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ABSTRACT

A method is presented to predict the root mean square
displacement response of an open curved thin shell structure subjected
to a turbulent boundary-layer-induced random pressure field. The
basic formulation of the dynamic problem is an efficient approach
combining classic thin shell theory and the finite element method. The
displacement functions are derived from Sanders’ thin shell theory. A
numerical approach is proposed to obtain the total root mean square
displacements of the structure in terms of the cross-spectral density of
random pressure fields. The cross-spectral density of pressure
Sfluctuations in the turbulent pressure field is described using the
Corcos formulation. Exact integrations over surface and frequency
lead to an expression for the total root mean square displacement
response in terms of the characteristics of the structure and flow. An
in-house program based on the presented method was developed. The
total root mean square displacements of a curved thin blade subjected
to turbulent boundary layers were calculated and illustrated as a
function of free stream velocity and damping ratio. A numerical
implementation for the vibration of a cylinder excited by fully
developed turbulent boundary layer flow was presented. The results
compared favorably with those obtained using software developed by
Lakis et al.

1. INTRODUCTION

Thin shells are major components in industrial structures such as
skins of aircraft fuselage, hulls of ships and blades of turbines. These
structures are commonly subjected to excitation forces such as
turbulence, which are intrinsically random. Random pressure
fluctuations induced by a turbulent boundary layer are a frequent
source of excitation and can cause small amplitude vibration and
eventual fatigue failure; therefore, determination of the response of
shell structures to these pressures is of importance and must be below
acceptable levels.

An extensive review of turbulence-induced vibration reveals that
most of the studies in the literature are devoted to investigating
characteristics of pressure fluctuations beneath a turbulent boundary
layer. Studies on the displacement response of shell structures to these
excitations are scarce. Characteristics of a turbulent boundary layer
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such as wall-pressure power spectral density and cross correlation
functions have been extensively studied and well established [1-4].

The first theoretical study of simply supported uniform thin
cylindrical shells excited by turbulent boundary layer pressure
fluctuations was carried out by Cottis and Jasonides [5] based on
Reissner’s simplified shallow shell equations of motion. They derived
a general expression for the space-time correlation function of the
radial displacement of a thin cylinder with no attempt to evaluate mean
square response. The first effort to make a comparison of measured
and predicted simply supported thin cylindrical shell vibration when
subjected to internal turbulent water flow at high frequencies was
made by Clinch [6] using Powell’s joint-acceptance method.
Following Clinch’s study, Lakis and Paidoussis [7] presented a theory
using a cylindrical finite element to predict the mean square
displacement of a thin cylindrical shell subjected to a pressure field
arising from a turbulent boundary layer caused by internal subsonic
flow.

Much research effort has been invested in evaluating the auto
spectral density of the response due to a turbulent boundary layer
pressure field, but no attempt to calculate total root mean square
displacement response has been undertaken. For example, the auto
spectral density of the velocity of a plate subjected to pressure
fluctuations originating from a turbulent boundary layer was studied
by Birgersson et al. [8] using spectral finite element and dynamic
stiffness methods. Finnveden et al. [9] investigated the vibration
response of the velocity of a thin plate excited by a turbulent boundary
layer experimentally and numerically. Mazzoni [10] proposed a
deterministic model based on an analytical wavenumber integration
procedure to predict the power spectrum of the acceleration of a fluid-
loaded thin plate subjected to turbulent flow. De Rosa and Franco[11]
presented an exact and predictive response to evaluate the power
spectral density of acceleration of a simply supported plate subjected
to a turbulent boundary layer. Birgersson et al. [12] predicted the
power spectral density of velocity of thin cylindrical shells excited by
turbulent flow using Arnold-Warburton theory and the spectral finite
element method; however, the effect of fluid-structure coupling was
not accounted for in their analysis. Ciappi et al. [13] investigated the
acceleration response spectra of a plate excited by a turbulent
boundary layer pressure field experimentally and numerically. The
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effect of coupled structural-fluid was taken into account in their
analysis.

In the literature survey, it appears that studies on predicting the
total root mean square displacement response of thin shells to random
pressure fluctuations beneath a turbulent boundary layer are few. For
example, an investigation was carried out by Lakis and Paidoussis [7]
to determine the total root mean square displacement response of
cylindrical shells to turbulent flow. Their work, however, was
restricted to cylindrical forms, since a cylindrical finite element was
employed. A recent work [14] was carried out by the authors in order
to predict the total root mean square (rms) displacement response of a
thin plate to a turbulent boundary-layer-induced random pressure field,
which is only applicable to plates. However, it is clear that current
models are insufficient to determine the total root mean square
displacement response of open curved shell structures such as curved
blades.

This study is concerned with the linear vibration of open curved
thin shells, either uniform or non-uniform, due to a random pressure
field arising from a turbulent boundary layer. The dynamic behavior of
such structures in contact with fluid can be determined using a method
previously developed by the authors [15] since dynamic characteristics
of structures are needed as an input to determine the structural
response due to turbulent flow. A general method is developed to
predict the total root mean square displacement response of such shells
to a turbulent random pressure field arising from a turbulent boundary
layer. An expression for the rms displacement response of an open
curved shell is obtained in terms of the wetted natural frequencies,
mode shapes and other characteristics of the structure and flow. An in-
house program was developed to predict the rms displacement
response of an open curved thin shell structure such as a turbine blade
to a random pressure field arising from a turbulent boundary layer. To
validate our method, a thin cylindrical shell subjected to internally
fully developed turbulent flow was studied and compared favorably
with the results obtained using software developed by Lakis and
Paidoussis [7].

NOMENCLATURE

A blade length in the x-direction

B blade width in the y-direction

G unknown coefficients

Cr Coriolis force induced by potential flow on the structure
Cy global structural damping matrix of the shell structure
d4 element surface area

d;i,d; limits of the area surrounding node i in the curvilinear y-

direction
FGlobal ©€Xternal load vector in global coordinates acting at each

node
Flocal  ©xternal load vector in local coordinates acting at each node

F(f,T) Fourier transform of the force vector

F*(f,T) complex conjugate of Fourier transforms of the force

vector
F vector of external random forces due to turbulent boundary
layer
F, lateral force in the local z-direction
fr rth natural frequency in Hz
f excitation frequency in Hz
G oy one-sided cross-spectral density of pressure
g gravitational acceleration

‘H »(f )‘ magnification factor

H (. 1) frequency response function

h thickness of blade

h height of fluid over an arbitrary element in direction normal
to the element

hy height of fluid under an arbitrary element in direction normal
to the element

i complex number equal to v—1

Ky centrifugal force induced by potential flow on the structure

K global structural stiffness matrix of the shell structure

l.d; curvilinear coordinates of a typical node i in the x-and y-
directions

I/, limits of the area surrounding node i in the curvilinear x-
direction

M, moment in the local x-direction

My moment in the local y-direction

My inertial force induced by potential flow on the structure

M rle fluid added virtual mass matrix of the finite element
Mg global structural mass matrix of the shell structure
M, rth

[M]=[@]" [[M]1-[M /]][®]

element of the generalized mass matrix

m axial wavenumber (Table 1)

[N] shape function matrix of the finite element

N number of mode shapes to be used in the analysis
n circumferential wavenumber (Table 1)

n number of nodes

{P} fluid pressure vector applied on the shell element
[P] elasticity matrix

P Fourier transform of the pressure

P(x,y,t) instantaneous pressure on the surface
q(®) generalized coordinates vector
Sey Strouhal number equal to f&x/Uc

Sgy Strouhal number equal to &y, /Uc

[T] nodal transformation matrix

T period

Ue convection velocity U =0.6U

U, free stream velocity

Uy centerline velocity

U; in-plane displacement of the shell reference surface in the x-
direction

v in-plane displacement of the shell reference surface in the y-
direction

w; transverse displacement of the shell middle surface

OW,/ox rotation about the y-axis
OW, /3y rotation about the x-axis

x,y,Z local reference axes

x,y,Z  global reference axes (Eq. 32)
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Xe element dimension in the local x-direction (Fig. 1)

Ve element dimension in the local y-direction (Fig. 1)
A Fourier transform of the nodal displacements

5 boundary layer displacement thickness

{8} nodal displacement at node i

o displacement vector of the system

) velocity vector of the system

5 acceleration vector of the system

82 (x,.y..t) mean square displacement at node ¢

S, rth generalized damping ratio

6-(f)  phase factor between force and response

A cosine of the angle between local and global x-axes
&, streamwise distance of separation

§y spanwise distance of separation

ey density of the fluid

{cp}r the rth mode shape

D, irth element of the modal matrix

®(x,y) modal matrix of the structure in a vacuum
o, rth mode shape at node ¢

@ velocity potential function

Y(&,,0, f) streamwise spatial correlation function
¥(0,8,. /) spanwise spatial correlation function

(&, &), /) spatial correlation function

® radial natural frequency

* complex conjugate operator
T matrix transpose operator
V2 Laplace operator

2. GOVERNING EQUATION
The dynamic behavior of a submerged shell subjected to external
random loads due to a turbulent boundary layer is governed by the
following equation:
[IMs]-[M 1]{8}) +[[Cs1-[C £ 1]{8} +[[Ks]1-[K £1]{8} = {F} (D)
To predict the vibration amplitude of thin structures due to
turbulent boundary-layer-induced random pressure fields, one must
have a comprehensive understanding of fluid-structure interaction.
Dynamic characteristics of such structures in contact with stationary
fluid are needed as an input to determine the root mean square
displacement of the structure.

3.STRUCTURAL MODEL

In this study, the structure is modeled using a combination of
classic thin shell theory and finite element analysis in which the finite
elements are four-noded flat rectangular elements with five degrees of
freedom per node. These degrees of freedom represent the in-plane and
out-of-plane displacement components and spatial derivatives of
lateral displacement (i.e. two rotations about the in-plane axes). The
geometry of the shell element used in this analysis is shown in Fig. 1.
The nodal displacement at node i is defined by

{61'}:{(]1' Vi Wi 6W,/6x 6W,»/6y}T (2)

FIGURE 1. FLAT RECTANGULAR SHELL ELEMENT.

The displacement functions are derived from Sanders’ thin shell
equations. The flat shell element is formulated using previously
available theories of membrane and plate bending elements. The
solution of membrane displacements is assumed to be a bilinear
polynomial and the normal displacement is determined from the shell’s
equation of motion instead of an arbitrary polynomial function [15]:

y Xy

u N)=C+C Xic —+C 3

Corn=C+C7+G 4B ©)
X

14 St Ce+Cr—+0C _+C 4

(6 3,) = Cs + Ce—+C7 S_AB )

W(xayat) = ZCjelﬂ((X/A)+(y/B))+1a)l (5)

J=9

Since the out-of-plane displacement is approximated by an
exponential function, which is a general solution of equilibrium
equations, this method may easily be adapted to take into account
hydrodynamic effects. Moreover, this method is capable of calculating
both high and low frequencies with high accuracy. Although this
capability is normally of little interest in free vibration analysis, it is of
considerable importance for determining the response of curved
structures subjected to random pressure fields such as those generated
by turbulent flow.

The displacement functions can be written in matrix form as
follows:

= [R][A] {3}, =[N]{3}, ©)

where matrices [R] and [A]" are given in Ref. [15] and {6}e is the

w v wit

nodal displacement of the element given as:

I A AT S ¢

The strain-displacement relationship is given by

2 2 2\ ¢
o|ou o v o o ot ot ®
& o y x P 0)/2 Ox0y

Substituting the displacements, the strain vector is obtained in terms of
the nodal displacements as follows:

s} =[Q][A] {3}, = [B]{3}, ©)
where matrix [Q] is a 6x20 matrix given in Ref. [15].

The rigidity and mass matrices of a single rectangular finite
element in its local coordinates are given by finite element theory:

(K], =[] [B] T [P][B]d4 (10)
[M], = ph [ [N]" [N]as (11)

Substituting matrices [B] and [N], the structural mass and stiffness
matrices can be determined analytically by exact integrations over x
and y as follows:
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K], =[a]" [yfxfe[Q]T[P][Q]obcdy][A]‘1 (12)

00
_ Ve Xe
[M]e - A psh I J.
The global structural mass and stlffness matrices can be computed

using the transformation matrix given in Eq. (32) and assembling
techniques.

dxdy][ I (13)

4. FLUID MODEL
The inviscid incompressible flow is modeled using linear potential

flow. The velocity potential function ¢ satisfies the Laplace equation
throughout the fluid domain:

2 2
\% ¢——f —era—f:O (14)
ox°  oy° 0Oz
The dynamic condition at the interface of a stationary fluid and
shell can be determined using the Bernoulli’s equation as follows:

0
P|at the wall = _Pfa_? (15)

The impermeability condition ensures permanent contact at the
interface of the fluid and shell, stating that the fluid normal velocity at
the interface matches the instantaneous rate of change of the normal
displacement of the shell:

0¢ ow
E at the wall = 7 (16)

A free surface and rigid wall are considered as fluid boundary
conditions for a submerged blade, respectively, as follows:

2
1 0°¢ o9
—|z=by =——— - 0 17
aZZhl g o o 17= h—hy = 7

Putting all of these together, the fluid pressure applied on each
element is determined by combining the velocity potential function,
Bernoulli’s equation, the impermeability condition and the boundary
conditions of the fluid and is expressed as a function of acceleration of
the normal displacement of the structure and the inertial force of the
quiescent fluid as follows [15]:

. [ S E T ]62W o*w

_ =—prZf—s-
2,uh1) #(eZ;th_l) 61‘2 6),‘2

ul+e
(18)

where the coefficient Z ¢ depends on the fluid-structure contact model

and p is defined as y=r L+L .
A"~ B
The fluid-induced force vector can be obtained by an analytical
integration of the product of the structural shape function and fluid
pressure over the fluid-structure interface area of the element. The
inertial force of a stationary fluid is obtained, which is interpreted as
the added virtual mass matrix of the fluid:

Ve Xe
(F)o=py2; 14 [H ik, ][ ), - ),
(19)

I and [Ry] are given in Ref. [15]. The

where matrices [R], [A]

global fluid mass matrix can be computed using the transformation
matrix given in Eq. (32) and assembling techniques.

5.FLUID-STRUCTURE MODEL

The dynamic behavior of a structure is affected by the presence of
fluid. The fluid pressure applied on a structure can be expressed as a
function of displacement, velocity and acceleration. These forces are
interpreted as centrifugal, Coriolis and inertial effects of the fluid,
respectively. The fluid force matrices are superimposed onto the
structural matrices to form the dynamic equations of a coupled fluid-
structure system.

The dynamic behavior of a shell subjected to a potential flow can
be represented as follows:

[IMs]- M £1]{8} +[[Cs1-[Cr1]{8) +[[Ks1-[K 1]{8} =
(20)

The magnitude of the centrifugal and Coriolis forces changes
directly with flow velocity and fluid density, and inversely with
Young’s modulus of the structure. Therefore, when we are dealing with
metal shells in the vicinity of fluid with flow velocity in the normal
engineering range, the effects of fluid damping and stiffness are small
and can be neglected without significant loss of accuracy on the
dynamic behavior of the structure. The effects of the flow on the shell
can therefore be considered the same as the effects of a stationary fluid
in contact with the shell. The global equations of motion of a shell
subjected to potential flow can be reduced to the following system:

[[Ms]-[M £1]{8} +[Cs1{8} + [Ks1{3} = {0} @1

6. TURBULENCE MODEL

The pressure field arising from a fully developed turbulent
boundary layer in subsonic flow is intrinsically random; therefore, the
statistical properties of the turbulent flow must be employed.
Statistical properties of wall-pressure fluctuations of turbulent
boundary layers are utilized to obtain vibration amplitude. We assume
the random process is stationary ergodic and the random pressure
fluctuation is homogeneous. Therefore mean square displacement
response can be expressed in terms of the cross spectral density (CSD)
of the pressure field. The wall-pressure CSD is approximated by semi-
empirical models.

The Corcos model for the CSD of the pressure fluctuations is
adopted to describe the turbulent pressure field. In the Corcos model
the CSD of the pressure is formulated as the product of the power
spectral density (PSD) of the pressure and the wall-pressure cross
correlation function as follows:

Gpp("fxa‘fyaf) = Gpp(f)\l”(fx,fy,f) (22)

Corcos suggested that a correlation function between two points in
an oblique direction can be presented by the product of the lateral and
longitudinal correlation functions [16]:

Y (Sxs6ys /)= (x,0, /) (0,5, 1) (23)

Corcos postulated that the longitudinal and lateral correlations may
be expressed as an exponentially decaying oscillating function in the
flow direction and a simple exponentially decaying function in the
cross-flow direction respectively, as follows:

—ax2rlSe, | 2z s ‘“yz”‘sé ‘
‘P((fx,(),f)=e ‘ gx‘e gx ,‘P(O,iy,f)=e Y

24
where o, and « y are empirically determined constants. Blake
recommends that @y = 0.116 and «,, = 0.7 be used for smooth walls
[17].

The power spectral density of wall pressure beneath a turbulent
boundary layer is the most significant characteristic of turbulent flow,
which is similar in terms of both feature and magnitude for different
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structures subjected to various fluids. For example, the power spectral
density of the turbulent wall pressure fluctuations on a body of
revolution in a water medium was obtained by Bakewell [18] and the
result was in good agreement with pressure data obtained on flat plates
and in fully developed turbulent pipe flow. The general trends of wall-
pressure power spectral density obtained by Bakewell et al. in pipe
airflow, by Clinch in pipe water flow, by Willmarth and Wooldridge
over a flat plate boundary layer, and in a straight flow channel are
similar as shown by Au-Yang [19]. Therefore, it seems that the one-
sided power spectral density of wall pressure proposed by Lakis and
Paidoussis [7] based on Bakewell’s measurements in pipe airflow [1]
is applicable to an open curved thin shell such as a blade as follows

[7]:

*
~kS U,

) 2 3
Gpp(f):kzpf5 Uye (25)

where &y = 0.25, k, = 2x10°.

7. RESPONSE TO TURBULENT FLOW
7.1. Decoupling of the equations of motion

The shell response 9(x,),f) at any point x, y and at any time ¢
may be expressed as a normal mode expansion in terms of the
generalized coordinates vector q(f) and the modal matrix in a vacuum

®(x,y) as follows:
{30, y.0} =[®(x, ) ]{a()} (26)

Substituting the above relationship into Eq. (1), pre-multiplying by

@' and then adopting the viscous damping type of structural damping
into the equation of motion, the uncoupled set of equations is obtained
as follows:

.. . 1
qr +4”§rfrqr+4”2fr2qr =7{®};F {F} r=12,..N (27)
r

Upon solving the above equation the instantaneous response at a
typical node ¢, 6. in terms of the generalized coordinates is found:
N
{50(%)’,0} = Z{q)cr(xc>yc)}qr(t) (28)

r=1

7.2. Representation of a continuous random pressure field
at the nodal points

The continuous random pressure field acting on the shell will be
approximated by a finite set of discrete forces and moments acting at
the nodal points. The shell is divided into finite elements, each of
which is a rectangular flat shell element. A pressure field is considered
to be acting on an area S, surrounding the node ¢ of the coordinates

lc and d, as shown in Fig. 2. This area S, is delimited by the
positions /. and [. with respect to the origin in the curvilinear x-
direction and d. and d]. with respect to the origin in the curvilinear y-
direction. The lateral force acting at an arbitrary point 4 on the area
S, is given by:
dgl.
Fa)= [ [ P(x,y,0)dxdy (29)
de I

Pix, v 1)

it

FIGURE 2. TRANSFORMATION OF A CONTINUOUS
PRESSURE FIELD INTO A DISCRETE FORCE FIELD
ACTING AT NODE C.

This force is transformed into one force and two moments acting
at node c, as illustrated in Fig. 2. The external load vector in local
coordinates acting at a typical point ¢ can be written in the following
form:

0
dilf
0 | [ Pxi.3i.00d; dy;
0 q
Fy an
F(@)), = = an
FO} Loea M, —I I(xi =) P(x;, y;,0)dx; dy;
My dilf
0 Local an
= [ [ @i=d)Pi, v 0dx; dy;
dil;
0

(30)
The external load vector in global coordinates acting at each node
is obtained using the relation:

{FlGrobar = [THF Local (31

The nodal transformation matrix made up of the direction cosines
expressed as follows (see Ref. [20] for more details):

Ag Ay Az 0 0 0
Ay Ay Az 0 0 0

fr]- Ag Az Az 0 0 0 )
0 0 Ay -Ag -Ag

0 - _
0 0 0 -Ayx Az Ag
0 0 0 A A

Xz

_AyZ zz |

7.3. Mean square response of a thin structure to an
arbitrary homogenous random pressure

A random process can only be described in statistical terms. Here,
we assume that the random pressure is stationary in time and
homogeneous in space so the response can be expressed in terms of the
cross spectral density of the pressure. Assuming that we are dealing
with an ergodic process and using the correlation theorem, the mean
square displacement response at node ¢ can be expressed as follows:

_— 400
2 .1 *
3 (¢, yest) = lim — J‘ Ae(xesYes 5 T) A (X, ye, /DA (33)
T—wl 0
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Taking the Fourier transform of Eq. (27) and then introducing the
Fourier transform of the generalized coordinates into the Fourier
transform of Eq. (28), the Fourier transform of the nodal displacement
can be written as follow5'

Zd) ‘H (f)‘ -i6-(f)
. 4n2fr2Mr

@ F(f,T) (34)

The frequency response fllIlCthIl for the th mode defined as follows:

2
H,.(f)= 1—(;] +2i§r(;} =|H,(N)e U 35

r r

Introducing Eq. (34) and its complex conjugate into Eq. (33), the mean
square response at node c is obtained:

—-— N
Xer Ve )@ (Xes
ﬁg(xc,yc,t)zzz Do C Ye) zcs( ) lm T
r=ls=l (27 frfSMM T—0

x{@| ! F*(/.1){®} F(/.T)df

1(9s )

H, (| ()

(36)

For a lightly damped multi-degree-of-freedom system with well-

separated natural frequencies, the cross-product terms are small in

comparison to the self-product terms. Therefore, the contribution of

the cross-product terms to the mean square displacement response can

be ignored without significant loss of accuracy. Eq. (36) can now be
rewritten as follows:

_ 2
Xe»
52(xc,yut) ZM

F(/,T){®\ F*(1,T)d
3y o) RO/ (@) F (T

I A
37N
Substituting the Fourier transform of the external force vector from
Eq. (31) and its complex conjugate into Eq. (37) and transforming the
vector by summation, the mean square response is obtained in terms of
the one-sided cross-spectral density of pressure.
The one-sided cross-spectral density of pressure is defined as
follows:

.1 . .
Gpp(xisyiaxjayjsf) :TILIIIQOFP*(xiayi,f,T)P(xjayj’./lsT) (38)

The cross-spectral density of a homogenous pressure field can be
expressed in terms of distances of separation (&, and fy) along the

curvilinear coordinates instead of the coordinates themselves.
Therefore, the one-sided cross-spectral density of pressure can be
written as

Gpp(gxagy:f) = Tlinw%P(xiayi:.faT)P*(xu7yu=f»T) (39)

7.4. Mean square response due to a turbulent boundary
layer pressure field

The expressions of the wall-pressure PSD, longitudinal and lateral
correlations are introduced into the mean square displacement
expression. Exact integrations over surface and frequency are carried
out analytically and an expression for the mean square displacement
response is obtained in terms of the wetted natural frequencies,
undamped mode shapes, generalized mass of the system and other
characteristics of the structure and flow as follows:

TR @
8 (xcaycat) Z 4/4 ZRb( zrafraé/r’UCanoapfagk ll,ll',ll”, > d”)

r—l om
(40)

where Rp, ’s are complicated exprcssions. Here, only Ry is given:

n

n
= z zq)mr(bqr/\fmxm Zq%q ‘(rF,,F,, )mq‘ Zq)mr or zmxmAfnyo ‘(anFn )mo‘
m=lq=1 m=lo=1
n o n
+ 2 Zq)mrq)u ZmXm Zuzu ‘(FF Iy, )mu‘ Z zq)mrq)kr Azm ‘Cm Vi Vi ‘(FF M, )mk‘
m=lu=1 m=1k=1
non
- Z Zq)mrq)kr/\?mxm/\fkyk ‘(anMx )mk‘ - Z Z(Dmrq)vrAfmxmAy‘,xv (anMy )mv
m=1k=1 m=1v=1
n n n
+ Z zq)mr(bvrAfmxmAfvxv‘(anMx )mv‘ Z Z(Dmrq)hr/\zm X )hzh (FF M, )mh‘
m=1v=1 m=1h=1
n n
+ z Zq)mrq)hrAmemAIhzh (anMx )mh‘
m=1h=1
(41)

where anFn’ anMx’ anMya erMx FMyMy and

T M, are complicated functions, too long to give here. Only
T g is given in detail. Note that the indices m and ¢ are associated
ntn

with forces in the x-direction, o with force in the y-direction, u with
lateral force in the z-direction, k£ with moment about x, v with moment
about y, and # with moment about z.
Ky
ChyFymg =—5—5 >33

nfnlma = 2 o g2
(Bz—Az)[F4 ULy o) + FS (1 oy = F (T ) = Ff (.l d;,)]
—(2AB)[F4 ULy o) + Ff Uy 1y g od ) = F Uy Ly d i) = i Ly iy )J
HB -4 )[F4(m 1yl + F Ul o) = Ff Uyl i) = Ff (Ul d”)]
7(2AB)[F4(1' Lyoddyy )+ Ff Iy Ly ) = F (ol d) = F (l;n,lq,d,",,,d")]
(B2 = A Ff Uyl )+ FE (Ul dy) = FE i) = F Ul |

+(2AB)|:F4S Ungoliys g+ Uyl iy dly) = 3 Ul ) = F (U Ly oy )]

—(BZ—AZ)[F4 el i)+ S (gl iy i) = S (gl iy i) = Ff (ol ol )]

+(2AB>[F1(1;,,1’ o)+ F (Ul sl = F Ul i) = F ULyl d”)}

(42)
where

—[K1+qar' |+ Bl 1f cos(Alli—1,

2 —
f“B (44}22)f2+1}

r r

)]

F{ Ul dfody) = j d

o . 1 —
=i3(5e Msinyy —5e 73smy4+z(e Neosy, +e 73005;/4)}
8/

”

(43)
o {Kﬁcw dy|+Bli-1 | .
Ry =] iy
f‘{f Wy +1}
VAR
z [ 5e771 cosyy + 5e 73cosy4+i( 71 sin72+e_73siny4)J
Sfr <r
(44)
and
Nl didi) =[ Ky +Cldi —dy |+ (A, + B =L [] /- (49)
72Ut dindy) =[~KiG = C&pldi = dy |+ (A= BE|l =[] £, (46)
13 Ldindi)) =[ Ky + Cld} = dy | = (4G = B)li =L | £, (47)
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va(liu Ly divdy)) =[ Ki&y +CEp|df —dy |+ (A+ BENG =[]/ (48)
where the constants are given as follows:

2 o, 2r *
A= poax?m ooV g kO g, =ky p3 5* U3,

Uc Uc Uc Uoo :

These sophisticated expressions are implemented in an in-house
program to predict the total root mean square displacement response of
curved thin structures. The input damping ratio and parameters related
to the flow field are assumed to be known from experimental data
while the added virtual mass and wetted natural frequency effects due
to hydrodynamic loading of the structure are included in the analysis.

8. NUMERICAL RESULTS
8.1. Verification of the method

In order to validate our method, a thin cylindrical shell clamped at
both ends whose length, radius and thickness are 0.664 m, 0.175 m and
0.001 m, respectively was studied. The material properties are;
Young’s modulus E = 2.06x10" Pa, Poisson’s ratio v = 0.3 and density
p, = 7680 kg m>. The damping ratio of the shell is { = 0.01 for all

modes. Water is flowing through the cylinder with a centerline velocity
(Ug) of 25 m s, The cylinder is discretized into 32 and 22 flat shell
elements in circumferential and longitudinal directions, respectively.

To validate the calculation, the maximum total rms response of the
shell was obtained using the software developed by Lakis and
Paidoussis [7], in which the cylindrical frustum was used as a finite
element. The cylindrical finite element was bounded at its extremity
by two circular nodes, with four degrees of freedom per node that
represent three translations in axial, circumferential and radial
directions, and one spatial derivative of normal displacement with
respect to the axial direction. This software is a reliable computer code
which has been employed for more than three decades to study
dynamic behavior of thin cylindrical shells in a vacuum [21], in
quiescent fluid [22, 23], in flowing fluid [24] and subjected to
turbulent boundary-layer-induced random pressure fields [7]. The
cylindrical shell was subdivided into 10 identical cylindrical finite
elements. The first few natural frequencies of the fluid-filled clamped
cylinder were calculated using the present method and compared with
those obtained using the software developed by Lakis et al. in Table 1.
Good agreement between the present method and Lakis’ theory was
found.

TABLE 1. COMPARISON OF THE NATURAL FREQUENCIES
OF A FLUID-FILLED CYLINDER.

Coupled natural frequency (Hz) Discrepancy (%)
Lakis’ method Present method

(n,m) (cylindrical finite (flat shell

element) element)
5,1) 138.44 139.49 0.75
4,1 152.61 147.90 3.18
6,1) 158.24 167.83 5.70
3,1 201.73 180.24 11.92
(7,1) 205.59 227.21 9.52

The maximum total rms radial displacement at the axial-midpoint
of the aforementioned thin cylindrical shell subjected to internally
fully developed turbulent flow was obtained using the present method
and compared with that obtained using the method developed by Lakis
as listed in Table 2. The total mean square response was obtained by
summation of mean square response over significant modes of the

system. The calculation of the total response using Lakis’ method was
confined to the circumferential modes from #=2 to 9 and for the first
10 corresponding axial modes. In our method, the total response was
obtained by summation of the mean square response for the first 22
natural frequencies from 139.49 to 425.32 Hz. In our proposed
method, the Corcos lateral and longitudinal correlations were used, but
in Lakis’ results, Bakewell correlations were employed. Even though
different correlations were adapted in the numerical calculations, good
agreement was achieved.

TABLE 2. COMPARISON OF THE MAXIMUM TOTAL RMS
RADIAL DISPLACEMENT OF A THIN CYLINDRICAL SHELL
SUBJECTED TO INTERNALLY FULLY DEVELOPED
TURBULENT BOUNDARY LAYER FOR U, =25 m sT AND

=10~

Max. total rms radial displacement (m) Discrepancy (%)
Lakis’ method Present method
2.12533E-05 2.05761E-05 3.29

8.2 Response of a thin blade subjected to turbulent
boundary-layer-induced random pressure fields

Consider a curved thin blade, which is clamped at one short side as
shown in Fig. 3. The blade has a length of 0.15 m, a width of 0.1 m
and a thickness of 0.005 m. The material properties are: Young’s
modulus E = 2x10"! Pa, Poisson’s ratio v = 0.3 and density pg =17970

kg m>. The boundary layer displacement thickness is assumed equal to
0.00018 m in the calculation of the response. The blade is discretized
into 30x40 flat rectangular elements. The natural frequencies of the
blade in a vacuum were calculated and compared favorably with those
obtained using ANSY'S as listed in Table 3.

TABLE 3. COMPARISON OF THE NATURAL FREQUENCIES
OF A CLAMPED BLADE IN A VACUUM.

Natural frequency (Hz) Discrepancy (%)
ANSYS Present method
(SHELL63) (Flat rectangular element)

185.10 186.08 0.52
646.31 648.07 0.27
1142.90 1144.63 0.15
2135.80 2136.32 0.02
2772.90 2770.90 0.07
2925.30 2929.33 0.14

Natural frequencies of the abovementioned blade completely
submerged in quiescent water far from fluid extremities were
calculated using our method. The first mode shapes of the curved
blade in a vacuum at 186.08 Hz and submerged in still water far from
fluid extremities at 122.10 Hz were visualized using TECPLOT and
compared with the undeformed blade as shown in Fig. 3.
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First mode shape of a submerged blade in

water far from fluid extremities at 122.10 Hz

Clamped edge
Undeformed blade
- First mode shape of a blade in a vacuum at 186.08 Hz
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FIGURE 3. FIRST MODE SHAPES OF A BLADE IN A
VACUUM AND SUBMERGED IN STILL WATER AS
COMPARED TO AN UNDEFORMED BLADE.

It is worth mentioning that the level of fluid over and under the
blade as well as the boundary conditions of the fluid (namely free
surface, rigid wall or elastic object) affect the dynamic behavior of the
blade until a certain height of fluid is reached (50 percent of the length
of the blade) [15]. Table 4 shows the convergence of the natural
frequencies of the system. It is observed that convergence has been
reached for a mesh of 30x40 and refining the mesh beyond that does
not affect the natural frequencies of the system.

TABLE 4. CONVERGENCE OF THE COUPLED NATURAL
FREQUENCIES OF A BLADE BOUNDED BY FAR-OFF FLUID

EXTREMITIES.
Coupled natural frequency (Hz)

Mesh 10x20 Mesh 20%30 Mesh 30x40 Mesh 35x%45
123.26 122.27 122.10 122.08
425.94 42495 424.64 424.57
754.33 752.70 752.40 752.35
1400.07 1399.82 1399.74 1399.72
1881.42 1880.33 1880.04 1879.97

2167.32 2163.40 2162.60 2162.43

Based on the preceding analysis, the total rms displacement
responses of the blade were obtained by summation over all significant
modes of vibration at all nodes and then the maximum total rms
response of the blade was calculated. It can be clearly seen from Eq.
(40) that the rms response is inversely proportional to the square of the
natural frequency. This therefore indicates that the first four natural
frequencies suffice to calculate the total response for the blade studied
here. The effect of mesh refinement on the maximum total rms
displacements of the blade subjected to a turbulent boundary layer
from both sides where fluid is flowing along the short side of the blade
for U,=16 ms™ and { =107 is presented in Table 5.

It is observed that mesh refinement beyond 30x40 has almost no
considerable effect on the response and the total rms displacements
differ by about 8 percent. Therefore, a mesh of 30%40 is used for
further calculations. The maximum total rms displacements versus free
stream velocity in the range of 4-24 m s™' and for damping ratios 107
and 10 for the clamped blade subjected to turbulent boundary layer
from both sides, where water is flowing along the short side of the
blade are depicted in Fig. 4. The geometry of the undeformed blade is
also shown in Fig. 4.

TABLE 5. COMPARISON OF THE MAXIMUM TOTAL RMS
DISPLACEMENTS OF A THIN BLADE SUBJECTED TO
TURBULENT BOUNDARY-LAYER-INDUCED RANDOM

PRESSURE FLUCTUATIONS FROM BOTH SIDES WHEN
WATER IS FLOWING ALONG THE SHORT SIDE OF THE
BLADE FOR U_ =16 ms™ AND {=10".

Max. total rms displacements (m)

Mesh 10x20  Mesh 20<30  Mesh 30x40  Mesh 35x45
U 7.2056E-07 9.0393E-07 1.0855E-06  1.1807E-06
V. 4.9851E-07 6.2037E-07 7.4023E-07  8.0318E-07
W 1.7063E-05 2.2161E-05 2.6964E-05  2.9444E-05

The results reveal that the total rms displacements are directly
proportional to the free stream velocity and inversely proportional to
the damping ratio. The same shift in rms response was observed as the
damping ratio changed through all velocities. It is noted that the
maximum total rms displacements are small for the set of calculations,
as expected.
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FIGURE 4. MAXIMUM TOTAL RMS DISPLACEMENTS OF A
CURVED BLADE SUBJECTED TO A TURBULENT
BOUNDARY-LAYER-INDUCED PRESSURE FIELD FROM
BOTH SIDES.

9. CONCLUSION

In this paper, we have presented a method to predict the total rms
displacement response of an open curved thin shell structure to a
random pressure field originating from a turbulent boundary layer in
subsonic flow. This research is based on a method previously
developed by the authors to predict the dynamic behavior of three-
dimensional curved thin shells in the vicinity of fluid. The formulation
of the dynamic problem is a combination of classic thin shell theory
and finite element analysis in which the finite elements are four-noded
flat shell elements with five degrees of freedom per node. This method
is capable of calculating both high and low frequencies, which are of
great importance for determining the response of structures subjected
to turbulent random pressure fields. Dynamic characteristics of the
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structure in a vacuum and in contact with fluid such as mode shapes in
a vacuum and wetted natural frequencies obtained using a method
previously developed by the authors are incorporated into the
calculation of random response. A random pressure field is estimated
at each node of the finite element. Description of the turbulent pressure
field is based on the Corcos formulation for the cross spectral density
of pressure fluctuations. Exact integrations over surface and frequency
lead to an expression for the rms displacement response in terms of the
wetted natural frequency of the system, undamped mode shapes,
generalized mass matrix and other characteristics of the structure and
flow.

An in-house program was developed to calculate the total root
mean square displacement response of a thin structure to random
vibration due to a turbulent boundary layer of subsonic flow. To the
author’s knowledge, there is no reference in the literature for the total
rms displacement of an open curved thin shell structure subjected to
such random pressure. Therefore, in order to validate our method a
cylindrical shell was analyzed and the total rms radial displacement
was predicted and compared favorably with that obtained using
software developed by Lakis and Paidoussis using cylindrical element
and a hybrid finite element method. Curved thin shell structures with
discontinuities in thickness and material properties under different
boundary conditions subjected to various boundary conditions of fluid
can also be investigated. As a future study, this method can be applied
to analyze a system of blades subjected to a turbulent boundary layer.
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