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ABSTRACT
Multicomponent mass transport in the micro/nano scale is

one of the most important phenomena in many engineering pro-
cesses such as fuel cells. Therefore, a through understanding of
the underlying physics and modeling techniques for mass trans-
port is of crucial importance. According to Kerkhof et al. [1],
due to the approximations made in the derivation of the clas-
sic transport equations for diffusion-convective dominated prob-
lems, the commonly used approach of modeling these problems
by the Maxwell-Stefan and Navier-Stokes equations results in
trends that are contrary to experiments even for elementary prob-
lems like gaseous counter diffusion in capillaries. A new formu-
lation to model molecular fluid transport in multi component sys-
tems is then presented. The main aim of this study is to develop a
combined experimental-numerical program to study the validity
of the classical and the proposed formulations. We discuss the
development of an in-house written C/C++ Object Oriented pro-
gram that solves the classical and recently presented formulation
numerically.

1 INTRODUCTION
Numerous authors have developed modeling equations for

multicomponent mass transport in porous media and capillaries,

∗Address all correspondence to this author.

the most popular ones being the Dusty Gas Model (DGM) intro-
duced by Evans et. al [2, 3] and Mean Pore Transport Model
(MPTM) associated with the works of Rothwell [4], Schnei-
der [5], Arnost and Schneider [6] and others. These two theories
are based on different physical fundamentals but, interestingly,
they yield similar results in most cases. A comparison between
DGM and MPTM is made by Jackson [7]. Kerkhof [8] has re-
cently examined the validity of the DGM model and showed that
the DGM formulation leads to contradictions for some basic case
studies such as the isobaric counter diffusion phenomenon of two
gases through a capillary for which the experimental data is avail-
able by Remick and Geankoplis [12].

In a series of articles, Kerkhof proposed a modified version
of the MPTM model called Binary Friction Model(BFM) and
later on derived another new version of the MPTM called the Ve-
locity Profile Model (VPM) [9]. Finally, in reference [1], he pre-
sented a new multicomponent mass transport formulation based
on the Boltzman equation. Young and Todd [10] have also sug-
gested a new mass transport model based on the MPTM named
the Cylindrical Pore Interpolation Model (CPIM).

Given the multitude of recently proposed mass transport for-
mulations in the literature, a numerical solver capable of imple-
menting these new formulations is necessary. The goal of this
research is to develope an object-oriented multicomponent mass
transport solver that is capable of solving Fick’s mass transport,
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FIGURE 1. SCHEMATICAL CONFIGURATION OF THE CON-
SIDERED BACKWARD-FACING STEP FLOW PROBLEM

the DGM mass transport, and the Kerkhof mass transport model
in order to be able to compare their predictions in a diffusion
bridge experiment. These results will also be compared with ex-
periments from Pant et al. [11]. Since implementing Kerkhof’s
formulation involve solving one Navier-Stokes (N-S) equation
per species, first a N-S solver has been implemented and coupled
with Fick’s law.

In this paper, we discuss the fluid flow solver and a mass
tranport solver implementing convection and binary Fickian dif-
fusion as the initial steps towards the development of the afore-
mentioned multi-component mass transport framework. Section
2 presents the results obtained by the fluid flow solver for the
backward-facing step problem. These results from the devel-
oped code are validated against the experimental data published
by Armaly et al. [13]. In section 3, the continuity and momen-
tum equations as well as mass transport governing equations are
solved for a diffusion bridge experimental setup. In the final pa-
per, we will discuss the implementation of the recently proposed
general model by Kerkhof et al.

2 FLUID FLOW SOLVER
This section presents the development and validation of the

fluid flow solver that will be latter coupled with the mass trans-
port equations.

2.1 BACKWARD-FACING STEP FLOW PROBLEM
In order to validate the predictions of the in-house object

oriented code, a backward facing step is used as a benchmark
test for the incompressible fluid flow solver. This problem is one
of the most commonly used benchmark problems in the litera-
ture [18]- [21] . Here we will use the code to solve this prob-
lem and compare the obtained results with an experimental study
conducted elsewhere [13]. Figure 1 depicts the physical domain
for this problem as per Armaly et al. experimental setup.

A critical parameter in backward-facing step problems is the
reattachment length X (Figure 1). This parameter is the defined
as the location at which the velocity axial component changes
sign with respect to its initial sign at the step region. This is the
region where flow separation takes place.

2.2 GOVERNING EQUATIONS
The fluid inside the domain is considered to be incompress-

ible holding constant physical properties. The flow is assumed
laminar and two dimensional. Under the aforementioned condi-
tions one continuity and two momentum balancing equations (in
symbolic notation) can be written as,

{
(v ·∇)v =−∇p+ν∇2v
∇ ·v = 0 (1)

where v = (u,v) is the velocity, p the pressure and ν stands for
kinematic viscosity.

2.3 BOUNDARY CONDITIONS
The boundary conditions for the step flow problem are as

follows,


v = vinlet × f (x) on ΓI
v = 0 on ΓWalls

p = ∂vi
∂x j

= 0 on ΓOutlet

(2)

According to the problem domain, sketched in Figure 1, ΓI , ΓO
and ΓW are boundary indicators for inlet, outlet and wall regions
respectively. As is depicted, a fully developed inlet velocity is
introduced into the domain inlet. Hence, f (x) is a polynomial
function of order two which ensures the values of zero and one at
inlet corners and middle point respectively. This way we would
impose a velocity magnitude of vinlet at the middle and zero wall
velocity at the channel inlet points.

2.4 OBJECT ORIENTED FINITE ELEMENT SOLVER
The object-oriented code is developed in C++ using the

state-of-the-art deal.II finite element library [17]. The PDE sys-
tem (1) subjected to the boundary condition 2 are discretized us-
ing Bubnov-Galerkin finite element scheme [14]. To discretize
the solution, second order Lagrange elements are used for the
velocity and first order Lagrange elements are used for pressure
in order to meet the LBB condition [15]. The convection terms
are nonlinear. In this study, Picard method iteration of successive
substitution is used to solve the nonlinear equations. According
to this scheme, the solution at the nth iteration is determined as,

[
K
(
{U}(n−1)

)]
{U}(n) = {F} (3)

in which {F} is the forcing vector and the coefficient matrix
[K] is evaluated by use of the already calculated solution at the
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(n− 1)th iteration. So the coefficient matrix [K] must be invert-
ible after introducing the boundary conditions. Hence, the ini-
tial guess, {U}(0) must satisfy the essential (Dirichlet) bound-
ary condition and be such that the coefficient matrix is invert-
ible [16]. The resulting algebraic equations in the matrix form
are solved by the freely distributed code, UMFPACK [22] which
is an Unsymmetric MultiFrontal method written in ANSI/ISO C.

2.5 INLET/OUTLET LENGTHS EFFECTS
By introducing a fully developed profile at the inlet, it is

possible to make the computational domain smaller and make
the inlet region effects ignorable. As a consequence, the com-
putational time for the hydrodynamic simulation will decrease
dramatically due to smaller number of elements needed to dis-
cretize the domain. Several solutions have been obtained with
different domains having various enterance lengths and the in-
dependent behavior of the solution with respect to various en-
terance lengths was observed. Since the governing system of
equations (1) are hyperbolic, both inlet and outlet regions have
definite effects upon the solution. Hence before embarking upon
using the solver for analysing the problem an exhaustive proce-
dure for making the solution independent of the inlet/outlet re-
gions is mandatory.

Figures 2 and 3 depict the reattachment length versus var-
ious inlet/outlet lengths. As is obvious, the target solution pa-
rameter, the reattachment length versus step length X

S , becomes
independent of the enterance lenght and the outlet of the chan-
nel. Any domain having enterance lengths not less than 15 mm
and outlet length not less than 150 mm can be employed and
discretized with much lower number of elements to study this
problem taking lesser computational time as well.

2.6 MESH SENSITIVITY STUDY
In order to obtain results which are independent of the grid

total number of cells, a grid sensitivity study was performed. The
grid is chosen to be uniform throughout the domain.

According to the finite difference scheme employed by Ar-
maly et al. [13], the required number of grid points for a solu-
tion to be grid-independent increases with the Reynolds number.
Since this study is concern with flows with Reynolds numbers
up to 400, a grid that can provide a grid-independent solution for
a Reynolds number of 400 is used in all the studies presented.
The nondimensional reattachment length for various grids at a
Reynolds number of 400 is obtained starting from a coarse grid
and continuing up until the obtained length becomes constant
with respect to the grid total cell number. The results are plot-
ted against the total number of cells in Figure 4. According to
the obtained results a grid with 59,136 quadrilateral elements is
chosen for the rest of the calculations.
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FIGURE 2. EFFECT OF INLET LENGTH ON THE SOLUTION
FOR BACKWARD-FACING STEP PROBLEM.
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FIGURE 3. EFFECT OF OUTLET LENGTH ON THE SOLUTION
FOR BACKWARD-FACING STEP PROBLEM.

2.7 BACKWARD-FACING STEP PROBLEM RESULTS
AND VALIDATION

In order to estimate the validity of the code, the reattache-
ment lenght at various Reynolds numbers is predicted using the
developed numerical code. The length at which this separation
occurs, i.e. the reattachment lenght, can be measured via a plot
of the axial velocity component versus the length after the step
region. Kitware Paraview 3.6.2 [23] is used for post processing.
A plot of the pathlines for the step problem at the step region is
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FIGURE 4. EFFECT OF GRID ON THE SOLUTION FOR
BACKWARD-FACING STEP PROBLEM (RE=400).

FIGURE 5. PATH LINES FOR BACKWARD-FACING STEP
PROBLEM AT RE=125.

in Figure 5. The Reynolds number is calculated via the following
formulation,

Re =
vD
ν

(4)

in which,

ν =
µ

ρ
=

18.20755×10−6

1.205
= 15.11×10−6

[
m2

sec

]
(5)

is the kinematic viscosity defined by dynamic viscosity, µ and
density, ρ . Physical properties has been chosen for air at 20oC.
The calculation of Re is based on the 2

3 of the measured maxi-
mum inlet velocity and D is the hydraulic diameter of the channel
inlet; namely twice inlet height. So accounting for Re = 50 reads,

Re = 50 =
2
3 uinlet

15.11×10−6 ×2×5.2×10−3 (6)
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FIGURE 6. REATTACHMENT LENGTH FOR VARIOUS
REYNOLDS NUMBER.

Then, we can calculate uinlet which afterwards can be pre-
scribed as inlet velocity to the channel. In this study, numeri-
cal runs are performed for flows of Reynolds number up to 400.
Furthermore, after this Reynolds number the experimental and
numerical results start deviating which are due to the three di-
mensionality trait of the flow after this Reynolds values [13].

According to Armaly et al.’s numerical and laboratory ex-
periments [13], the reattachment length increases as Reynolds
number increases. The reattachment length predicted by Armaly
et al. and by the developed fluid flow solver at various Reynolds
numbers are plotted in Figure 6. Figure 6 shows that the results
obtained from the code are in very good agreement with the ex-
perimental results obtained by Armaly et al. [13]. Hence, the
implemented fluid flow solver code has reproduced the experi-
mental data for the case of two dimensional laminar and incom-
pressible flow of air over the backward-facing step.

3 MASS TRANSPORT SOLVER
This section presents the results of a convetion-diffusion in-

house solver. This solver will be used to study the effect of
convection in a capillary diffusion bridge. In the future, this
solver will be used to compare the predictions of the classical
mass transport formulations to the newly proposed formulation
by Kerkhof et al. [1].

3.1 GOVERNING EQUATION
In this section, the Fick’s law of diffusion is introduced to

account for the mass transfer flux of the species in a binary ideal
gaseous solution of Nitrogen and Oxygen. For simplicity, con-
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stant physical properties including total viscosity and density are
considered for the binary mixture throughout the domain. The
governing equation of the convection-diffusion problem are,

 (v ·∇)v =−∇p+ν∇2v
∇ ·v = 0
∇ ·N1 = 0 in Ω

(7)

where N1 is the mass transfer flux for the first component and is
defined as,

∇ ·N1 = v ·∇C1−D∇2C1 in Ω (8)

where C1 is the molar concentration of the first component. As-
suming that the gas behavies as an ideal gas,

C =
P

RT
(9)

and after arrangement and simplification for the concentra-
tion of the species, the last equation of the system of PDEs (7)
reads,

v ·∇p1 = D∇2 p1 in Ω

p1 = 101.3kPa on ΓInlet
∇p1 = 0 on ΓOutlet

(10)

in which p1 is the pressure of the species number one. According
to this terminology, the mole fraction can be obtained as p1

pt .

3.2 PHYSICAL DOMAIN AND BOUNDARY CONDI-
TIONS

The physical domain and sizes for the channel under consid-
eration is depicted in the Figure 7. The domain is composed of
two main channels which have been connected to each other via
a micro capillary of 0.5mm height and 50 micron width.

A fully developed velocity profile is imposed for the inlets
to the main channels. Total pressure at both the outlets is im-
posed to be zero. For the lower channel, a pressure of 101.3kPa
is imposed for Oxygen and on the upper channel the pressure for
Nitrogen is set to 101.3kPa. This will render the partial pressures
for Oxygen and Nitrogen on the lower channel inlet to zero.

Taking into account the micro capillary diameter, the as-
sumption of Knudsen flow does not hold (Kn < 1). Therefore,
the velocity and diffusion slip phenomena [24] are ignored and
a no-slip boundary condition is used to describe the flow at the
walls for both species.

FIGURE 7. THE PHYSICAL DOMAIN AND CHANNEL SIZES
FOR THE MICRO CHANNEL PROBLEM.

3.3 COMPUTATIONAL MESH
According to the problem domain size in Figure 7 a more

refined mesh is necessary in the capillary due to higher field vari-
able gradient in this region. Therefore, an adaptive mesh refine-
ment strategy is considered to: a) enhance the solution conver-
gence, and b) accelerate the solution process. Starting from a
very coarse mesh over the domain, adaptive mesh refinement is
used. The mesh used in this study is shown in Figure 8. An ex-
panded view of the micro capillary mesh is also provided. As
is well depicted, near capillary wall, inlet-to and outlet-from re-
gions are refined. By using hanging nodes, a mesh with high
levels of refinement in the capillary and large elements in the
channels can be obtained.

FIGURE 8. THE ADAPTIVE GRID REFINEMENT FOR THE
CHANNEL PROBLEM.
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FIGURE 9. OXYGEN PRESSURE PROFILE ALONG A 50 MI-
CRON CAPILLARY AT RE=1.

3.4 NUMERICAL SOLUTION
To solve the equation for the balance of the species, equation

(10) is discretized using weighted residual method [14] and first
order Lagrange elements for p1. Because of convective terms in
the equation, we need to have the velocity vectors everywhere in
the domain to solve for the species mass transport. Hence the
velocity terms in the above equation are treated as known param-
eters from the fluid flow solver. Accordingly, the program solves
for the N-S equation and then the results will be used to solve
for the species mass balance throughout the domain in a cou-
pled manner. Namely, from the implementational point of view,
the code solves both N-S and species mass tranport equations si-
multaneously within a unified system of equations but from the
computational point of view these equations are decoupled be-
cause the velocity terms in the species mass transpport equation
are treated as known parameters. Hence as mentioned before, for
solving the species transport equation, velocity components are
necessary to be known.

3.5 CHANNEL AND MICROCHANNEL RESULTS
Employing the already implemented and validated fluid flow

solver, the mass transport equation 10 together with the system
of continuity and momentum balancing PDEs (1) subjected to
the introduced boundary conditions can be numerically solved.
The pressure profile for Oxygen is plotted in Figure 9. The Oxy-
gen flow at the lower channel and Nitrogen at the upper channel
poses a counter diffusion process to occur through the connec-
tion by the micro capillary. Hence, the decreasing trend in the
Oxygen pressure from the lower channel towards the upper one
is apparent and is evident in the Figure 9.

Propagation of Oxygen through micro capillary into the
other big channels is apparent from the Figure 9. As a result
of Oxygen diffusion through the micro capillary, the Oxygen
pressure decreases along the capillary all the way to the upper
channel where gaseous pure Nitrogen flows from left to right. In
addition, because of Nitrogen zero pressure at the lower channel
where pure Oxygen flows, there is another diffusion phenomenon
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FIGURE 10. NORMALIZED RADIAL OXYGEN PRESSURE
PROFILE AT THE CAPILLARY OUTLET TO THE UPPER CHAN-
NEL (RE=1).

in the opposite direction from the upper channel towards the
lower one through the capillary connection. So therefore, there a
counterdiffusion process exists until the species partial pressures
at both channels become the same.

Nitrogen pressure can be calculated via,

ptotal = pO2 + pN2 (11)

where the first two pressures, ptotal and pO2 , are calculated by
the solver.

Figure 10 shows the effect of convection upon the Oxygen
concentration at the capillary outlet to the upper main channel.
As can be seen in the plot, the Oxygen concentration at the cap-
illary outlet is considerably higher when convection is taken into
account in the convection-diffusion equation in comparison to
when covection is ignored. As a result, the average amount of
Oxygen transported through the micro capillary towards the up-
per channel where pure Nitrogen is flowing is more.

Viscosity of gases and mixtures change with concentration
and various models have been proposed to calculate viscosities
[25]. Since the viscosity of Oxygen (23.7× 10−6 pa.sec) and
Nitrogen (20.7×10−6 pa.sec) are not considerably different from
each other, using Wilke’s method, to calculate the viscosity of a
mixture composed of 50% (by mole Oxygen) and 50% Nitrogen,
reveals that the mixture viscosity (22.2×10−6 pa.sec) is close to
the individual components’ viscosities. This is while, numerical
results show less than 5% difference when using pure Oxygen,
pure Nitrogen or mixture viscosity values.
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4 CONCLUSIONS AND FUTURE WORK
The incompressible isothermal and laminar flow of gas

through two dimensional domain is implemented and described.
The Navier-Stokes solver is validated against experimental data
for the case of backward-facing step problem. Very good agree-
ment with the experimental results of Armaly et. al was achieved.
Also the Fick’s law of diffusion to account for the species mass
transport through the microchannel was implemented and the re-
sults obtained for the Oxygen pressure profile through the mi-
cro capillary. Furthermore, an optimized adaptive grid was in-
troduced for the channel problem. Future work will include
the proposed Kerkhof model for describing the species transport
through micro and nano capillaries.

Because density changes with concentration, we would need
to solve the compressible version of the Navier-Stokes equations
to account for the density changes due to concentration. The
goal of the project is to develop a fluid flow solver that is open
source and allows others to easily implement mass transport for-
mulations. As a first step, authors have decided to start from the
simplest form and that is why constant properties are assumed
for now. Solution of the compressible version of the N-S equa-
tions is planed for the future work. Besides, although density
of Oxygen (1.30 kg

m3 ), Nitrogen (1.13 kg
m3 ) and a binary mixture of

them (1.21 kg
m3 ) are close to each other, again numerical runs show

very small difference between the results obtained by using pure
Oxygen density or pure Nitrogen density or mixture density.

In order to validate the numerical framework with respect to
experimental data, a diffusion bridge experimental setup is being
developed in parallel [11]. Future work will focus on modeling
the exact geometry of the experimental setup and comparing nu-
merical and experimental results. This comparison will provide
insight on the validity of various mass transport formulations.
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