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ABSTRACT
We consider the two-dimensional problem of steady natural 

convection in a narrow horizontal cylindrical annulus filled 
with porous medium due to a constant temperature variation on 
the outer and adiabatic conditions at the inner boundaries with
constant volumetric heat flux. The solution is expanded in 
powers of a single combined similarity parameter, which is the 
product of the gap ratio to the power of two, and Rayleigh 
number. The series is extended by means of symbolic 
calculation up to 28 terms. Analysis of these expansions allows 
the exact computation for arbitrarily accuracy up to 50000 
figures. Although the range of the radius of convergence is 
small, but Pade approximation leads our results to be good even 
for much higher value of the similarity parameter.

Keywords: Micro gap, Nonlinear Equation, Symbolic 
Calculation

NOMENCLATURE
g Gravity
� �  ���� Similarity parameter
R Outer radius

Ra � 
β∆�������
�α Rayleigh number

Rq � 
β∆�������
�α Rayleigh number

Ri Inner radius
T Temperature

β The coefficient of thermal expansion
� Ratio of gap width to inner radius
ν Kinematics viscosity
k         Effective thermal conductivity
KK The permeability of the media
� Thermal diffusivity
ψ Stream function
∆�� Imposed temperature difference
∆�� Imposed temperature difference
� �������	

� 
������� number

� ������
�������number

Superscript
'               Dimensional variable

Subscripts
r             Value at reference temperature��

INTRODUCTION
This is problem of the two-dimensional problem of steady 

natural convection in a narrow horizontal cylindrical annulus 
filled with porous medium due to a constant temperature 
variation on the outer and adiabatic conditions at the inner 
boundaries with constant volumetric heat flux. The solution is 
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expanded in powers of a single combined similarity parameter 
which is the product of the Gap ratio to the power of two, and 
Rayleigh number (� �  ��Ra) and the series extended by 
means of symbolic calculation up to 28 terms. Analysis of these 
expansions allows the exact computation for arbitrarily 
accuracy up to 50000 figures. Although the range of the radius 
of convergence is small but Pade approximation lead our result 
to be good even for much higher value of the similarity 
parameter we have found extending terms exactly by means of 
symbolic calculation up to 28th order. Then we tried to make 
analytic continuation by using Pade approximation as have 
been done by [1], [2], [3]. In other words, we have solved the 
nonlinear partial differential equation exactly by means of 
computer and that is a real success. 

The natural convection in a narrow horizontal cylindrical 
annulus filled with porous medium has received much attention 
because of the theoretical interest of [4], [5], [6], [7] for 
isothermal surfaces and [8] for isothermal inner and sinusoidal 
outer boundaries. As far as the numerical works for the case of 
isothermal surfaces a parameter study of diameter-ratio effects 
on the heat transfer coefficient was performed by [4] and angle 
of heating by [8] and other related problem of natural 
convection non-Darcy effect by [9] and finally experimental 
work of [4]. The question of hydrodynamic instability induces 
steady or oscillatory flows have been subject of many studies 
for example [4] and [10]. I hope the present exact solution of 
steady flow will help to answer such question much more 
clearly. We recently have done the same present approach of 
symbolic calculation for laminar flow through heated horizontal 
pipe [3] and similar work done for concentric spheres [11]. 
There are lots of wide engineering application such as thermal 
energy storage systems, cooling of electronic components and 
transmission cables and this was subject of study by [12] for 
viscous medium. It makes the problem of narrow annulus under 
consideration very important. 

Particularly gratifying is our ability to extract from the 
perturbation series for small gap order 10�� of the inner radius
(micro size) the behavior for finite gap, of course the gap even 
as large as the inner radius. �����������������������������������
���������������������������������	����������	������������������
����������� ����������� ���� ������������� �������� It makes the 
problem under consideration very important. Finally in simple 
words for Nusselt number which is the rate of heat transfer we 
will give a simple formula for all values of Rayleigh number up 
to K=30.

1. STATEMENT OF PROBLEM
The governing equations for porous materials with Darcy’s 

law as has been used in [13] can be written as: 

�� � 0 (1)
� � ! ��

µ �# ! $ %&� (2)

'′′′ ( $) �. V �� � ,��� (3)

ρ  =ρ� (1-β(T-���� (4)

Where � is the velocity vector, $ density,T temperature, µ
viscosity, # pressure = (cosθ ,-sinθ ) is a unit vector in the 

direction of gravity and Rq � 
β∆�������
�α is defined the internal 

Rayleigh number. The equations (5),(6) have been non-
dimensionalzed by scaling length, velocity and temperature
using the inner radius of cavity as the length scale, .

�/01�2 ,∆�� . 

∆�� is calculated from uniform heat generation '′′′ , ∆�� 4
�′′′��5

6 is somehow certain gradient of temperature across the 
cavity, β the coefficient of volumetric expansion of the fluid) 
and g the acceleration due to gravity. Introducing the stream 
function in order to satisfy Eq. (1), eliminating the pressure 
from Eq. (2) and writing the resulting equation in cylindrical 
polar coordinates leads to the dimensionless equations as has 
been used in [13]:

Fig. 1 Geometry of the problem
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�0� � 0
F1� � F0� � 0 (7)

If we define (a ) ratio of the outer and inner radius as 

shown in Figure 1. (
iR
Ra = ), then we change variables:

ε+= 1a εη+= 1r 10 ≤≤ η

Using the above definition of Rayleigh number then Eq. (4) and
Eq. (5) in the present notation becomes:
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With boundary conditions at 1,0=η :
Let  �' � ��
�1� �1
�0� � 0
F1� � F0� � 0 (9)

As Mansur [1] has pointed out now by analogy with Dean’s 
treatment of flow through a curved pipe, and Mansour [2] flow 
through a slowly rotating pipe, one can analyze the double limit 
for:

G � H 0
�' H ∞J K � ��Rq Fixed                    

We follow narrow gap approximation and set � �  ����, 
some terms will disappear from Eq.(8). Thus we seek to solve 
the simplified equations:
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2. SERIES DERIVATION AND COMPUTER 
EXTENSION 

We consider an approximation for narrow gap by expanding 
in powers of the similarity parameter K; however we observe 
that beyond two terms extension is difficult.

In this work we delegated the mounting algebra to the 
computer and, for our boundary condition   (9) one can 
systematically improve on this approximation. 
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We substitute the expansions (11) into our simplified Eq. (10)
and then equating like powers of   K gives for 0T the 
equation: 

12
0

2

=
∂
∂
η
T

subject to boundary condition (9) we have :

K5�L
KM5 � 2 , �N � η�

And similarly we obtain:

FO � 14�9!1 ( 9�� Q RST= �

F� �
1

2520 9!11 ( 219 ! 149U ( 49�� Q RST2= �� 
 

FV �  1
59875200�9!1103 ( 11649 Q 9 !  277209V (
87129U ( 55449[ ( 92409� ! 78109\ (

1488 Q 9ON�RST= �  (  33!3 (  539 ! 2649U 1689[
( 1209� ! 909\ ( 169ON�RST3= ��� 

 

FU �  1
653837184000�

92439906 ! 4715719 ! 25375359V (
14401669U ( 33353329[ ( 9438009� !
35135109] ! 17989409\ ( 10090089^ (
18673209ON ! 8257209O� ( 1117449OU�

RST2= �  (  !14504 ( 2391999 !  7257259V !
540549U ( 2122129[ ( 20763609� !
16216209] ! 9981409\ ( 5285289^ (

5787609ON ! 2534009O� ( 323849OU� RST4= ��� 
 

�O �  190�93 !  59V ( 29[�_`a= � 
 

�� �  1
453600�9729 ! 1209� ( 729U ( 1009[ !
1059] ( 249^� ( 53 ! 6609V ( 5049U (
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�V �  1
163459296000�

9!703943 ! 116015909� ( 70656959V (
206486289U ( 138738609[ ! 345945609� !
206820909] ( 127327209\ ( 237237009^ !

123814609OO ( 19190409OV�_`a=�� �(��
� 239199 ! 14514509� ! 1351359V ( 6366369U (

72672609[ ! 64864809� ! 44916309] (
26426409\ ( 31831809^ ! 16471009OO (

2428809OV�_`a3=���� 

�U �
1

2000741783040000 917!22243673
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5614182009OV ! 1906900209O[ ( 212115209O]�
_`a4=�����

�

It is possible to introduce an overall Nusselt number defined 
as: 

bc � 1
bcd e 8�8f

g
�

�g�

�ηhOi= ,

bc1 � 1
bc1d e 8�89

g

N
�ηhOi=,
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( …
Where  

bcd � e �8�N8f

g
�

�g�

�ηhO�d=���, Nu1q � e 8�N89
g

N
�ηhOi=

We have extended this expansion exactly by means of 
symbolic computation up to order of 28 we quote only the 
result up to order of 8 just because of numbers becomes too 
long. Of course for lack of space we omit showing the 
calculation further than this order if any reader interested to 
have more calculation please contacts the author. We mention 
that the author in [8] has calculated Nusselt number with 
another definition which is in the form of the absolute value we 
omit to show our calculation for this case. 

3. ANALYSIS OF SERIES AND DISCUSSION
Pade approximants has been used in original forms to enable 

us to increase the range of applicability of the series as has been 
used and related refrences is cited in the works of Mansour [2] 
and Mansour [3]. This method does not necessarily require any 
information about the radius of convergence. The Pade 
approximants provide an approximation that is invariant under 
an Euler transformation of the independent variables. The 
theory of Pade approximants has been used extensively in 
Mansour [1]. Briefly stated, the Pade approximant is the ratio 
P(K)/Q(K) of polynomials P and Q of degree m and n, 
respectively, that, when expanded, agrees with the given series 
through terms of degree m+n, and normalized by P(Q)=1. Such 
rational fractions are known to have remarkable properties of 
analytic continuation. The coefficients of the power series must 
be known to degree m+n. By equating like power of g(x) and 
P(K)/Q(K), the linear system of m+n+1 equation must be 
solved to obtain the coefficients in the functional form 
P(K)/Q(K).Pade approximation of orders [1/2], [2/3] for  
Nusselt number series are respectively:   
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pade[1/2]: 

2π
1 ! 29 Q K�

129600

pade[2/3]:

 

2π ( π A11343149 Q K
�

8778369600 B

1 ( A22243673 Q K�
52670217600 B

pade[3/4]:

A2π ( 1544061207911017π Q K�
998147062396804320 B

1 ( r
2743398976200871 Q K�
4990735311984021600 !
73742696304558623 Q KU

2587197185732516797440000
s

Fig. 2  Plots of [7/8],[6/7],[5/6 ],[3/4]and [2/3] of the Pade 
approximants for Nusselt number  series versus K

When we form the ratios [7/8] and [6/7] and… Of the Pade 
approximants, it can be shown, they agreed up to the
value � t 30. This conclusion is confirmed as is plotted in 
Fig 2.  
 
4. CONCLUSION 

This is problem of the two-dimensional problem of steady 
natural convection in a narrow horizontal cylindrical annulus 
filled with porous medium due to a constant temperature 
variation on the outer and adiabatic conditions at the inner 
boundaries with constant volumetric heat flux. The solution is 

expanded in powers of a single combined similarity parameter 
which is the product of the gap ratio to the power of two, and 
Rayleigh number (� �  ����) and the series extended by 
means of symbolic calculation up to 28 terms. Analysis of these 
expansions allows the exact computation for arbitrarily 
accuracy up to 50000 figures. Although the range of the radius 
of convergence is small but Pade approximation lead our result 
to be good even for much higher value of the similarity 
parameter we have found extending terms exactly by means of 
symbolic calculation up to 28th order. Then we tried to make 
analytic continuation by using Pade approximation. In other 
words, we have solved the nonlinear partial differential 
equation exactly by means of computer and that is a real 
success. 

As has been mentioned in the introduction we repeat again 
the natural convection in a narrow horizontal cylindrical 
annulus filled with porous medium has received much attention 
because of the theoretical interest of [4], [5], [6], [7] for 
isothermal surfaces and [8] for isothermal inner and sinusoidal 
outer boundaries. As far as the numerical works for the case of 
isothermal surfaces a parameter study of diameter-ratio effects 
on the heat transfer coefficient was performed by [4] and angle 
of heating by [8] and other related problem of natural 
convection non-Darcy effect by [9] and finally experimental 
work of [4]. The question of hydrodynamic instability induces 
steady or oscillatory flows have been subject of many studies 
for example [4] and [10]. I hope the present exact solution of 
steady flow will help to answer such question much more 
clearly. We recently have done the same present approach of 
symbolic calculation for laminar flow through heated horizontal 
pipe [3] and similar work done for concentrically spheres [11]. 
There are lots of wide engineering application such as thermal 
energy storage systems, cooling of electronic components and 
transmission cables and this was subject of study by [12] for 
viscous medium. It makes the problem of narrow annulus under 
consideration very important. 

In general the heat transfer can be measured in steady 
natural convection in a narrow horizontal cylindrical annulus 
filled with porous medium, experimenters followed by 
theoreticians plot the Nusselt number versus of some 
dimensionless parameters, including Ra,  �,  but in this work we 
combine R� , � as � �  ����.� It is worth to mention in the 
past that we were indeed able to find surprisingly the Pade
approximation agrees very well qualitatively with result given 
in experiment refer for example to Mansour[3], but for this 
particular work and with these boundary conditions we have 
not found any experimental data to compare with. As the 
author in [1] has mentioned calculation in this type of problems 
suffers cancellation that it means, if one uses FORTRAN we 
cannot be able to get more than order up to 4 so it is very 
essential to use symbolic language like Maple as is used in this 
work.  We repeat our series has small radius of convergence but 
by using Pade approximant we are able to go as far as K=30
and that is real success. 

It is particularly gratifying is our ability to extract from the 
perturbation series for small gap (micro size) the behavior for 
finite gap, of course the gap even as large as the inner radius in 
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refrence [13] the same problem for finite gap has been done and 
is consistence to our results ,we cannot compare our results 
with them because their boundary conditions is different from 
ours . Finally in simple words for Nusselt number which is the 
rate of heat transfer we gave a simple formula for all values of 
modified Rayleigh number up to � t 30 and this is in my 
view good achievement. Of course we found the Nusselt 
number which is the rate of heat transfer through a micro gap
from macroscopic not microscopic view point. It would be 
interesting to have a work from microscopic investigation in 
order to compare with but we do not know anyone.
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