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ABSTRACT 
 
A Casson model is selected to describe the flow behavior 

of blood. Considering the viscoelasticity of protein film, and 
the finite deformation of protein bubble under the action of a 
Casson fluid, a nonlinear equation describing the dynamic 
behavior for a single protein bubble in blood is developed. The 
numerical method is used to study the effect of viscoelasticity 
of the protein film, the characteristic parameters of Casson 
fluid and the effect of surface tension on the dynamic behavior 
of protein bubble. The results show that, increasing the 
viscosity of Casson liquid will accelerate the amplitude 
decaying of protein bubble wall; the period becomes longer. In 
the condition that the viscosity of protein film is greater than 
that of Casson fluid, increasing the viscoelasticity of protein 
film will also accelerate the amplitude decaying of protein 
bubble wall. Further more, the greater the viscoelasticity of 
protein film is, the stronger its load bearing capacity is. Under 
the consideration of surface tension, the bubble wall will 
vibrate with higher decaying velocity of amplitude. Without 
considering the surface tension will lead to a greater relative 
deformation of protein bubble. 

 

INTRODUCTION 
 
Protein bubbles are widely used in the fields of life 

science, biomedical engineering. For example, an effective way 
to increase the quality of sonograms is to use the micron-size 
protein bubbles as ultrasound contrast agents 1, 2. Micron-size 
protein bubbles (<10 μm) are also used to deliver genes or 
drugs to cure the tumor and diseases in the brain 1-3. Protein 
bubbles can also be used to package liquid substances which 

are easy to gasify such as per-fluorocarbons (PFCS). They flow 
with the blood to the tumor. The bubbles will be destroyed at 
the designated locations, the PFCS will gasify and the gas in 
blood vessel can prevent the blood and oxygen supplying for 
tumor. By this way it can achieve the purpose of treatment 4. 
Therefore, the study of the dynamic behavior of protein 
bubbles in blood will be important for better applications of 
protein bubbles.  

In engineering applications, the independent protein 
bubbles are formed by physical methods and then flow with the 
blood to perform the duties of drug or gene delivering, and 
other materials. To study the dynamic behavior of independent 
protein bubbles in a non-Newtonian liquid, three key factors 
should be considered, those are (1) the constitutive relation for 
the bubble wall, that is, the protein film is treated as made of 
elastic material or viscoelastic material; (2) the deformation of 
the protein bubble is treated as a small deformation or a large 
deformation (i.e. a finite deformation) under the action of 
surrounding fluid; (3) characteristics of the fluid around the 
bubble, that is, it is Newtonian fluid or non-Newtonian fluid. 

Church 5 defined the bubble wall as an elastic solid shell 
to study the vibration of a single protein bubble in an 
incompressible Newtonian fluid. In his study, the fluid is static, 
and the volume variation of the protein bubble is minimal and 
the process is defined as a small deformation under the action 
of fluid. Friking and de Jong 6 defined the bubble wall as a 
viscoelastic layer to study the vibration of a single protein 
bubble in viscous fluid, and the deformation is treated as a 
small deformation too. Based on the study of Friking and de 
Jong, Khismatullin 7 studied the effect of viscosity on the 
frequency response of the protein bubble under the action of 
ultrasound. 
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In the above studies, as the main applications of protein 
bubbles are their responses to ultrasound, the deformation of 
the bubble is treated as a small deformation. However, in many 
cases, large deformation (i.e. finite deformation) of the protein 
bubble would be considered when the pressure of liquid is 
much higher than that of gas inside the bubble. For example, 
when the protein bubble (the diameter is smaller than 10µm) is 
flowing with blood in vein vessel, as the pressure in different 
vessels is not identical, the pressure of blood may be higher 
than the gas pressure inside the bubble, so a large deformation 
caused by the high pressure difference will take place. In 
addition, the fluid is not always a Newtonian fluid. In many 
cases, the fluid may be a non-Newtonian fluid.  

In this paper, the Maxwell viscoelastic model is selected to 
describe the constitutive relation of protein film, and the finite 
deformation is considered under the action of the pressure 
difference. As a non-Newtonian fluid, we select a Casson 
model to describe the flow property of the blood. According to 
the strain energy density function for finite deformation of the 
viscoelastic material, the relaxation function of the Maxwell 
model, and the deformation gradient tensor of the bubble, 
stress expressions for finite deformation of protein bubbles are 
derived. By using the stress expressions and the dynamic 
equation of bubble under the action of fluid, a nonlinear 
vibration equation describing the relation between the relative 
deformation rate of the inner radius and time is obtained for 
finite deformation. Based on this equation, the numerical 
simulation is carried out for the effect of factors such as the 
parameters of Casson liquid, the viscoelasticity of protein film 
and the effect of surface tension on the dynamic behavior of 
protein bubbles. 

FINITE DEFORMATION STRESS EXPRESSIONS OF 
PROTEIN BUBBLE 

 
(1) We consider a Cartesian system and a set of spherical 

coordinates (R,Θ,Φ) in R3. D0={( 0r ,Θ,Φ) 01r  ≤ 0r ≤ 02r , 
0≤Θ≤2π, 0<Φ≤π} represents the static state of one point in the 
protein bubble wall at the instant t=0, and 
d0={(r,θ,ϕ) 1r ≤r≤ 2r , 0≤θ≤2π, 0<ϕ≤π} represents the 
deformed state of one point in the bubble wall at some instant t 
>0, where subscripts 1 and 2 denote the inner and outer 
surfaces of the bubble wall, respectively; 

(2) The protein film of the bubble is isotropic and 
incompressible; 

(3) The bubble deformation is homogeneous in the radial 
direction and no displacement occurs in the directions of θ and 
ϕ 8; 

(4) As to the finite deformation of protein bubble, the 
energy density function and the right Cauch-Green strain 
tensor C(t) satisfy Mooney-Rivilin relationship , that is: 

 ( ) 1 1 2 2
ˆ ( 3) ( 3)t C I C Ié ù = - + -ë ûW C        (1) 

where C1 and C2  are material constants, I1 and I2  denote the 
principal invariants of the right Cauchy–Green strain tensor. 

According to the basic theory of viscoelasticity, for the 
viscoelastic material, the energy density function depends not 
merely on the strain C(t) at the current instant t, but also on 
the entire history s before that instant. The time-dependent 
strain energy density function can be defined as 9: 

( ) ( )*

0
ˆ ˆ( ) [ ( )]

t
t t t s s dsmé ù= + -ë û ò &W W C W C      (2) 

where ( )* t sm -&  is the derivative of dimensionless relaxation 
function ( )* t sm -  to time. We have used Maxwell’s two-
parameter model to describe the viscoelasticity of protein 
bubble wall, and obtained the stresses in the directions 
of , ,r θ ϕ during the course of finite deformation of protein 
bubble 10. 
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Whereτ0 is the relaxation time. These two equations 
denote the relation between stress and finite deformation for a 
spherical protein bubble. 

FORCES ACTING ON THE BUBBLE WALL 
 
The stress acting on the protein bubble wall is composed 

of two parts, one is the liquid pressure, and the other is the 
stress caused by the motion of viscous fluid. The viscous stress 
is closely related to the deformation of protein bubble. First, we 
establish the relationship between the stress generated by the 
motion of viscous fluid and the deformation of bubble. 

Stress generated by the motion of Casson fluid follows the 
equation 11      
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where S is a constant related to the viscosity of fluid, the 
unit is [Pa.s]1/2 ; b is a constant related to the fluid stress, the 
unit is [N/m2]1/2 , D is the deformation rate tensor, the 
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relationship between D and v is ( )T= Ñ + ÑD v v , the second 
order invariant :DII = D D , :IIτ =τ τ . 

rr

r

   Interface 2    Interface 1 Protein film
(viscoelastic )

Gas
(a point in liquid)

2

1

3 Casson Liquid 

 
Figure 1. The protein bubble in Casson liquid 

 
As shown in Fig.1, the gas and protein film of bubble form 

interface 1, protein film of bubbles and the liquid form 
interface 2, the radius of inner and outer bubble wall is r1 and 
r2 respectively, the r3 represents the distance of a point in the 
liquid from the center of the bubble. 

It is assumed that the liquid around the bubble is static 
before the deformation of bubble, and only the radial 
displacement occurs when the shape of bubble is deformed.  

On the other hand, the flow velocity in the r direction vr is 
determined by the continuity equation. It is assumed that the 
liquid is incompressible and homogeneous, the effects of 
gravity, gas diffusion, and heat conduction are neglected. Thus 
the velocity of the liquid outside the bubble is expressed as 11 
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Substituting Eq. (5) into Eq. (4), the normal stresses 
in the directions of , ,r θ ϕ  can be obtained as follows  
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(6-b) 
where subscript L represents the liquid medium. It is assumed 
that the pressure of the liquid is ( )Lp r , thus the total normal 
stresses of the liquid acting on the bubble wall in the directions 
of , ,r θ ϕ  can be obtained 
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Eqs. (7-a) and (7-b) denote the relationship between total 
normal stresses of Casson liquid acting on the bubble wall in 

the directions of , ,r θ ϕ  and bubble deformation in the protein 
bubble deformation process. 

THE DYNAMIC EQUATION OF PROTEIN BUBBLE  
 
According to the stress of protein bubble caused by 

deformation, and to the relationship between the stress acting 
on the bubble wall around the liquid and the deformation of 
bubble, the dynamic equation of protein bubble can be derived. 

 It is also has assumed that the effects of gravity, the 
diffusion of the gas through the protein film, the heat 
conduction between protein film, gas, and the surrounding 
liquid are neglected, under the above conditions, the finite 
deformation of protein bubble should satisfy the following 
dynamic equation 7: 
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           (8) 

Where Mρ is the density of protein film, ,rrτ θθτ and 

ϕϕτ are the normal stress components in the r, 
θ, and ϕ  directions respectively. The velocity components in 
the r-directions vr is determined by 
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By using Eq. (9), the Eq. (8) can be integrated from r1 to 
r2 to obtain 
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J2 can be expressed as 12 
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According to the force balance at the interface 1 and 
interface 2 shown in Fig. 1, the stresses should satisfy the 
following boundary conditions, the variants 1σ and 2σ denote 
the coefficient of surface tension. 
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( ) ( ) ( ) 2
2 , 2 , 2

2

2
, ,L L rr M rrp r r t r t

r
s+ = -τ τ                (16) 

So the liquid pressure in the interface 2 should satisfy 
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To get the normal stress of interface 2, let r=r2 in Eq. (9-

a) 

( )
1
2

2 2 2 2
, 2 0 1 2

2 2 2 2
L rr

r r r r
r M M M

r r r r
t

-æ ö æ ö÷ ÷ç ç÷ ÷= + +ç ç÷ ÷ç ç÷ ÷ç çè ø è ø
& & & &

&
   (18) 

It is assumed that the pressure of gas in the bubble is 0p  

and the deformation ratio x (0) =1 at the instant t=0, the gas in 
the bubble undergoes an isothermal process when the volume 
of the bubble oscillates under the load, that is, the gas pressure 
in the bubble ( )1Gp r obeys the following equation: 

( ) ( )3 3
1 0 01 1 0/Gp r p r r p x-= =         (19) 

The dynamic equation of flowing fluid must be used to get 
the pressure ( )2Lp r of interface 2. The dynamic equation can 
be expressed as  
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ρL is the density of liquid, integrating above equation at 
the interval [r2, r3], we obtain 
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According J1+J3=J2+J4，and using the dimensionless 
parameter of Eq. (14), we obtain the dynamic equation for the 
protein bubble in Casson fluid. 
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In Eq. (24-f), x
x

β =
&
&

 ， so if 0x >& , 1β = , otherwise 

1β = − . 
Eq. (23) is a nonlinear vibration equation, it describes 

bubble radius changing with time for finite deformation in 
Casson liquid. By analyzing the load shown in Eq. (24-f), we 

can find that ( )1 012 r xs , ( ) ( ) ( )
1

3 3
2 022 1r xs d dé ù+ +ê úë û denote the 

surface tension, ( )
1

3 3
0 3Lp x p r- -  represents the pressure 

difference between the interface 1 and 2 which is changed with 
the deformation rate x(t) of bubble inner diameter; the 
component M(x) denotes the stress of protein film caused by 
the elastic deformation; and the remainder reflect the stress 
caused by viscosity of the Casson liquid and the viscoelasticity 
of protein film respectively. As the various parameters in the 
expressions are complex, it is difficult to obtain the analytical 
solution to study the influence of main parameters on the 
vibration of bubble, a numerical method is used to analyze the 
vibration of bubble wall in the next section. 

RESULTS AND DISCUSSIONS 
 
From Eqs. (24-a)~(24-d), it is shown that several 

important factors will affect the vibration of bubble . The main 
factors include the viscosity of Casson liquid, the 
viscoelasticity of protein film, and the surface tension of the 
bubble. In this section, we use the fourth-order Runge–Kutta 
numerical method and a MATLAB program to solve the 
differential Eq. (23), also we analyze and discuss the results.  

The viscous stress is related to the variation of velocity. If 
r3 in Figure 1 is large enough, the fluid velocity there will 
approach to zero, and the viscous stress will approach to zero 
too. The fluid domain for simulation is very important. We 
have studied how the ratio 3 01/r r  affects the numerical results 
and found that when 3 01/ 100r r ³ , the effect of r3 on the results 
is very small. The pressure at this point we defined as liquid 
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static pressure Lp , and let ( )3L Lp r p= . In this paper, we 
choose 3 01/ 100r r = as the fluid domain.  

The following parameters will be used in the process of 
simulation.  ρL=1.054×103kg/m3, ρM =0.9×103 kg/m3 , 
σ1=6×10-2 N/m, σ2=4×10-2 N/m. 

 
A. The Effect of viscosity of Casson liquid on the 

vibration of protein bubble  
 
The viscosity of blood is relevant to its components, such 

as the number percent of red blood cells, white blood cells and 
macromolecules in plasma. The viscosity of blood is also 
relevant to the intrinsic physical and chemical conditions, 
which include the temperature, PH value and osmotic pressure. 

Figure 2. The effect of viscosity of Casson liquid on the 
vibration of protein bubble 

 
When the Casson model is used to describe the 

constitutive relation of blood, the parameter S which 
characterizes the viscosity of blood will be affected by many 
factors, when S is changed, the vibration properties of protein 
bubble immersed in blood will be changed too. Fig. 2 simulates 
the vibration properties of protein bubble in the states of 
S=0.08367，0.1044 and 0.1255 respectively. The initial radius 
of protein bubble r01=1.0×10-4m, film thickness ∆=1.0×10-5m, 
the initial pressure in the inner part of protein bubble 
p0=0.1MPa, the surrounding static pressure pL=0.2MPa. 

As the numerical simulation results shown in Fig. 2, 
increasing the viscosity of Casson liquid will accelerate the 
amplitude decaying of protein bubble wall. In addition, the 
period T1=2.376×10-5 s and T2=2.412×10-5 s in Fig. 2, it shows 
that the period becomes longer when the viscosity of liquid is 
increasing. From Eqs. (24-c)~(24-e), with the viscosity 
increases, the vibration damping system will increase, thereby 
leading the above results. 

 
B. The effect of viscoelasticity of protein film on 

vibration of protein bubble 
 

Adjusting the geometric parameters of bubbles, 
viscoelastic parameters of protein film as well as the viscosity 
of the Casson liquid, the numerical simulation results shows 
that, when the viscosity of the protein film is greater than that 
of Casson liquid, the influence of viscosity of protein film on 
bubble deformation will be larger. 

In Fig. 3, we choose the same radius of protein bubble 
r01=5.0×10-5m, film thickness ∆=1.0×10-5m, the surrounding 
fluid parameters: S=8.367×10-2 [Pa.s]1/2, b=7.273×10-2 

[N/m2]1/2. One group of protein film parameters are as follows: 
C1=8Pa，C2=2Pa, µ (0) =10Pa， mh =0.1Pa.s，the other group 
is C1=80Pa，C2=20Pa，µ (0)=100Pa， mh =1Pa.s. mh is the 
apparent viscosity of protein film. Initial pressure inside the 
protein bubble is p0=0.1MPa，static pressure of surrounding 
fluid is pL=0.2MPa。 

Figure 3. The effect of viscoelastic parameters of protein 
film on the vibration of protein bubble 

 
As shown in Fig. 3, if the viscosity of protein film is 

greater than the that of Casson, the results indicate that 
increasing the viscosity of protein film will accelerate the 
amplitude decaying of protein bubble wall. In Fig. 3 the 
balance location x1=0.71 for mh =0.1Pa.s, µ (0) =10Pa，so the 
relative deformation of protein bubble is ∆x1=1-0.71=0.29, but 
the other one is ∆x2=0.27 for mh =1.0Pa.s, µ (0) =100Pa. it 
denotes that under the condition of above liquid parameters 
and geometry parameters, the greater the viscoelasticity of 
protein film is, the stronger its load bearing capacity is. 

 
C. Effect of surface tension on the vibration of protein 

bubble 
 
As shown in Fig. 4, the geometric dimensions of protein 

bubbles are radius r01=1.0×10-4m, film thickness ∆=1.0×10-5m. 
Two cases are simulated respectively. Those are case 1: without 
considering the surface tension; case 2: considering the surface 
tension at the interface 1 and 2 shown in Fig. 1. The surface 
tension coefficients σ1 =0.06N/m, σ2 =0.04N/m.  

The results show that under the consideration of surface 
tension, the bubble wall will vibrate with higher decaying 
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velocity of amplitude.  In Fig. 4, relative deformation of 
protein bubble ∆x1=0.21 for case 1, ∆x2=0.19 case 2, it denotes 
that without considering the surface tension will lead to a 
greater relative deformation of protein bubble. 

Figure 4. The effect of surface tension on the vibration of 
protein bubble in Casson liquid 

CONCLUSIONS 
 
In this paper, we chose a Casson model to describe the 

constitutive relation of blood in the process of flowing. The 
forces of liquid acting on the protein bubble surface are 
analyzed, the finite deformation properties of viscoelastic 
protein film under the acting of pressure difference are studied, 
and vibration equation of protein bubble in blood liquid is 
built. Numerical simulation of this equation is presented to 
study the vibration properties of protein bubble in blood. 
Increasing the viscosity of Casson liquid will accelerate the 
amplitude decaying of protein bubble wall; the period becomes 
longer. In the condition that the viscosity of protein film is 
greater than that of Casson fluid, increasing the viscoelasticity 
of protein film will also accelerate the amplitude decaying of 
protein bubble wall. Further more, the greater the 
viscoelasticity of protein film is, the stronger its load bearing 
capacity is. Under the consideration of surface tension, the 
bubble wall will vibrate with higher decaying velocity of 
amplitude. Without considering the surface tension will lead to 
a greater relative deformation of protein bubble. 
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