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ABSTRACT 
 

This paper investigates the dynamics of a slender, flexible 

pipe, conveying a fluid whose density varies axially along the 

length of the pipe. Specific applications for this system have 

appeared in the mining of submerged methane crystals [1], but 

a general interest also exists due to more common situations in 

which fluid density changes along the length of the pipe, such 

as when a gas is conveyed at high velocity. Therefore, 

following a brief review of related work and of the well-

established theory concerning pipes conveying fluid of constant 

density, the current problem is approached from an analytical 

perspective. In particular, a linear model describing the system 

is derived using a Hamiltonian approach, for the cases of (i) a 

pipe clamped at both ends and (ii) a cantilevered pipe, and 

results obtained using a Galerkin approach. Ultimately, it is 

shown that, in both the cantilevered and clamped-clamped 

cases, the behaviour of the system is similar to that of a pipe 

conveying fluid of constant density – that is, loss of stability by 

flutter and buckling respectively – save for two crucial 

differences. The first and most important is that it is the density 

at the discharging end which has the most significant effect on 

the critical flow velocities, rather than any other. Second, in the 

case of a cantilevered pipe, the magnitude of the density change 

can strongly influence in which mode the system loses stability, 

thereby also impacting the critical flow velocities. The specifics 

of both these effects are addressed in the paper. 

 

1. INTRODUCTION 
 

The dynamics of pipes conveying fluid has been studied 

extensively, with several hundreds of publications having been 

produced over the last 50 years, and still many more emerging 

each year [2]. Virtually inexhaustible interest in the problem 

exists for the reason that the pipe conveying fluid has become a 

paradigm in dynamics [3], the understanding of which radiates 

to many dynamical problems across Applied Mechanics. A 

review of some of the more recent developments and 

applications with regards to cantilevers in particular was done 

by Païdoussis [4]. From a broader perspective, some time ago, a 

review on the more general literature on axially moving 

continua was done by Wickert & Mote [5]. 

 

In this paper, the system at hand can be thought of in two 

ways, depending on one’s preference: it is a pipe conveying 

fluid where either (i) the density of the fluid is changing at a 

specified rate as it travels through the pipe, or (ii) the fluid is 

accelerating axially inside the pipe, again at a controlled rate. In 

the circumstances being considered, the two are generally 

synonymous; however, depending on how one perceives the 

problem, the previous literature consulted might be different! In 

either case, the formulation investigated in the present paper 

has not been considered before, although several groups have 

carried out relevant work on related topics. 

 

From the first perspective, there has been some – although 

relatively limited – research conducted on the dynamics of 

pipes or tubes conveying a compressible fluid, which has some 

implications in common with the system under consideration. 

Johnson et al. [6] appear to have been the first to consider the 

effects of compressibility on a cantilevered Euler-Bernoulli 

beam (or pipe) conveying fluid, concluding that compressibility 

can have a significant impact on its stability. Later, Johnson [7] 

studied the effect of fluid compressibility on critical velocity 

further, for a simply-supported Timoshenko pipe and a uniform 

isentropic flow model. 

 

Approaching the problem from the second angle, a broader 

range of papers emerge, many falling outside the area of pipes 

conveying fluid. Some of the earliest work on axially 

accelerating continua was done by Miranker [8] who derived 

the equation of motion for an axially accelerating string, and 
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Mote [9] who obtained an approximate solution for such a 

string when it is harmonically driven at one end. More recently, 

a system much closer to the present one was considered by 

[10] who looked at the effect of an accelerating mass on the 

vibration of a Timoshenko beam, and also by Wang 

obtained analytical and numerical stability for a similar system. 

Finally, the dynamic stability of pipes with harmonically 

oscillating fluid has been studied extensively, as summarized by 

Païdoussis [12].  

 

The present work investigates the dynamics of pipes 

conveying fluid, where the fluid is incompressible, but of a 

specified axially varying density. Though an idealization, 

incompressibility is assumed, to narrow down the focus of the 

analysis to the exclusive effect of density change, without 

considering the added complexities of compressibility. 

Similarly, possible temporal variations in density have also 

been ignored, in order to decouple entirely the dynamical effect 

of density variation in space, and analyze it accordingly.

 

In this context, two sets of boundary conditions are 

considered for the pipe: in the first case both ends are clamped, 

but the discharging end is free to slide axially, and in the second 

case the pipe is cantilevered, i.e. one end is clamped and the 

other is free. One specific application of the cantilevered case 

exists in the exploitation of the all-important submerged 

methane crystals [1], for which one design would call for a long 

flexible pipe to aspirate the methane. In such a design, the 

methane would likely undergo one or more phase changes, 

bringing about a varying axial fluid density. In addition and 

perhaps more importantly, one can think of any numbe

mechanisms for generating variable fluid density along the 

pipe: heating, pressure loss, or even compressibility, in which 

understanding the effect of axial fluid density change on 

stability would be important. 

 

Following a brief review of the general theory of pipes 

conveying fluid, this paper presents a new theory for pipes 

conveying incompressible fluids with axially varying density. A 

Hamiltonian derivation is employed, and a linear equation of 

motion obtained and rendered non-dimensional. Finally,

solutions are obtained using a Galerkin method, as proposed by 

Païdoussis [12], and results are presented in the form of critical 

flow velocities, critical frequencies and Argand diagrams.

 

2. BASIC THEORY 
 

The simplest equation governing the motion of a 

conveying fluid, represented in Fig. 1, is given by
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who obtained an approximate solution for such a 

string when it is harmonically driven at one end. More recently, 

one was considered by Lee 

who looked at the effect of an accelerating mass on the 

henko beam, and also by Wang [11], who 

obtained analytical and numerical stability for a similar system. 

Finally, the dynamic stability of pipes with harmonically 

as summarized by 

The present work investigates the dynamics of pipes 

conveying fluid, where the fluid is incompressible, but of a 

Though an idealization, 

to narrow down the focus of the 

analysis to the exclusive effect of density change, without 

considering the added complexities of compressibility. 

temporal variations in density have also 

decouple entirely the dynamical effect 

of density variation in space, and analyze it accordingly. 

wo sets of boundary conditions are 

considered for the pipe: in the first case both ends are clamped, 
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other is free. One specific application of the cantilevered case 

important submerged 
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flexible pipe to aspirate the methane. In such a design, the 

phase changes, 

bringing about a varying axial fluid density. In addition and 

perhaps more importantly, one can think of any number of 

mechanisms for generating variable fluid density along the 

pipe: heating, pressure loss, or even compressibility, in which 

understanding the effect of axial fluid density change on 

theory of pipes 

conveying fluid, this paper presents a new theory for pipes 

conveying incompressible fluids with axially varying density. A 

Hamiltonian derivation is employed, and a linear equation of 

dimensional. Finally, 
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flow velocities, critical frequencies and Argand diagrams. 

The simplest equation governing the motion of a pipe 

conveying fluid, represented in Fig. 1, is given by 
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where EI is the flexural rigidity, w

x  is the axial coordinate, M  is the fluid mass per unit length, 

U  is the fluid flow velocity, t  is time, and 

per unit length. In order of appearance, the terms of the 

equation are the flexural restoring force

centrifugal force, the flow-related Coriolis force, and the 

inertial force. It is worth noting that frictional forces are not 

neglected in this equation, but rather that viscous traction on the 

pipe and viscous pressure-loss forces cancel out in the linear 

limit in the process of deriving this equation [

 

Figure 1. Diagram of a pipe conveying fluid

clamped at the upstream end and clamped with axial sliding 

permitted at the downstream end.

 

For the simplest case of a pipe of length, 

fluid as described above, the work done by the fluid on the pipe 

over a cycle of oscillation is 
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Clearly, in the case of supported ends, the work done by the 

fluid must be zero (since tw ∂∂  at both ends is zero), and no 

dynamic instability can arise. However, careful consideration of 

Eq. (1) shows that, even in the absence of motion, the 

centrifugal force can be treated as a compressive force, 

resulting in the system losing stability by stat

buckling. In the case of a cantilevered pipe, however, Eq. (2) 

reduces to 
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In this case, it is plausible that, for large enough 

amount of work done by the fluid on the pipe could 

positive, thus feeding energy into the system and creating the 

potential for a dynamic instability. This, indeed, is exactly what 

happens, as flutter has long since been demonstrat

experiments and theory [12-14]. 
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w  is the lateral displacement, 

is the fluid mass per unit length, 

is time, and m  is the pipe mass 

per unit length. In order of appearance, the terms of the 

the flexural restoring force, the flow-related 

related Coriolis force, and the 

inertial force. It is worth noting that frictional forces are not 

neglected in this equation, but rather that viscous traction on the 

loss forces cancel out in the linear 

cess of deriving this equation [12]. 

 
Diagram of a pipe conveying fluid, positively 

clamped at the upstream end and clamped with axial sliding 

permitted at the downstream end. 

lest case of a pipe of length, L , discharging 

the work done by the fluid on the pipe 
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Clearly, in the case of supported ends, the work done by the 

at both ends is zero), and no 

dynamic instability can arise. However, careful consideration of 

Eq. (1) shows that, even in the absence of motion, the 

centrifugal force can be treated as a compressive force, 

resulting in the system losing stability by static divergence, or 

buckling. In the case of a cantilevered pipe, however, Eq. (2) 
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In this case, it is plausible that, for large enough U , the 

amount of work done by the fluid on the pipe could become 

positive, thus feeding energy into the system and creating the 

potential for a dynamic instability. This, indeed, is exactly what 

happens, as flutter has long since been demonstrated by 
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3. DERIVATION FOR A PIPE CONVEYING FLUID OF 
AXIALLY VARYING DENSITY 
 

3.1 HAMILTONIAN DERIVATION OF THE EQUATION 
OF MOTION 

 

The derivation for the pipe conveying incompressible fluid 

of specified axially varying density is done using a version of 

Hamilton’s principle modified for open systems, and is very 

similar to the derivation by Païdoussis [12] for a pipe 

conveying a fluid of constant density. The derivation is carried 

out with the cantilevered and clamped-clamped boundary 

conditions in mind, but any set of boundary conditions for 

which the pipe displacement is zero at 0=x  is acceptable. 

 

For an open system, Hamilton’s principle can be expressed 

as 
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and in which 
000 VT −=L  is the Lagrangian of the open 

system, Wδ  is the virtual work done by the generalized forces, 

and ρ  is the fluid density of fluid particles , each with position 

r  and velocity u . Furthermore, it is assumed that 
0S  is a 

portion of the control surface of the open system, capable of 

movement with a velocity  nV ⋅  normal to the surface, across 

which mass may be transported; n  is the outward normal. For 

additional details and figures pertaining to Hamilton’s principle 

as it applies to open systems, the reader is referred to 

Païdoussis [12]. 

 

This “modified” principle is next applied to the case of a 

pipe conveying an incompressible fluid. No boundary 

conditions need yet be imposed, but damping, gravity, external 

tension, external pressurization, and the effect of any external 

dense fluid have all been neglected for simplicity. However, the 

density is still assumed to be variable, and consequently so is 

the flow velocity. Finally, it is presumed that the only forces 

involved in Wδ  are associated with the pressure, p , measured 

above the ambient of the surrounding medium; hence 
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where )(tSc
 is the surface covered by the pipe wall, and 

iS  

and )(tSe
 are the respective inlet and exit open surfaces for the 

fluid. Next, it is presumed that virtual displacements of the pipe 

are independent of those of the fluid, and that the density of the 

fluid is an explicit function of x . Therefore, because the fluid is 

incompressible, there can be no virtual change in the volume of 

the system, and Eq. (6) can be rewritten as 
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where )(tSc
 has been dropped from the surface of integration. 

Subsequently, it is assumed that the fluid entrance conditions 

remain prescribed and constant. Therefore, the integrals over 

iS are zero, and so too is the first integral over )(tSe
 , since at 

the outlet 0=p  is taken with no loss of generality. Therefore, 

for a pipe of length L , Eq. (7) reduces to 
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in which the relations τru U+= & , ( )
LU=⋅− nVu  at )(tel  

and AM ρ=  have been used, in which M  is the fluid mass 

per unit length and is a function of x , and A  is the fluid cross-

sectional area and is a constant. However, even though the flow 

velocity and lineal density are each individually functions of x , 

their product, the mass flow rate MU , must remain constant, 

such that MUUM LL = . Therefore, by substituting Eq. (8) 

into Eq. (4), Hamilton’s principle results in 
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Next, the equation of motion is derived using Eq. (9) and 

several useful relations developed by Païdoussis [12]. The pipe 

is assumed to be inextensible, and use is made of the 

curvilinear coordinate s , with this assumption, the following 

apply: (i) the axial displacement, u , is equal to 
0xxu −= , 

with sx =0
, and so xu && = ; (ii) ( )[ ] 2/12

/1/ szsx ∂∂−=∂∂ , with 

wz = , and hence 2

2
11/ wsx ′−≈∂∂ , where ( ) ( ) s∂∂=

′
/ ; 

(iii) swu
L

L d2

0 2
1 ′−= ∫ . Furthermore, one may write

kikir LLLL wuzx &&&&& +=+= ; [ ] kikiτ LLLL wwzx ′+′−≈′+′=  1
2

2
1 ; 

and finally kir LLL wu δδδ += . It is important to mention that 

the inextensibility condition can only be satisfied if the pipe is 

free to move axially at Lx = , and so this condition is likewise 
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assumed.
1
 Therefore, after some manipulation, Eq. (9) may be 

rewritten as 
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correct to )( 2εO , and for which the Lagrangian must now be 

evaluated. Hence, the kinetic energies of the pipe and fluid, 

respectively, are expressed as 
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the potential energy of system, which in this case is equal to 

that of the pipe, is 
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Next, Eqs. (11) – (13) are substituted into Eq. (10), and 

standard variational techniques used to obtain the final form of 

each term. In particular, the term including the kinetic energy of 

the pipe becomes 
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and the term containing the potential energy of the pipe is 
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Lastly, recalling that MU  is a constant , and also that M  and 

U  are constant in time – though not in space – the more 

complicated term containing the kinetic energy of the fluid can 

be transformed, after considerable manipulation, as follows: 
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Next, recalling that swu
L

L d2

0
2
1 ′−= ∫ , the last remaining term 

containing δ  in Eq. (10) may also be operated on, as follows: 

 

                                                           
1 The case an extensible pipe with no motion at Lx =  will follow a distinct 

but similar derivation that is not presented here. As discussed by Païdoussis 

[12], the final equation of motion will, in fact, be identical; however, certain 

terms arise in a different manner. 
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Finally, by adding the contributions of Eqs. (14) – (17) into 

Eq. (10), the equation of motion can be derived. It can be seen 

that terms involving ( )Lwδ  cancel out, such that the only 

remaining single-integral terms involve ( )0wδ . The boundary 

condition at 0=x  may now be invoked, and in both cases of 

interest, i.e. the cantilevered and clamped-clamped 

configurations, ( ) 00 =wδ . Therefore, the equation of motion is 

given by 

 

( )[ ] ,02 =++′′+′+′′′′ wmxMwMUUwMUwEI L
&&&  (18) 

 

in which the fact that ( )xMM ≡   is stressed. 

 

Perhaps not so surprisingly after the fact, the equation of 

motion is virtually the same as for a pipe conveying a fluid with 

constant density at constant flow velocity. Certainly, looking 

back at the starting point for the analysis (Eqs. (10-13)), and 

recalling that MU  is a constant, it is clear that only the 

centrifugal and inertia terms were susceptible to change vis-à-

vis the constant-density case. Nevertheless, the key distinctive 

characteristics of this equation are that the centrifugal term 

coefficient, 
LMUU , must be evaluated at L , and the inertia 

term coefficient, ( ) mxM + , is a function of x .  

 

3.2 NON-DIMENSIONALIZATION AND METHOD OF 
SOLUTION 

 

Eq. (18) can be rendered non-dimensional by making use 

of the parameters 

 

( )
.

0
     ,     ,

2

2
1

L

t

mM

EI

L

w

L

x









+
=== τηξ  (19) 

 

Moreover, rewriting ( ) ( ) ( ) ( )1 and MLMMxM == ξ , and 

defining the ratio of lineal fluid mass density along the pipe 

with respect to that at the inlet, ( ) ( ) ( ) MξM ξµ 0 ≡  – also 

noting that, at the outlet, ( ) ( ) ( )  MM µ 011 ≡  – the non-

dimensional equation can be expressed as 
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in which two non-dimensional parameters have been utilized: 
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which are similar to those for the case of constant density. In 

the foregoing, it must be noted that this selection of non-

dimensional parameters is one of many potential choices; an 

alternative possibility involves making use of ( )LM  and ( )LU  

instead of ( )0M  and ( )0U . Nevertheless, the current set is 

arguably the most intuitive, and definitely the easiest choice for 

comparing results with the case of a pipe conveying fluid of 

constant density. Finally, though it does not appear in the 

equation of motion explicitly, the dimensional frequency Ω , in 

radians per second, is related to the dimensionless one as 

follows: 
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In general, ( )ξµ  is arbitrary, and Eq. (20) does not have 

constant coefficients. Therefore, the Galerkin procedure 

proposed by Païdoussis [12] is advised in order to obtain 

approximate solutions. We assume a solution of the form 
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where ( )ξφr  
are the comparison functions, for which the 

eigenfunctions of the pipe (beam) are an obvious choice, and 

( )τrq  are the generalized coordinates. Substituting Eq. (23) 

into Eq. (20) results in 
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where for economy of writing, the prime and overdot stand for 

( ) ξ∂∂ /  and ( ) τ∂∂ /  . Furthermore, by pre-multiplying Eq. 

(24) by ( )ξφs  
and integrating over the domain, i.e. [ ]1 ,0 , the 

equation can be decoupled, as follows: 
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0
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In the above, if ( )ξφr  
are the eigenfunctions of the pipe, 

Païdoussis [12] provides exact values for the constants 
srb  and 

src ; srµ  in (26) should not be confused with ( )ξµ  in (20).
 

Moreover, if ( )ξµ  is also known, Eq. (25) can be solved by 

standard ordinary differential equations methods. In particular, 

two simple but representative density distributions are the case 

of (i) a step-distribution, where the density changes abruptly 

halfway through the pipe, and (ii) a ramp distribution. In these 

two cases, Eq. (26) can be simplified even further, such that, for 

the step distribution 

 

( ) ( )[ ] ,d 11
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2
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∫−+= ξφφµβδµ rssrsr
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and for the ramp distribution

 ( ) ( )[ ]∫−+=
1

0

ramp .d 11 ξφξφµβδµ rssrsr
 (28) 

 

 

4. THEORETICAL RESULTS 
 

Theoretical results have been obtained for a pipe 

conveying an incompressible fluid of axially varying density. 

The two cases considered are a pipe that is clamped at both 

ends and one that is cantilevered. Of interest are the critical 

flow velocities for any instability that may arise, plotted versus 

the mass ratio )1(µ , defined above Eq. (20). In addition, in the 

case of the cantilevered pipe, the general frequency 

characteristics are discussed with reference to representative 

Argand diagrams, and the frequencies of oscillation at the 

threshold of flutter are plotted versus )1(µ . 

 

4.1 RESULTS FOR THE CLAMPED-CLAMPED PIPE 
 

For a pipe clamped at both ends (though with one end free 

to slide axially), the arguments summarized in Section 2 

indicate that a static instability is the only one possible. 

Therefore, it is feasible to obtain a solution to Eq. (25) by 

considering exclusively the static terms, i.e. the flexural 

restoring force and the centrifugal force. In doing so, it 

becomes obvious that the result will be exactly the same as for 

the pipe conveying fluid of constant density, except for a 

multiplicative factor related to ( )1µ , as follows: 

 

( ).12crit µπ=u  (29) 
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In particular, the parameters β  and 
srµ  have no influence on 

the stability of the system. 

 

With this done, it is always of interest to verify that the full 

solution recovers the simpler one, and so the stability of the 

clamped-clamped pipe was also studied using the full dynamic 

equation. In this case, four modes were used in the Galerkin 

analysis, and results obtained for several values of ( )1µ . A 

linear density distribution and several values of β  were 

considered. As shown in Fig. 2, which plots critu  against ( )1µ  

for 5.0=β ,  the dynamic solution fully agrees with Eq. (29), 

regardless of β , and therefore also of 
srµ . 

 

. 

Figure 2. Dimensionless critical flow velocity plotted versus 

( )1µ  for a pipe clamped at both ends. 

 

4.2 RESULTS FOR THE CANTILEVERED PIPE 
 

In the case of the cantilevered pipe, the solution is more 

complex, and therefore more interesting, as clearly the potential 

for flutter exists. However, by carefully examining the 

definition of 
srµ  in Eq. (26), it becomes apparent that with 

decreasing β , the value of 
srµ  approaches unity (or zero, if 

rs ≠ ) and the problem begins to resemble a constant density 

problem, but for the factor ( )1µ . Therefore, for small enough 

β , the critical flow velocity will be simply related to the 

constant density case, as follows: 

 

[ ] ( ) ( ).1
11cricrit µµ =

= tuu  (30) 

 

where [ ] ( ) 11crit =µu  is the non-dimensional critical flow velocity 

for a pipe conveying fluid of constant density. 

  

More interesting, is a situation with large β . In this case, 

the expression for 
srµ  can be complicated, and affects both the 

critical flow velocities and frequency characteristics of the 

system. Under these circumstances, it must be ensured that the 

number of modes used in the Galerkin analysis is sufficiently 

large, particularly for very large values of β  and ( )1µ . The 

results presented here were obtained with a 6-mode Galerkin 

analysis; for larger values of ( )1µ , 8 modes or more become 

necessary. 

 

In particular, Fig. 3 illustrates how, as ( )1µ  is increased, 

the frequency characteristics change drastically, and flutter can 

arise in different modes. In particular, for 5.0=β  and a linear 

density function, flutter arises in (a) the second mode for 

( ) 5.01 =µ ,  (b) in the third for ( ) 0.11 =µ , and (c) in the first 

for ( ) 5.11 =µ . It should be noted that case (b), ( ) 0.11 =µ , is 

actually the constant density configuration, such that Fig. 3 is a 

good illustration of the important qualitative effect that density 

change has on the dynamics. Moreover, a change in the 

unstable mode is often, though not always, associated with a 

jump in the critical frequency, as illustrated by Fig. 4. However, 

the mode change and frequency jump do not occur for precisely 

the same ( )1µ . Additionally, for large β , Eq. (30) no longer 

holds true. The critical flow velocity is affected in various 

ways, and follows the same “jumps” as the critical frequency, 

but less pronounced, as illustrated by Fig. 5. Similarly to Fig.3, 

in both Figs. 4 and 5, the constant density case, ( ) 0.11 =µ , lies 

at the centre of the graph as a point of reference. Altogether, it 

is clear that the change in density, as well as the magnitude and 

nature of that change, play a significant role in the dynamics of 

the system. 
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(c) 

 

Figure 3. Argand diagrams for a cantilevered pipe conveying 

fluid of axially varying density, for 5.0=β  and a ramped 

density function: (a) ( ) 5.01 =µ  ; (b) ( ) 0.11 =µ  ; (c) ( ) 5.11 =µ . 

 

 
 

Figure 4. Dimensionless frequencies plotted against ( )1µ  for a 

cantilevered pipe conveying fluid of axially varying density, 

for 5.0=β  and a linear density function. 

 

. 

 

Figure 5. Dimensionless critical flow velocities plotted against 

( )1µ  for a cantilevered pipe conveying fluid of axially varying 

density, for 5.0=β  and a linear density function. 

 

5. CONCLUSION 
 

This paper presented an analytical investigation of the 

dynamics of a pipe conveying an incompressible fluid, where 

the density of the fluid varies axially along the length of the 

pipe. A new linear equation of motion has been derived, and the 

dynamical behaviour investigated for a pipe clamped at both 

ends and for a cantilevered pipe. 

 

The effect of varying density was found to be significant: 

in both cases it is the flow velocity at the discharging end which 

affects the dynamics through the centrifugal term; it is therefore 

important to account for the density change as prescribed in the 

new equation of motion, rather than taking, for example, an 

average density. Moreover, in the case of the cantilevered pipe, 

it was found that the change in density further affects the 

dynamics through the inertial term, for a heavy enough fluid. 

 

Finally, though the analytical results obtained can be 

utilized with confidence, corroboration would undoubtedly be 

desirable. However, in experiments, it could be quite difficult to 

isolate the effect of density change, and even more difficult to 

specify that change explicitly. Therefore, a fully numerical 

approach has been initiated, wherein the numerical simulations 

essentially simulate experiments but with complete control over 

the density. The results of this corroboration are not yet 

complete, and will not be commented upon further here. 
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