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ABSTRACT

In rotating homogeneous decay, the prolate quadratic form
associated with the normalized Reynolds (NR-) stress is
elongated by a coupling between velocity fluctuations and the
Coriolis acceleration. This paper shows that this well-known
turbulence phenomenon is consistent with an algebraic
anisotropic prestress (APS-) closure for the NR-stress that
unifies the study of turbulent flows in rotating and non-rotating
frames-of-reference. The APS-closure is a non-negative
mapping of the NR-stress into itself and is, thereby, universally
realizable for all turbulent flows.

INTRODUCTION

Previous experimental, numerical, and theoretical
results related to rotating and non-rotating homogeneous decay
of turbulence support the idea that the turbulent kinetic energy
and the turbulent dissipation satisfy the following autonomous,
non-linear, ordinary differential equations "> :

dk__

dt ’

k=tr<u'u'>/72 , (1)
e=vir<(Vu")-(Vu")' >

de €

“to_c =, (2)
dt 1,

For k * /(ve) —> o0, the dissipation turnover time T, depends

on k/¢€ and 1/” Q ” , where €2 is the angular velocity of the

rotating frame. Koppula et al.® formulated the following

equation for T by using the results of a spectral analysis of the

decay process developed by Park and Chung’:
dk k. k (1+ CR3N;/2)
=Cp——=C = =Ch 5 =
de e (1+Cy,N; ) 3)
11 Cg,

—= =7,(0)<7,(N,)<7,(0)=1

16 CR2 R ) R F R

The parameters in Eq.(3) are related to the Saffman energy
spectrum Eq (k) = Bk™ , 0<k< K, = g/k”?; and, the
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Osmidov energy spectrum, E(Kx)= CQ(S|Qx )22,
K, <K<K, = (|QX |3 /€)' The group
N (= 242 |Qx k/€) is related to a length scale associated

with the energy containing “eddies” and a length scale

associated with the Osmidov “eddies” K, / K, o€ N;/z. In
general, T, depends on N, (= ” <F> "k/ €), which compares

the turbulent time scale k/& with the mean field time
scalel/" <F> " , where ” <F> ” =(<F><F >T)"2 and
< E >=V<u> +22 . For rotating homogeneous flows,
<F>=2Q (e, —¢,e,) and || <F >|| =22 (o8

Experimental and DNS results for homogeneous decay and for
non-rotating homogeneous simple shear were used to estimate
the parameters in Eqs.(2) and (3) with the result that

C,/Cy, =11/6, C.,/C;, =11/16, C,,=0.0036
and C,,=0.076 (see Ref. 6). Eqs.(1) and (2)) were solved
for a range of rotation numbers subject to the initial conditions
k(0) =k, and €(0) =¢,. A 4"-order Runge-Kutta algorithm
supported by MatLab® with a time increment limiter of
At=10"° was used to integrate Eqs.(1) and (2). The

dimensionless time t is defined as tSO / ko .

Figures 1 and 2 summarize the influence of
Q,(=[0, |k, /g,) on k=k/k and k* /.

The results for Qo =10 and Qo =00 are about the same. The

E=¢le

0° 0>

decay results for 0 < Qo <10 all lie between the two curves

shown on Figure 1. During the initial stage (i.c., 0 <t <0.1),
an enhanced rate-of-decay of € arises due to a decrease in the
dimensionless turnover time T r @s the rotation number

N;(= 22 QOE/ €) increases. The influence of rotation on

k is relatively small during the initial stage. However, during
the intermediate stage (i.e., 0.1 <t <4), the rate of decay of

K is mitigated by the smaller dissipation that developed during
the initial stage. For the final (non-viscous) decay period (i.e.,

t>4 ), the rate-of-decay of € decreases due to the persistence
of a relatively large value of Kk as 1~{/ € — . Thus, for
t>4, N, >wand T, >C,/Cp,=11/16. It is
noteworthy that the dissipation for Qo =10 eventually exceeds

the dissipation for €2, = 0. This feature, which was not noted

by Park and Chung’, shows that rotation actually retards the

rate-of-decay of dissipation during the final stage of the decay
process. For 0 < Qo <1, k* /& decreases during the initial
stage and increases during the final stage (see Figure 2). For

Q, =21, k®/& increases monotonically. However, for

Qo =0, k* /& decreases monotonically as t —> o0 .

The objective of this paper is to calculate the Reynolds
stress anisotropy for rotating homogeneous decay based on a
recently developed algebraic closure for the normalized

Reynolds (NR-) stress, R=<u'u'>/tr<u'u'>. Fora
constant density constant viscosity fluid, the fluctuating velocity
u'(X,t) satisfies the continuity equation, V-u'=0and the

following dynamic equation in a rotating frame of reference °:
'

98 f<u>Vu'-vwWlu'=-u"-<F>-f",
ot - “4)

<F>=V<u>+2Q
In Eq), f'(=V-[p'l/p+u'u'=<u'u'>]) is an

intrinsic acceleration induced by pressure fluctuations and
fluctuations in the instantaneous Reynolds momentum flux. The

anti-symmetric rotation operator {) and the angular velocity

vector Q) are related by QQ =g-€). The Coriolis acceleration

in Eq.(4) produces a fluctuating force (i.e,—2pu'-Q)

orthogonal to the angular velocity Because

<u'u'>:Q=0, the Coriolis force is unable to produce

turbulent kinetic energy; however, it can induce anisotropy in
the NR-stress. This phenomenon directly affects the primary
and secondary normal stress differences and would, thereby, be
an important factor in supporting secondary flows in
inhomogeneous flows.

The quadratic form Q(Z) associated with the NR-stress is

non-negative. Therefore,
Q)=R:zz>0 , vzeE’ |z|=1. )

This fundamental inequality stems directly from the physical
condition that the underlying velocity distribution functional
defined over an ensemble of turbulent flow fields is non-
negative. Furthermore, Ineq.(5) implies that the eigenvalues of
the NR-stress are non-negative.” A Reynolds stress model that
produces an NR-stress that satisfies Ineq.(5) for all non-rotating
and for all rotating turbulent flows is, by definition, universally

realizable. For homogeneous decay, the quadratic form Q(z)

may be oblate, prolate, or isotropic ** °. During the initial stage
of decay, the anisotropy is sensitive to the initial conditions. If

the initial state is isotropic (R, =R =R = 1/3), then

prolate anisotropic states can develop due to strong non-linear
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interactions among the velocity components (i.e., ” f'(x,t) ”

= Hg'(§,t)-gu ). As demonstrated by Cambon et al.®,

turbulent kinetic energy associated with velocity fluctuations in
a plane orthogonal to{) is transferred to the fluctuating

velocity aligned  with Q;
0<R, =R, <1/3<R, <I.

The new closure for the NS-stress relates the

component therefore,

hydrodynamic/kinematic operator T, <F > to a prestress

operator B(=<f'f'>/tr<f'f'>):

R _ABA A=[I F>]" ©6)
= = R =|l+71T,<EF> .
= tr(A' ‘B-A) == "R°=

Eq.(6) follows from a formal analysis of Eq.(4) for the velocity

6,10,11,12
d 51U,

fluctuating fiel . The prestress operator B is related to

an intrinsic fluctuating force f'. The preclosure operator A
depends on the kinematic operator < F > and a turbulent

transport time Ty introduced by a statistical smoothing anzatz
based on the idea that turbulent space-time correlations have
finite memories compared with the relaxation of a
convective/viscous Green’s function. Dimensional reasoning

implies that T, depends on three different time scales: a

viscous time scale, V/Kk ; a turbulent time scale, K/€; and, a
mean field time scale, 1/ <F>:

k.
T = CRI ETR (Ret’NF)
@)

Re; =k2/gv oo

K .
>CRIETR(OO’NF)

The prestress operator B is assumed to depend on the

NR-stress, R . This self-consistent closure hypothesis can be

represented in closed form by the application of the Cayley-
Hamilton theorem’:

E=£+ C, (&—1/3 )+C, (§~§—HR &),
I, =R:R |
The C?I-c;efﬁcients in Eq.(8) can be expressed as
C,=27Bdet(R) and C, =—a (3, ~1)/3. If o and
[ satisfy the following two inequalities

~-3/2<a<9 9)
-1<B<0.0370 aa+4/5, (10)
then Eq.(8) is a non-negative CH-mapping of R into B (see

(®)

Ref. 6). Therefore, the anisotropic prestress (APS-) closure,

defined by Eq.(6) and Eq.(8), is a non-negative mapping of R

into itself. The mapping is realizable for all rotating and non-
rotating turbulent flows. This theoretical conclusion does not
depend on a specific benchmark flow used to calibrate the
mapping parameters o and f; however, o and B must satisfy
Inegs.(9) and (10). Koppula et al.® used experimental results
related to asymptotic non-rotating homogeneous shear and
determined that o =+ 0.10 and B =— 0.010. Eq. (8) generalizes

the isotropic prestress (IPS-) closure developed earlier by Parks

10,11
L™

eta and Weispennig et al.'> wherein B=1/3.

For rotating homogeneous flows, T, <F> = 2TR Q

Therefore, the preclosure operator é (see Eq.(6) above) and its
inverse éfl can be expressed as

éfl :£+1R<£>:

3 )
gxgx +9y9y +92§Z +NQ (gygz _gzgy)
(1+Ng)A =
- - (12)
(1+Ng)e.e, +ee, +e,e,—Ny(ee, —e,e,)
where NQ =21, Q =2C;, 7, 12520 /€ and

Qo =k, Q /g,. For V<u>=0, an analysis of Eqs.(6)
and (8) shows that Bxy =0, B, =0, ny =0, and
R, =0. Furthermore, with ByZ =0 and Byy =B, , the

shear component of the NR-stress is also zero ( i.e., RyZ =0);

therefore, for rotating homogeneous decay, Eq.(6) implies that

R, =[(1+N2)*B_]/
([0+N3)’B, 1+[B,, +N;,B,,1+[B,, + N;,B,, ])
R, =[B,+N;B,1/

(13)

- - - (14)
([0+N;)B, 1+[B,, +N;B,1+[B, + N;,B, 1))
R, =[B,+N;B, 1/

Q2 \2 r2 Q72 (15)
([a+N3)*B, 1+[B,, +NB,1+[B,, + N;,B, 1))
It is noteworthy that the preclosure operator é couples with
the prestress operator 2 to shift turbulent kinetic energy from

the plane orthogonal to the rotation axis into the fluctuating
velocity aligned with the angular velocity. Eqs.(13)-(15) shows

how the anisotropy depends on the rotation group N, . The

components of R are not affected by the sign of Q_.
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Eq.(8) implies that the prestress components are related to
the components of the NR-stress by the following scalar
equations:

B, =R_+C/(R, -1/3)+C,(R, -II,R) (16
B, =R_+C/([R,-1/3)+C,(R} -II;R ) (17
B_=R_+C,(R,_,-1/3)+C,(R., —-1I,R ).  (18)
In (16)-(18), II; =R:R = Rix + Rf,y + Riz inasmuch as
the shear components of & are zero. For NQ > (), solutions

to Eqgs.(13)-(18) are prolate anisotropic and satisfy the
following 0<Ryy =R, _<1/3<R_<I1.

Eqgs.(14) and (15) together with Eqs.(17) and (18) imply that
B, =B, and R, =R,.
Byy =B_=(1-B_)/2 and Ryy =R_=(0-R_)/2,
Eq.(13) simplifies to
_ (+Ny)B,
Y+NGB,)

Figure 3 summarizes the solutions to Eqs.(16) and (19) for

inequalities:

Therefore, with

19

different rotation numbers, €);. Changes in N, are

calculated based on the decay process defined by Eqgs.(1) and
(2). The APS-closure predicts that the Coriolis force causes a
redistribution of energy from an initial isotropic state to a
prolate state as the turbulent kinetic energy decays. The
algebraic nature of the APS-closure causes a rapid

(instantaneous) redistribution of energy at t=0 followed by a

slower transfer of energy fort > 0. During the decay process,
the quadratic form associated with the NR-stress changes from a
spherical isotropic form to a prolate ellipsoidal form with an
aspect ratio of 2R _/(1-R_ ). The anisotropic states
identified as ‘a’, ‘c’, ‘e¢’, and ‘g’ in Figure 3 for which
R, = 1/2 all have quadratic forms with an aspect ratio of
2:1. The anisotropic states identified as ‘b’, ‘d’, ‘f >, and ‘h’ in
Figure 3 for which R __ =3/4 all have quadratic forms with
an aspect ratio of 6:1. As the turbulent transport time increases

(ie., T >> Q;] ), the energy redistribution process continues
and is effectively completed (i.e., R _ =1) in a finite amount
of time ff =tf80/k0 <oo. Figure 3 shows that the time
needed to shift the energy to the R component depends on
the rotation number(),. For €2, =1, the transfer time is

significant inasmuch as ff =~ 33 . However, for Qo =15,

t, =1.8.

The normalized prestress B and the NR-stress R have

significant anisotropic components. The ~“extra” anisotropy A
in the CH-representation (see Eq.(8) above) is defined by

é EB_R =é1 +é2’

A =C/(R-1/3), . (20)
A,=C,(R-R-II; R)

For rotating homogenous decay, the APS-closure predicts that
A, and R are related by:

_ NAR,(-Ry) o
“ 1+N,(1-R )

Cpd G ¢

The anisotropic states ‘a’, ‘c’, ‘e’, and ‘g’ in Figure 3 have the
following characteristics: N, =0.082; R _ =0.500;

B, =0.498;and A =-0.002. For the anisotropic states
‘b, ‘d, ‘©°, and ‘h’ (see Figure 3), NQ =0.150;
R _=0.750; B =0.746; and A_ =-0.004. The

second invariant associated with A is II, =tr(A-A). For

prolate states, the third and the second invariants are related by
II, =6(1lI, /6)*” where 0 < III, <8/36. The invariants
of the first-order and the second-order “extra” anisotropic
operators A, and A, are defined similarly.

Figure 4 shows how the invariants of the “extra”

anisotropy develop for Qo =1. Although II,is very small
compared with the invariants of either R —l/ 3 or E—l/ 3,
the presence of the “extra” anisotropic operator é in Eq.(6) is
nevertheless important. For example, if A =0, then Eq.(21)

implies that either R_ =1 or R __ =0 for ‘NQ‘ > 0. Figure

4 also shows the relative importance of the first-order and the
second-order “extra” anisotropic operators A, and A, for

Qo =1. The “extra” anisotropic operators play complementary
roles in the energy transfer process. Both are fundamentally
important inasmuch as A, triggers the reorganization of energy

during the initial stage of decay ( E<<4), whereas A,
sustains the anisotropy during for the final stage of the decay
(t>>4).

In summary, this brief paper shows that the APS-closure (see
Egs. (6) and (8) above), unlike other commonly encountered
closures (see Ref. 5), predicts the formation of Reynolds stress

anisotropy during rotating homogeneous decay. With an
appropriate generalization of Eqgs.(1) and (2), the APS-closure
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together with the Reynolds averaged Navier-Stokes (RANS-)
equation may provide a means to unify the study of non-rotating
and rotating turbulent flows. Koppula et al.® have recently used
the APS-closure to predict the self-similar states in rotating
homogeneous simple shear.
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Figure 1. The influence of rotation on the turbulent kinetic
energy and the turbulent dissipation for homogeneous decay

(0<Q, <10).
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Figure 2. The influence of rotation on the turbulent dispersion

coefficient for homogeneous decay (0 < Qo <10).
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Figure 3. The influence of rotation on Reynolds stress

anisotropy for homogeneous decay (0 < Qo <10).
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Figure 4. The development of “extra” prestress anisotropy for

homogeneous decay ( Qo =1).
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