Figure 1: A comparison of WCSPH (up) and FEM (down) velocity
- _ contours at Reynolds number 100. It should be noted that in this
and the chord length for the airfoil geometry), the density, the presentation, all velocities are given as a velocity magnitude

bulk flow velocity Vi, and the dynamic viscosity/. Both test

cases are validated through comparing SPH results with those
obtained by a Finite Element Method (FEM) based solver of a
Comsol multi-physics software tool. The WCSPH and FEM

length, |_(set equal to the side length for the square obstacle,

results are compared in terms of velocity contours for both test 3
cases, and the pressure envelope for the airfoil.
Figure 1 compares WCSPH and FEM velocity contours for the o

Reynolds number value of 100. As can be seen from the figure,
the magnitude and the place of contours for the proposed
algorithm are in good agreement with those which obtained

using FEM in the low Reynolds number range. 1

It is well-known from both earlier experiments and numerical

studies that vortex shedding is observed at the rear edge of the 5

obstacles at higher Reynolds numbers [1, 16, 17]. In light of

this, to be able address whether SPH can capture vortex 0 il

a

shedding as accurately as mesh dependent solvers, we here

present simulation results for Reynolds number of 350. Figures Figure 2: The comparison of vortex shedding contours obtained with

2 up and dO_W” ShO_W the simulation r_esults fqr WCSPH and \yspH (left) and FEM (right) methods for the Reynolds number of
FEM respectively. It is valuable to mention that in these figures 350 (colors show the velocity magnitude)

colors show the velocity magnitud®n comparing results, one can

notice that results are satisfactorily in agreement with each other & : 1005
regarding the magnitude of velocities as well as the position and :
number of vortices. However, there is a slight discrepancy 1 i
between WCSPH and FEM results in terms of the separation s .’ :

point of the vortices from the rear edge of the obstacle. For the 3

sake of brevity, without presenting further results, we can safely

assert that SPH method is highly successful in predicting ¢ .

changes of the topology of the vortex shedding behind a square " 2 " i L

obstacle with the high Reynolds number. . Figure 3: The density contours obtained with WCSPH method for the

In both test problems szolved, the square of the speed of sound igeynoids number of 350 (colors show the density values). The utilized

chosen to be equal ta"25). Figure 3 reveals that this speed  gpeed of sound satisfactorily enforces incompressibility condition.

of sound value satisfactorily enforces the fluid incompressibility

condition since the density variation is less than 1 percentage. To have a closer look at the vortex shedding behavior captured
at the trailing edge of the square obstacle by WCSPH method,

955
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in Figure 4 are presented the snap shots of vortex shedding for a

full period (each snap shot corresponds to one-sixth of the full 3
period) for the Reynolds number of 350.

Figure 5 presents a close-up view of particle positions around
airfoils with the angles of attack of 15 degree corresponding to
the Reynolds numbers of 570 (up) and 1400 (down)
respectively. This figure also illustrates the effectivity of using
MBT method to treat difficult geometries which is to our best
knowledge not achievable with any other boundary treatment
methods proposed for meshless approaches. The proposed
algorithm is also very successful in simulating the flow around
the airfoil geometry with any geometrical orientations across the .
flow field. For both low and high Reynolds number values, 28
there are no particle depletions in the domains of interest. '

2B
2 24 3 25 4 45 i 54 B

5 Figure 5: Close-up view of particle positions around airfoils with the
angles of attack of 15 degree corresponding to the Reynolds numbers
of 570 (up) and 1400 (down)

5

2 25 3 35 4 - 45 E 55 G
Figure 6: Close-up view of particle positions around the airfoil with
the angle of attack of O degree corresponding to the Reynolds
numbers of 250.

N

Figure 7 compares SPH and FEM pressure envelopes for the
angle of attack of 15 degree with the Reynolds numbers value
of 420 (up) and 570 (down). One can rightfully conclude that
for both Reynolds number values, WCSPH results are in good
agreement with those corresponding to mesh dependent solver.
Additionally the pressure differences between upper and lower
camber which correlates with the lift force are in match with
FEM results for a given position on the boundary.
Figure 8 compares WCSPH and FEM results in terms of the
vortex shedding contours for the angle of attack of 5 degree
3 5 3 3 57 with the Reynolds number of 140@olors denote the velocity
Figure 4: One period of vortex shedding for the square obstacle problenfnagnitudg. As in the case of the presented square obstacle
for the Reynolds number of 350 (colors show the velocity magnitude) ~ results, SPH results are also satisfactorily in agreement with
FEM regarding the magnitude of velocities as well as the
It is critical to mention that without the artificial particle position and number of vortices for the airfoil geometry.
displacement algorithm presented and implemented in this
work, unphysical particle fractures occur around the airfoil
geometry due to the tendency of SPH particles to follow
streamline trajectory as illustrated in Figure 6. This brings about
erroneous pressure and velocity fields and in turn blow-up of
simulations even for relatively small Reynolds numbers and
angle of attack values.

-3

5

6T/6
8

1 1
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can handle complex geometries with the usage of multiple

3l < WESPHUgparwal) | tangent solid boundary method, and eliminate particle clustering
= WCSPHI(Lower wall) . . apegs . . " P
FEM(Upper wall induced instabilities with the implementation of artificial
mEN, v FEMGerell particle displacement (particle fracture repair) procedure as well

as the corrective SPH discretization scheme. The results were
compared in terms of velocity contours for both test cases, and
the pressure envelope for the airfoil. Our simulation results
were validated with a FEM method, and excellent agreements
among the results were observed. We illustrated that the
improved WCSPH method is able to capture the complex

Pressure

&0} ] physics of bluff-body flows naturally such as flow separation,
T e e e e wake formation at the trailing edge, and vortex shedding
X without any extra effort to increase the particle resolution in
. some specific areas of interest. We have shown that the

wh, ol o improved WCSPH method can be effectively used for flow
" FEM(Upper wal) simulations over bluff-bodies with Reynolds numbers as high as

a0k «  FEM{Lower wall)

1400, which is not achievable with standard WCSPH
formulations.

Pressure

20k
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APPENDIX A

The following section provides derivations for the SPH
approximation to first- and second-order derivatives of a vector-
valued function. The derivations are carried out in Cartesian
coordinates. The SPH approximation for the gradient of a
vectorial function starts with a Taylor series expansion of
fp(rj) so that
of*(r)

0%

1,30 (0)

Iy (A1)
Il a)gla)gk

pen T

to(r)=£7(r)+n o=

Upon multiplying Equation (A.1) by the terBW(rij,h)laxf.

and then integrating over the whole spaee, one can write,

Figure 8: The comparison of vortex shedding contours produced by
WCSPH (left) and FEM (right) methods for the angle of attack of 5

J‘(f p(rj)_ f p(~ )\aw(rij 'h)dsf - of p(Fi)J'rJl aW(rij’h)dsr_

: R~ O
degree and the Reynolds number of 1400 (colors show the velocity @ i X 2 i (A.2)
magnitude) s
+1 of p(Fu )J‘r_[ rk 6W(I‘ij 'h)d3F.
20xox 3" o .
CONCLUSION —

) ) ~ Note that the first and the second integrals on the right hand
In this work, we present solutions for flow over an airfoil  side of Equation (A.2) are, respectively, second- and third-rank
and square obstacle using an improved WCSPH algorithm thattensors. The third-rank tensatcan be integrated by parts,
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which, upon using the Green-Gauss theorem produces Equatiorn x 0.0 N 0.0 (4.03 of @
(A.3) since the kernel/v(rij,h) vanishes beyond its support ;fn & ;rn & ;rji & Bl (A.9)
domain. i £ 002 zN:rjE])a,@ ZN:rjEz)aj(z) ot
| lks :—J'W(rij ,h)%(rj'irjf)dgfj = —J'W(rij ,h)(rj'ia'Sk +rj:<c7's)d3fj i1 i=L =1 ax?
Q j Q

(A-3) where gs - / W(r. .h)/axs)-
Recalling that the kernel function is spherically symmetric even % (“1 'Oj)(a (r“" ) a>g)

function and the multiplication of an even function by an odd Starting with the relation for the SPH second-order derivative
function produces an odd function. Integration of an odd approximation [11] of a vector valued-functipn(r,) given in

function over a symmetric domain leads to zero. Equation (A.10)
e ﬂ A4 s OW (r. ,h 2¢p(F 2§ 0 (F
1" = =0% [ (r, h)d’r, =" [riw (1, P, =0 - 2f(f7(r)- 10 ()% (rii )dgrj =20000) 100 () o
2 2 5 r; 0x; & 0%0X & 0%
- - (A.10)

Following the above described procedure identically, the second

X which, upon contracting on indicpsand s, one can obtain
rank tenson's can be written as

P ow(rh) o _10%1°(r) A.11
s s " s A5 offr(FY-f°(F Ny % == i) gom (A.11)
|'s = =5 IW(rij,h)d3l‘j =5 (A.5) l( (ru) (rj)) ruz X r ‘ axkaxk
. =1
On combining Equation (A.2) with Equations (A.4) and (A.5), Note that the first term on the right hand side of Equation
one can write, (A.10) becomes?° (r, )/ axPax™ and consequently drops off if

the vector-valued functiofr(r,) is assumed to be divergence-
o P(sri) =J‘(f P(Fj)— £, ))aw(rii‘h)d3rj (A.6) free velocity field. Here, the coefficieigt takes the value of 4
0% a ox and 5 in two and three dimensions, respectively. We have shown

) ) ) ) in Equations (A.2) and (A.5) that Kronecker delta can be
Note that in Equation (A.6), the relationship \yitten as

aw(r_ h)/axf:—aw(r.. h)/a>¢ has been used. Replacing the

ij? ij?
integration in Equation (A.6) with SPH summation over particle e _ fir? aW(rij,h)de_ (A.12)
ji axm J
Q

j” and settingd3rj =m/p,» We can obtain the gradient of a

vector-valued function in the form of SPH interpolation as. ) ) ) )
Casting Equation (A.12) into Equation (A.11) leads to

afp(Fi)_ N m p(r)—fP(F aW(riJ"h) (A.?) p 2¢p (v
o ;pj (f°(r)-77() o of(19(7)-1°(7) 6W(r:1,h)d3fj LA (rk,)Irjip aw(r;'h)dej
2 oo 0X § 0xox 5 0%
It is important to note that the second rank tern$grshown to ) ) ) ) (A13)
be equal to kronecker delta for a continuous function, may not Equation (A.13) can be written in matrix form as
be equal to kronecker delta for discrete particles. Hence, for the . erl)a]@ Zr_$2)a]_(l) Al
accuracy of the computations, this term should be included in (004 £ (ZJ)E a® _| = : = 0x0x
the SPH gradient interpolation of a function. From Equation Z( i i i i r’ aj(Z) zr_(l)a]_(Z) Zr_(z)a]_(Z) 92§
(A.2), we can write = = a)gké)gk
B (A.14)
iﬂ(fp(r)_fp(r))aw(rij'h) =6fp(ri)iﬂr{ oW (r;,h) Upon contracting on indices and m of Equation (A.10), an
=Y : ' ox’ o =po ! oo alternative form of Laplacian for a vector field can be obtained
(A.8) as
Equation (A.8) can be written in matrix form as My B OW(rh) 2 F°(7) (A.15)
S;pj (f (F)-f (rj))rij2 o =(2+0%) X

If the trace of the Kronecker delta in Equation (A.15) is
replaced by the trace of Equation (A.12), one can obtain an
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