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ABSTRACT 
A method is presented to predict the root mean square 

displacement response of an open curved thin shell structure subjected 
to a turbulent boundary-layer-induced random pressure field. The 
basic formulation of the dynamic problem is an efficient approach 
combining classic thin shell theory and the finite element method. The 
displacement functions are derived from Sanders’ thin shell theory. A 
numerical approach is proposed to obtain the total root mean square 
displacements of the structure in terms of the cross-spectral density of 
random pressure fields. The cross-spectral density of pressure 
fluctuations in the turbulent pressure field is described using the 
Corcos formulation. Exact integrations over surface and frequency 
lead to an expression for the total root mean square displacement 
response in terms of the characteristics of the structure and flow. An 
in-house program based on the presented method was developed. The 
total root mean square displacements of a curved thin blade subjected 
to turbulent boundary layers were calculated and illustrated as a 
function of free stream velocity and damping ratio. A numerical 
implementation for the vibration of a cylinder excited by fully 
developed turbulent boundary layer flow was presented. The results 
compared favorably with those obtained using software developed by 
Lakis et al. 

 
1. INTRODUCTION 

Thin shells are major components in industrial structures such as 
skins of aircraft fuselage, hulls of ships and blades of turbines. These 
structures are commonly subjected to excitation forces such as 
turbulence, which are intrinsically random. Random pressure 
fluctuations induced by a turbulent boundary layer are a frequent 
source of excitation and can cause small amplitude vibration and 
eventual fatigue failure; therefore, determination of the response of 
shell structures to these pressures is of importance and must be below 
acceptable levels. 

An extensive review of turbulence-induced vibration reveals that 
most of the studies in the literature are devoted to investigating 
characteristics of pressure fluctuations beneath a turbulent boundary 
layer. Studies on the displacement response of shell structures to these 
excitations are scarce. Characteristics of a turbulent boundary layer 

such as wall-pressure power spectral density and cross correlation 
functions have been extensively studied and well established [1-4]. 

The first theoretical study of simply supported uniform thin 
cylindrical shells excited by turbulent boundary layer pressure 
fluctuations was carried out by Cottis and Jasonides [5] based on 
Reissner’s simplified shallow shell equations of motion. They derived 
a general expression for the space-time correlation function of the 
radial displacement of a thin cylinder with no attempt to evaluate mean 
square response. The first effort to make a comparison of measured 
and predicted simply supported thin cylindrical shell vibration when 
subjected to internal turbulent water flow at high frequencies was 
made by Clinch [6] using Powell’s joint-acceptance method. 
Following Clinch’s study, Lakis and Païdoussis [7] presented a theory 
using a cylindrical finite element to predict the mean square 
displacement of a thin cylindrical shell subjected to a pressure field 
arising from a turbulent boundary layer caused by internal subsonic 
flow. 

Much research effort has been invested in evaluating the auto 
spectral density of the response due to a turbulent boundary layer 
pressure field, but no attempt to calculate total root mean square 
displacement response has been undertaken. For example, the auto 
spectral density of the velocity of a plate subjected to pressure 
fluctuations originating from a turbulent boundary layer was studied 
by Birgersson et al. [8] using spectral finite element and dynamic 
stiffness methods. Finnveden et al. [9] investigated the vibration 
response of the velocity of a thin plate excited by a turbulent boundary 
layer experimentally and numerically. Mazzoni [10] proposed a 
deterministic model based on an analytical wavenumber integration 
procedure to predict the power spectrum of the acceleration of a fluid-
loaded thin plate subjected to turbulent flow. De Rosa and Franco[11] 
presented an exact and predictive response to evaluate the power 
spectral density of acceleration of a simply supported plate subjected 
to a turbulent boundary layer. Birgersson et al. [12] predicted the 
power spectral density of velocity of thin cylindrical shells excited by 
turbulent flow using Arnold-Warburton theory and the spectral finite 
element method; however, the effect of fluid-structure coupling was 
not accounted for in their analysis. Ciappi et al. [13] investigated the 
acceleration response spectra of a plate excited by a turbulent 
boundary layer pressure field experimentally and numerically. The 
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effect of coupled structural-fluid was taken into account in their 
analysis. 

In the literature survey, it appears that studies on predicting the 
total root mean square displacement response of thin shells to random 
pressure fluctuations beneath a turbulent boundary layer are few. For 
example, an investigation was carried out by Lakis and Païdoussis [7] 
to determine the total root mean square displacement response of 
cylindrical shells to turbulent flow. Their work, however, was 
restricted to cylindrical forms, since a cylindrical finite element was 
employed. A recent work [14] was carried out by the authors in order 
to predict the total root mean square (rms) displacement response of a 
thin plate to a turbulent boundary-layer-induced random pressure field, 
which is only applicable to plates. However, it is clear that current 
models are insufficient to determine the total root mean square 
displacement response of open curved shell structures such as curved 
blades. 

This study is concerned with the linear vibration of open curved 
thin shells, either uniform or non-uniform, due to a random pressure 
field arising from a turbulent boundary layer. The dynamic behavior of 
such structures in contact with fluid can be determined using a method 
previously developed by the authors [15] since dynamic characteristics 
of structures are needed as an input to determine the structural 
response due to turbulent flow. A general method is developed to 
predict the total root mean square displacement response of such shells 
to a turbulent random pressure field arising from a turbulent boundary 
layer. An expression for the rms displacement response of an open 
curved shell is obtained in terms of the wetted natural frequencies, 
mode shapes and other characteristics of the structure and flow. An in-
house program was developed to predict the rms displacement 
response of an open curved thin shell structure such as a turbine blade 
to a random pressure field arising from a turbulent boundary layer. To 
validate our method, a thin cylindrical shell subjected to internally 
fully developed turbulent flow was studied and compared favorably 
with the results obtained using software developed by Lakis and 
Païdoussis [7]. 

 
NOMENCLATURE 
A blade length in the x-direction 
B blade width in the y-direction 
Cj unknown coefficients 

fC  Coriolis force induced by potential flow on the structure 
sC  global structural damping matrix of the shell structure 

dA  element surface area 
id ′ , id′′  limits of the area surrounding node i in the curvilinear y-

direction 
GlobalF  external load vector in global coordinates acting at each 

node 
LocalF     external load vector in local coordinates acting at each node 
( , )f TF  Fourier transform of the force vector 

( , )f T∗F complex conjugate of Fourier transforms of the force 
 vector 
F vector of external random forces due to turbulent boundary 

layer 
nF  lateral force in the local z-direction 

rf  rth natural frequency in Hz 
f  excitation frequency in Hz 

ppG  one-sided cross-spectral density of pressure 

g gravitational acceleration 

( )rH f  magnification factor 

( )rH f  frequency response function 

h thickness of blade 
h1 height of fluid over an arbitrary element in direction normal 

to the element 
h2 height of fluid under an arbitrary element in direction normal 

to the element 
i  complex number equal to 1−  

fK
 

centrifugal force induced by potential flow on the structure 
sK  global structural stiffness matrix of the shell structure 

il , id  curvilinear coordinates of a typical node i in the x-and y-
directions 

il′ , il′′  limits of the area surrounding node i in the curvilinear x-
direction 

xM  moment in the local x-direction 

yM  moment in the local y-direction 

fM
 

inertial force induced by potential flow on the structure 

[ ]efM  fluid added virtual mass matrix of the finite element 
sM  global structural mass matrix of the shell structure 

rM  rth element of the generalized mass matrix 
T[ ] [ ] [ ] [ ] [ ]s f⎡ ⎤= −⎣ ⎦M Φ M M Φ  

m axial wavenumber (Table 1) 
[N] shape function matrix of the finite element 
N number of mode shapes to be used in the analysis 
n circumferential wavenumber (Table 1) 
n  number of nodes  
{P} fluid pressure vector applied on the shell element 
[P] elasticity matrix 
P  Fourier transform of the pressure 

( , , )P x y t instantaneous pressure on the surface 
( )tq  generalized coordinates vector 

xSξ  Strouhal number equal to x Cf Uξ  

ySξ  Strouhal number equal to y Cf Uξ  

[ ]T  nodal transformation matrix 
T period 

CU  convection velocity 0.6CU U∞=  

U∞  free stream velocity 

Ucl  
centerline velocity 

iU  in-plane displacement of the shell reference surface in the x-
direction 

iV  in-plane displacement of the shell reference surface in the y-
direction 

iW  transverse displacement of the shell middle surface 

/iW x∂ ∂  rotation about the y-axis 

/iW y∂ ∂  rotation about the x-axis 

 local reference axes 

 global reference axes (Eq. 32) 
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xe element dimension in the local x-direction (Fig. 1) 

ye  element dimension in the local y-direction (Fig. 1) 

Δ  Fourier transform of the nodal displacements 

δ∗  boundary layer displacement thickness 
{ }iδ  nodal displacement at node i 

δ  displacement vector of the system 
δ&  velocity vector of the system 
δ&&  acceleration vector of the system 

2 ( , , )c c cx y tδ mean square displacement at node c 

rζ  rth generalized damping ratio 

( )r fθ  phase factor between force and response 

xxΛ  cosine of the angle between local and global x-axes 

xξ  streamwise distance of separation 

yξ  spanwise distance of separation 

fρ  density of the fluid 

{ }rΦ  the rth mode shape 

irΦ  irth element of the modal matrix 
( , )x yΦ  modal matrix of the structure in a vacuum 

crΦ  rth mode shape at node c 

φ  velocity potential function 
( ,0, )x fξΨ streamwise spatial correlation function 
(0, , )y fξΨ spanwise spatial correlation function 

( , , )x y fξ ξΨ spatial correlation function 

ω radial natural frequency 
* complex conjugate operator 
T matrix transpose operator 

 Laplace operator 
 
2. GOVERNING EQUATION 

The dynamic behavior of a submerged shell subjected to external 
random loads due to a turbulent boundary layer is governed by the 
following equation: 

{ } { } { } { }[ ] [ ] [ ] [ ] [ ] [ ]s f s f s f⎡ ⎤ ⎡ ⎤ ⎡ ⎤− + − + − =⎣ ⎦ ⎣ ⎦ ⎣ ⎦M M δ C C δ K K δ F&& &   (1) 

To predict the vibration amplitude of thin structures due to 
turbulent boundary-layer-induced random pressure fields, one must 
have a comprehensive understanding of fluid-structure interaction. 
Dynamic characteristics of such structures in contact with stationary 
fluid are needed as an input to determine the root mean square 
displacement of the structure. 
 
3. STRUCTURAL MODEL 

In this study, the structure is modeled using a combination of 
classic thin shell theory and finite element analysis in which the finite 
elements are four-noded flat rectangular elements with five degrees of 
freedom per node. These degrees of freedom represent the in-plane and 
out-of-plane displacement components and spatial derivatives of 
lateral displacement (i.e. two rotations about the in-plane axes). The 
geometry of the shell element used in this analysis is shown in Fig. 1. 
The nodal displacement at node i is defined by 
                    { } { }T/ /i i i i i iU V W W x W y= ∂ ∂ ∂ ∂δ                    (2) 

 
FIGURE 1. FLAT RECTANGULAR SHELL ELEMENT. 

 
The displacement functions are derived from Sanders’ thin shell 

equations. The flat shell element is formulated using previously 
available theories of membrane and plate bending elements. The 
solution of membrane displacements is assumed to be a bilinear 
polynomial and the normal displacement is determined from the shell’s 
equation of motion instead of an arbitrary polynomial function [15]: 
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Since the out-of-plane displacement is approximated by an 
exponential function, which is a general solution of equilibrium 
equations, this method may easily be adapted to take into account 
hydrodynamic effects. Moreover, this method is capable of calculating 
both high and low frequencies with high accuracy. Although this 
capability is normally of little interest in free vibration analysis, it is of 
considerable importance for determining the response of curved 
structures subjected to random pressure fields such as those generated 
by turbulent flow. 

The displacement functions can be written in matrix form as 
follows: 
                       { } [ ][ ] { } [ ]{ }1T

e eU V W −= =R A δ N δ                  (6) 

where matrices [R] and [A]-1 are given in Ref. [15] and { }eδ  is the 

nodal displacement of the element given as: 

                            { } { } { } { } { }{ }TTT T T
e , , ,i j k l=δ δ δ δ δ                   (7) 

The strain-displacement relationship is given by 

           { }
T2 2 2

2 2
2U V U V W W W

x y y x x yx y

⎧ ⎫∂ ∂ ∂ ∂ −∂ −∂ − ∂⎪ ⎪= +⎨ ⎬
∂ ∂ ∂ ∂ ∂ ∂∂ ∂⎪ ⎪⎩ ⎭

ε          (8) 

Substituting the displacements, the strain vector is obtained in terms of 
the nodal displacements as follows: 
                             { } [ ][ ] { } [ ]{ }1

e e
−= =ε Q A δ B δ                              (9) 

where matrix [Q] is a 6×20 matrix given in Ref. [15]. 
The rigidity and mass matrices of a single rectangular finite 

element in its local coordinates are given by finite element theory: 

                                   [ ] [ ] [ ][ ]T de A
A= ∫ ∫K B P B                            (10) 

                                  [ ] [ ] [ ]T de s A
h Aρ= ∫∫M N N                           (11) 

Substituting matrices [B] and [N], the structural mass and stiffness 
matrices can be determined analytically by exact integrations over x 
and y as follows: 
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               [ ] [ ] [ ] [ ][ ] [ ]
e eT T 1

0 0
d de

y x
x y− −

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠
∫ ∫K A Q P Q A                   (12) 

               [ ] [ ] [ ] [ ] [ ]
e eT T 1

0 0
d de

y x

sh x yρ− −
⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

∫ ∫M A R R A                 (13) 

The global structural mass and stiffness matrices can be computed 
using the transformation matrix given in Eq. (32) and assembling 
techniques. 
 
4. FLUID MODEL 

The inviscid incompressible flow is modeled using linear potential 
flow. The velocity potential function φ  satisfies the Laplace equation 
throughout the fluid domain: 

                        02

2

2

2

2

2
2 =

∂

∂
+

∂

∂
+

∂

∂
=∇

zyx

φφφφ                              (14) 

The dynamic condition at the interface of a stationary fluid and 
shell can be determined using the Bernoulli’s equation as follows: 

                          
t

P f ∂
∂

−=
φ

ρwalltheat                                     (15) 

The impermeability condition ensures permanent contact at the 
interface of the fluid and shell, stating that the fluid normal velocity at 
the interface matches the instantaneous rate of change of the normal 
displacement of the shell: 

                              
t

W
z ∂

∂
=

∂
∂

walltheat
φ                                     (16) 

A free surface and rigid wall are considered as fluid boundary 
conditions for a submerged blade, respectively, as follows: 

                      2

2

1
1

tgz hz
∂

∂
−=

∂
∂

=
φφ    ,    02 =

∂
∂

−−= hhzz
φ              (17) 

Putting all of these together, the fluid pressure applied on each 
element is determined by combining the velocity potential function, 
Bernoulli’s equation, the impermeability condition and the boundary 
conditions of the fluid and is expressed as a function of acceleration of 
the normal displacement of the structure and the inertial force of the 
quiescent fluid as follows [15]: 

2 2 2 21 2

2 2 2 21 2
1 e 1 e

(1 e ) (e 1)

h h
f f fh h

W WP Z
t t

μ μ

μ μρ ρ
μ μ

⎛ ⎞− + ∂ ∂⎜ ⎟= − − = −
⎜ ⎟+ − ∂ ∂⎝ ⎠

 

(18) 
where the coefficient fZ  depends on the fluid-structure contact model 

and  is defined as 
2 2

1 1

A B
μ π= + . 

The fluid-induced force vector can be obtained by an analytical 
integration of the product of the structural shape function and fluid 
pressure over the fluid-structure interface area of the element. The 
inertial force of a stationary fluid is obtained, which is interpreted as 
the added virtual mass matrix of the fluid: 

{ } [ ] [ ] [ ] { } { }
e eT T 1

e e
0 0

[ ]d d [ ]ee

y x

f f f fZ x yρ − −
⎛ ⎞
⎜ ⎟= =
⎜ ⎟
⎝ ⎠
∫ ∫F A R R A δ M δ&& &&

(19) 
where matrices [ ]R , [ ] 1−A  and [ ]fR  are given in Ref. [15]. The 

global fluid mass matrix can be computed using the transformation 
matrix given in Eq. (32) and assembling techniques. 
 

5. FLUID-STRUCTURE MODEL 
The dynamic behavior of a structure is affected by the presence of 

fluid. The fluid pressure applied on a structure can be expressed as a 
function of displacement, velocity and acceleration. These forces are 
interpreted as centrifugal, Coriolis and inertial effects of the fluid, 
respectively. The fluid force matrices are superimposed onto the 
structural matrices to form the dynamic equations of a coupled fluid-
structure system. 

The dynamic behavior of a shell subjected to a potential flow can 
be represented as follows: 

{ } { } { } { }[ ] [ ] [ ] [ ] [ ] [ ]s f s f s f⎡ ⎤ ⎡ ⎤ ⎡ ⎤− + − + − =⎣ ⎦ ⎣ ⎦ ⎣ ⎦M M δ C C δ K K δ 0&& &  

(20) 
The magnitude of the centrifugal and Coriolis forces changes 

directly with flow velocity and fluid density, and inversely with 
Young’s modulus of the structure. Therefore, when we are dealing with 
metal shells in the vicinity of fluid with flow velocity in the normal 
engineering range, the effects of fluid damping and stiffness are small 
and can be neglected without significant loss of accuracy on the 
dynamic behavior of the structure. The effects of the flow on the shell 
can therefore be considered the same as the effects of a stationary fluid 
in contact with the shell. The global equations of motion of a shell 
subjected to potential flow can be reduced to the following system: 
                     { } { } { } { }[ ] [ ] [ ] [ ]s f s s⎡ ⎤− + + =⎣ ⎦M M δ C δ K δ 0&& &            (21) 

 
6. TURBULENCE MODEL 

The pressure field arising from a fully developed turbulent 
boundary layer in subsonic flow is intrinsically random; therefore, the 
statistical properties of the turbulent flow must be employed. 
Statistical properties of wall-pressure fluctuations of turbulent 
boundary layers are utilized to obtain vibration amplitude. We assume 
the random process is stationary ergodic and the random pressure 
fluctuation is homogeneous. Therefore mean square displacement 
response can be expressed in terms of the cross spectral density (CSD) 
of the pressure field. The wall-pressure CSD is approximated by semi-
empirical models. 

The Corcos model for the CSD of the pressure fluctuations is 
adopted to describe the turbulent pressure field. In the Corcos model 
the CSD of the pressure is formulated as the product of the power 
spectral density (PSD) of the pressure and the wall-pressure cross 
correlation function as follows: 
                         ( , , ) ( ) ( , , )pp x y pp x yG f G f fξ ξ ξ ξ= Ψ                    (22) 

Corcos suggested that a correlation function between two points in 
an oblique direction can be presented by the product of the lateral and 
longitudinal correlation functions [16]: 

                   ( , , ) ( ,0, ) (0, , )x y x yf f fξ ξ ξ ξΨ = Ψ Ψ                    (23) 

Corcos postulated that the longitudinal and lateral correlations may 
be expressed as an exponentially decaying oscillating function in the 
flow direction and a simple exponentially decaying function in the 
cross-flow direction respectively, as follows: 

( , 0, ) e e
2 i2

x f
S Sx x xξ

α π πξ ξΨ =
−

, (0, , ) e
2

y f
Sy y

ξ
α π ξ

Ψ =
−

 

(24) 
where xα  and yα  are empirically determined constants. Blake 

recommends that xα  = 0.116 and yα  = 0.7 be used for smooth walls 

[17]. 
The power spectral density of wall pressure beneath a turbulent 

boundary layer is the most significant characteristic of turbulent flow, 
which is similar in terms of both feature and magnitude for different 
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structures subjected to various fluids. For example, the power spectral 
density of the turbulent wall pressure fluctuations on a body of 
revolution in a water medium was obtained by Bakewell [18] and the 
result was in good agreement with pressure data obtained on flat plates 
and in fully developed turbulent pipe flow. The general trends of wall-
pressure power spectral density obtained by Bakewell et al. in pipe 
airflow, by Clinch in pipe water flow, by Willmarth and Wooldridge 
over a flat plate boundary layer, and in a straight flow channel are 
similar as shown by Au-Yang [19]. Therefore, it seems that the one-
sided power spectral density of wall pressure proposed by Lakis and 
Païdoussis [7] based on Bakewell’s measurements in pipe airflow [1] 
is applicable to an open curved thin shell such as a blade as follows 
[7]: 

                    
/2 3 1

2( ) e
k f U

pp fG f k U
δ

ρ δ
∗−∗ ∞

∞=                     (25) 

where k1 = 0.25, k2 = 2×10-6. 
 
7. RESPONSE TO TURBULENT FLOW 
7.1. Decoupling of the equations of motion 

The shell response ( , , )x y tδ  at any point x, y and at any time t 
may be expressed as a normal mode expansion in terms of the 
generalized coordinates vector ( )tq  and the modal matrix in a vacuum 

( , )x yΦ  as follows: 

                             { } [ ]{ }( , , ) ( , ) ( )x y t x y t=δ Φ q                                (26) 

Substituting the above relationship into Eq. (1), pre-multiplying by 
TΦ  and then adopting the viscous damping type of structural damping 

into the equation of motion, the uncoupled set of equations is obtained 
as follows: 

      { } { }T2 2 14 4r r r r r r r
r

q f q f q
M

πζ π+ + = Φ F&& &    1, 2,...,r N=      (27) 

Upon solving the above equation the instantaneous response at a 
typical node c, cδ  in terms of the generalized coordinates is found: 

                          { } { }
1

( , , ) ( , ) ( )
N

c cr c c r
r

x y t x y q t
=

= ∑δ Φ                      (28) 

 
7.2. Representation of a continuous random pressure field 
at the nodal points 

The continuous random pressure field acting on the shell will be 
approximated by a finite set of discrete forces and moments acting at 
the nodal points. The shell is divided into finite elements, each of 
which is a rectangular flat shell element. A pressure field is considered 
to be acting on an area cS  surrounding the node c of the coordinates 

cl  and cd  as shown in Fig. 2. This area cS  is delimited by the 

positions cl′  and cl′′  with respect to the origin in the curvilinear x-
direction and cd ′  and cd′′  with respect to the origin in the curvilinear y-
direction. The lateral force acting at an arbitrary point A on the area 

cS  is given by: 

                                  ( ) ( , , )d d
d lc c

A
d lc c

F t P x y t x y
′′ ′′

′ ′
= ∫ ∫                             (29) 

 

 

FIGURE 2. TRANSFORMATION OF A CONTINUOUS 
PRESSURE FIELD INTO A DISCRETE FORCE FIELD 

ACTING AT NODE C. 
 

This force is transformed into one force and two moments acting 
at node c, as illustrated in Fig. 2. The external load vector in local 
coordinates acting at a typical point c can be written in the following 
form: 

{ }Local

Local

0
0

0 ( , , )d d
0

( )
( ) ( , , )d d

0
( ) ( , , )d d

0

d li i
i i i i

d li i
d ln i i

y i i i i i i
d li ix
d li i

i i i i i i
d li i

P x y t x y

F
t M x l P x y t x y

M

y d P x y t x y

′′ ′′

′ ′

′′ ′′

′ ′

′′ ′′

′ ′

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪⎧ ⎫ −⎪ ⎪⎪ ⎪
⎪ ⎪⎪ ⎪
⎪ ⎪⎪ ⎪⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬− −⎪ ⎪ ⎪ ⎪

⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎩ ⎭

− −⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪⎩ ⎭

∫ ∫

∫ ∫

∫ ∫

F

⎪

 

(30) 
The external load vector in global coordinates acting at each node 

is obtained using the relation: 
                                    { } [ ]{ }Global Local=F T F                                (31) 

The nodal transformation matrix made up of the direction cosines 
expressed as follows (see Ref. [20] for more details): 

           [ ]

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

ΛΛΛ−
ΛΛΛ−
Λ−Λ−Λ

ΛΛΛ
ΛΛΛ
ΛΛΛ

=

zzzxzy

xzxxxy

yzyxyy

zzzyzx

yzyyyx

xzxyxx

000
000
000

000
000
000

T           (32) 

 
7.3. Mean square response of a thin structure to an 
arbitrary homogenous random pressure 

A random process can only be described in statistical terms. Here, 
we assume that the random pressure is stationary in time and 
homogeneous in space so the response can be expressed in terms of the 
cross spectral density of the pressure. Assuming that we are dealing 
with an ergodic process and using the correlation theorem, the mean 
square displacement response at node c can be expressed as follows: 

     2

0

1 *( , , ) lim ( , , , ). ( , , , )dc c c c c c c c c
T

x y t x y f T x y f T f
T

+∞

→∞
= ∫δ Δ Δ      (33) 
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Taking the Fourier transform of Eq. (27) and then introducing the 
Fourier transform of the generalized coordinates into the Fourier 
transform of Eq. (28), the Fourier transform of the nodal displacement 
can be written as follows: 

               ( )
i ( )

T
2 2

1

( ) e
, ( , )

4π

fN
r

c cr r
r r r

rH f
f T f T

f M

θ−

=
= ∑Δ Φ Φ F              (34) 

The frequency response function for the rth mode defined as follows: 
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     (35) 

Introducing Eq. (34) and its complex conjugate into Eq. (33), the mean 
square response at node c is obtained: 

{ } { }

i( )2
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T T
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(36) 
For a lightly damped multi-degree-of-freedom system with well-

separated natural frequencies, the cross-product terms are small in 
comparison to the self-product terms. Therefore, the contribution of 
the cross-product terms to the mean square displacement response can 
be ignored without significant loss of accuracy. Eq. (36) can now be 
rewritten as follows: 

{ } { }
2 2 T T2

4 4 2
1 0

( , ) 1( , , ) lim ( ) ( , ) ( , )d
16

N
cr c c

c c c r r rTr r r

x yx y t H f f T f T f
Tf Mπ

∞

→∞=

∗= ∑ ∫
Φδ Φ F Φ F

(37) 
Substituting the Fourier transform of the external force vector from 

Eq. (31) and its complex conjugate into Eq. (37) and transforming the 
vector by summation, the mean square response is obtained in terms of 
the one-sided cross-spectral density of pressure. 

The one-sided cross-spectral density of pressure is defined as 
follows: 

    1( , , , , ) lim ( , , , ) ( , , , )pp i i j j i i j j
T

G x y x y f P x y f T P x y f T
T→∞

∗=     (38) 

The cross-spectral density of a homogenous pressure field can be 
expressed in terms of distances of separation ( xξ  and yξ ) along the 

curvilinear coordinates instead of the coordinates themselves. 
Therefore, the one-sided cross-spectral density of pressure can be 
written as  

      1( , , ) lim ( , , , ) ( , , , )pp x y i i u u
T

G f P x y f T P x y f T
T

ξ ξ
→∞

∗=      (39) 

 
7.4. Mean square response due to a turbulent boundary 
layer pressure field 

The expressions of the wall-pressure PSD, longitudinal and lateral 
correlations are introduced into the mean square displacement 
expression. Exact integrations over surface and frequency are carried 
out analytically and an expression for the mean square displacement 
response is obtained in terms of the wetted natural frequencies, 
undamped mode shapes, generalized mass of the system and other 
characteristics of the structure and flow as follows: 
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(40) 

where bR ’s are complicated expressions. Here, only 1R is given: 
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(41) 
where F Fn nΓ , F Mn xΓ , F Mn yΓ , M Mx xΓ , M My yΓ  and 

M Mx yΓ  are complicated functions, too long to give here. Only 

F Fn nΓ  is given in detail. Note that the indices m and q are associated 

with forces in the x-direction, o with force in the y-direction, u with 
lateral force in the z-direction, k with moment about x, v with moment 
about y, and h with moment about z. 
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where
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and 

        1 1( , , , ) ( )i u i u i u r i u rl l d d K C d d A B l l fγ ζ′ ′ ′ ′ ′ ′ ′ ′⎡ ⎤= + − + + −⎣ ⎦          (45) 

    2 1( , , , ) ( )i u i u r r i u r i u rl l d d K C d d A B l l fγ ζ ζ ζ′ ′ ′ ′ ′ ′ ′ ′⎡ ⎤= − − − + − −⎣ ⎦    (46) 

       3 1( , , , ) ( )i u i u i u r i u rl l d d K C d d A B l l fγ ζ′ ′ ′ ′ ′ ′ ′ ′⎡ ⎤= + − − − −⎣ ⎦          (47) 
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      4 1( , , , ) ( )i u i u r r i u r i u rl l d d K C d d A B l l fγ ζ ζ ζ′ ′ ′ ′ ′ ′ ′ ′⎡ ⎤= + − + + −⎣ ⎦     (48) 

where the constants are given as follows: 
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These sophisticated expressions are implemented in an in-house 
program to predict the total root mean square displacement response of 
curved thin structures. The input damping ratio and parameters related 
to the flow field are assumed to be known from experimental data 
while the added virtual mass and wetted natural frequency effects due 
to hydrodynamic loading of the structure are included in the analysis. 
 
8. NUMERICAL RESULTS 
8.1. Verification of the method 

In order to validate our method, a thin cylindrical shell clamped at 
both ends whose length, radius and thickness are 0.664 m, 0.175 m and 
0.001 m, respectively was studied. The material properties are; 
Young’s modulus E = 2.06×1011 Pa, Poisson’s ratio ν = 0.3 and density 

sρ  = 7680 kg m-3. The damping ratio of the shell is ζ = 0.01 for all 
modes. Water is flowing through the cylinder with a centerline velocity 
( ) of 25 m s-1. The cylinder is discretized into 32 and 22 flat shell 
elements in circumferential and longitudinal directions, respectively. 

To validate the calculation, the maximum total rms response of the 
shell was obtained using the software developed by Lakis and 
Païdoussis [7], in which the cylindrical frustum was used as a finite 
element. The cylindrical finite element was bounded at its extremity 
by two circular nodes, with four degrees of freedom per node that 
represent three translations in axial, circumferential and radial 
directions, and one spatial derivative of normal displacement with 
respect to the axial direction. This software is a reliable computer code 
which has been employed for more than three decades to study 
dynamic behavior of thin cylindrical shells in a vacuum [21], in 
quiescent fluid [22, 23], in flowing fluid [24] and subjected to 
turbulent boundary-layer-induced random pressure fields [7]. The 
cylindrical shell was subdivided into 10 identical cylindrical finite 
elements. The first few natural frequencies of the fluid-filled clamped 
cylinder were calculated using the present method and compared with 
those obtained using the software developed by Lakis et al. in Table 1. 
Good agreement between the present method and Lakis’ theory was 
found. 

 
TABLE 1. COMPARISON OF THE NATURAL FREQUENCIES 

OF A FLUID-FILLED CYLINDER. 
Coupled natural frequency (Hz) Discrepancy (%) 

(n,m) 
Lakis’ method 

(cylindrical finite 
element) 

Present method 
(flat shell 
element) 

 

(5,1) 138.44 139.49 0.75 
(4,1) 152.61 147.90 3.18 
(6,1) 158.24 167.83 5.70 
(3,1) 201.73 180.24 11.92 
(7,1) 205.59 227.21 9.52 
 
The maximum total rms radial displacement at the axial-midpoint 

of the aforementioned thin cylindrical shell subjected to internally 
fully developed turbulent flow was obtained using the present method 
and compared with that obtained using the method developed by Lakis 
as listed in Table 2. The total mean square response was obtained by 
summation of mean square response over significant modes of the 

system. The calculation of the total response using Lakis’ method was 
confined to the circumferential modes from n=2 to 9 and for the first 
10 corresponding axial modes. In our method, the total response was 
obtained by summation of the mean square response for the first 22 
natural frequencies from 139.49 to 425.32 Hz. In our proposed 
method, the Corcos lateral and longitudinal correlations were used, but 
in Lakis’ results, Bakewell correlations were employed. Even though 
different correlations were adapted in the numerical calculations, good 
agreement was achieved. 

 
TABLE 2. COMPARISON OF THE MAXIMUM TOTAL RMS 

RADIAL DISPLACEMENT OF A THIN CYLINDRICAL SHELL 
SUBJECTED TO INTERNALLY FULLY DEVELOPED 

TURBULENT BOUNDARY LAYER FOR clU =25 m s-1 AND 
ζ=10-2. 

Max. total rms radial displacement (m) Discrepancy (%) 

Lakis’ method Present method  

2.12533E-05  2.05761E-05 3.29 
 
8.2 Response of a thin blade subjected to turbulent 
boundary-layer-induced random pressure fields 

Consider a curved thin blade, which is clamped at one short side as 
shown in Fig. 3. The blade has a length of 0.15 m, a width of 0.1 m 
and a thickness of 0.005 m. The material properties are: Young’s 
modulus E = 2×1011 Pa, Poisson’s ratio ν = 0.3 and density sρ  = 7970 
kg m-3. The boundary layer displacement thickness is assumed equal to 
0.00018 m in the calculation of the response. The blade is discretized 
into 30×40 flat rectangular elements. The natural frequencies of the 
blade in a vacuum were calculated and compared favorably with those 
obtained using ANSYS as listed in Table 3. 
 
TABLE 3. COMPARISON OF THE NATURAL FREQUENCIES 

OF A CLAMPED BLADE IN A VACUUM. 
Natural frequency (Hz) Discrepancy (%) 

ANSYS 
(SHELL63) 

Present method 
(Flat rectangular element)  

185.10 186.08 0.52 
646.31 648.07 0.27 
1142.90 1144.63 0.15 
2135.80 2136.32 0.02 
2772.90 2770.90 0.07 
2925.30 2929.33 0.14 

 
Natural frequencies of the abovementioned blade completely 

submerged in quiescent water far from fluid extremities were 
calculated using our method. The first mode shapes of the curved 
blade in a vacuum at 186.08 Hz and submerged in still water far from 
fluid extremities at 122.10 Hz were visualized using TECPLOT and 
compared with the undeformed blade as shown in Fig. 3. 
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structure in a vacuum and in contact with fluid such as mode shapes in 
a vacuum and wetted natural frequencies obtained using a method 
previously developed by the authors are incorporated into the 
calculation of random response. A random pressure field is estimated 
at each node of the finite element. Description of the turbulent pressure 
field is based on the Corcos formulation for the cross spectral density 
of pressure fluctuations. Exact integrations over surface and frequency 
lead to an expression for the rms displacement response in terms of the 
wetted natural frequency of the system, undamped mode shapes, 
generalized mass matrix and other characteristics of the structure and 
flow. 

An in-house program was developed to calculate the total root 
mean square displacement response of a thin structure to random 
vibration due to a turbulent boundary layer of subsonic flow. To the 
author’s knowledge, there is no reference in the literature for the total 
rms displacement of an open curved thin shell structure subjected to 
such random pressure. Therefore, in order to validate our method a 
cylindrical shell was analyzed and the total rms radial displacement 
was predicted and compared favorably with that obtained using 
software developed by Lakis and Païdoussis using cylindrical element 
and a hybrid finite element method. Curved thin shell structures with 
discontinuities in thickness and material properties under different 
boundary conditions subjected to various boundary conditions of fluid 
can also be investigated. As a future study, this method can be applied 
to analyze a system of blades subjected to a turbulent boundary layer. 
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