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1RZDGD\V�� WKHUH� LV� OLWWOH� LQIRUPDWLRQ��FRQFHUQLQJ� WKH�KHDW�

VKLHOG� V\VWHPV��DQG� WKLV� LQIRUPDWLRQ� LV� QRW� FRPSOHWHO\� UHOLDEOH�
WR�XVH� LQ� VR�PDQ\�FDVHV��)RU�H[DPSOH�� WKH�SUHFLVH�FDOFXODWLRQ�
FDQ� QRW� EH� GRQH� IRU� YDULRXV� PDWHULDOV�� ,Q� DGGLWLRQ�� WKH� UHDO�
VFDOH�WHVW�KDV�WZR�GLVDGYDQWDJHV��KLJK�FRVW�DQG�ORZ�IOH[LELOLW\��
DQG�IRU�HDFK�FDVH��ZH�PXVW�SHUIRUP�D�QHZ�WHVW��+HQFH��XVLQJ�D�
QXPHULFDO� PRGHOLQJ� SURJUDP� WKDW� FDOFXODWHV� WKH� VXUIDFH�
UHFHVVLRQ� UDWH� DQG� LQWHULRU� WHPSHUDWXUH� GLVWULEXWLRQ� LV�
QHFHVVDU\��$OVR�� WKH� QXPHULFDO� VROXWLRQ� RI� JRYHUQLQJ� HTXDWLRQ�
IRU� QRQ�FKDUULQJ� PDWHULDO� DEODWLRQ� LV� SUHVHQWHG� LQ� RUGHU� WR�
DQWLFLSDWH� WKH� UHFHVVLRQ� UDWH� DQG� WKH� KHDW� UHVSRQVH� RI� QRQ�
FKDUULQJ�KHDW�VKLHOGV��7KH�JRYHUQLQJ�HTXDWLRQ�LV�QRQOLQHDU�DQG�
WKH� 1HZWRQ�� 5DIVRQ� PHWKRG� DORQJ� ZLWK� 7'0$� DOJRULWKP� LV�
XVHG� WR� VROYH� WKLV� QRQOLQHDU� HTXDWLRQ� V\VWHP�� �8VLQJ�1HZWRQ��
5DIVRQ�PHWKRG�IRU�VROYLQJ�WKH�JRYHUQLQJ�HTXDWLRQ�LV�RQH�RI�WKH�
DGYDQWDJHV�RI�WKH�VROYLQJ�PHWKRG�EHFDXVH�WKLV�PHWKRG�LV�VLPSOH�
DQG�LW�FDQ�EH�HDVLO\�JHQHUDOL]HG�WR�PRUH�GLIILFXOW�SUREOHPV��7KH�
REWDLQHG�UHVXOWV�DUH�FRPSDUHG�ZLWK�UHOLDEOH�VRXUFHV�LQ�RUGHU�WR�
H[DPLQH�WKH�DFFXUDF\�RI�FRPSLOLQJ�FRGH��
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,1752'8&7,21�
7KH� GHVLJQ�� VHOHFWLRQ�� DQG� VL]LQJ� RI� D� WKHUPDO� SURWHFWLRQ�

V\VWHP� �736�� DQG� WKH� VNLQ� PDWHULDO� IRU� UHHQWU\� YHKLFOHV� DUH�
SUREOHPV� RI� JUHDW� LPSRUWDQFH� >�@�� 2QH� RI� WKH� JUHDWHVW�
FKDOOHQJHV� LQ�GHVLJQLQJ� DHURVSDFH� VWUXFWXUH� LV� GHWHUPLQLQJ� WKH�
LQWHUQDO� WKHUPDO� ILHOG�� ZKLFK� LV� JHQHUDWHG� E\� DHURG\QDPLF�
KHDWLQJ�GXULQJ� WKH�DWPRVSKHULF�IOLJKW�SKDVH�RI�D�VSDFH�YHKLFOH�
>�@�� 7KH� VXFFHVV� RI� D� VSDFH� PLVVLRQ� GHSHQGV� RQ� WKH� FRUUHFW�

HYDOXDWLRQ� RI� WKH� PHFKDQLFDO� DQG� WKHUPDO� ORDGV� RQ� D� UHHQWU\�
YHKLFOH�GXULQJ� WKH� UHHQWU\�SDWK� LQWR� WKH�SODQHW� DWPRVSKHUH��$W�
KLJK�0DFK�QXPEHUV��WKH�EOXQW�ERG\�JHQHUDWHV�D�ERZ�VKRFN�DQG�
FDXVHV� D� UDWKHU� KLJK� SUHVVXUH�� ZKLFK� LQ� WXUQ� OHDGV� WR� D� KLJK�
DHURG\QDPLF� GUDJ� QHHGHG� IRU� GHFHOHUDWLQJ� RU� DHUR� EUDNLQJ�
UHHQWU\� FDSVXOHV�� 0RVW� FXUUHQW� DHUR� WKHUPRG\QDPLF� GHVLJQV�
IHDWXUH�D�EOXQW�IRUH�ERG\��VKLHOGLQJ�WKH�SD\ORDG�IURP�WKH�LQWHQVH�
KHDW� JHQHUDWHG� GXULQJ� DWPRVSKHULF� UHHQWU\�� :KHQ� D� ODXQFK�
YHKLFOH�FUXLVHV�DW�D�KLJK�0DFK�QXPEHU�WKURXJK�WKH�DWPRVSKHUH��
WKH� NLQHWLF� HQHUJ\� RI� WKH� IOXLG� WUDQVIRUPV� WR� LQWHUQDO� HQHUJ\��
ZKLFK� HYHQWXDOO\� OHDGV� WR� D� ULVH� LQ� WHPSHUDWXUH� ZLWKLQ� WKH�
ERXQGDU\� OD\HU�� 7KLV� SKHQRPHQRQ� LV� JHQHUDOO\� UHIHUUHG� WR� DV�
YLVFRXV� GLVVLSDWLRQ�� 7KH� YHKLFOH� VXUIDFH� WDNHV� RQ� D� YHU\� KLJK�
WHPSHUDWXUH�WKDW�HYHQ�PDWHULDOV�ZLWK�KLJK�PHOWLQJ�SRLQWV�FDQQRW�
ZLWKVWDQG� >�@��7KLV� LV� HVSHFLDOO\� LPSRUWDQW� DURXQG� WKH� YHKLFOH�
QRVH� DQG� FRXOG� GHVWUR\� WKH� VWUXFWXUH�� )RU� H[DPSOH�� WKH�
VWDJQDWLRQ� SRLQW� WHPSHUDWXUH� RI� YHVVHO� GXULQJ� DWPRVSKHULF�
UHHQWU\�� DW� ���0DFK� YHORFLWLHV� LV� ������.� >�@��2EYLRXVO\�� WKLV�
VLWXDWLRQ� FRXOG� EH� WROHUDWHG� E\� QHLWKHU� DQ\� VWUXFWXUH� QRU� DQ\�
FRPPRQ�KHDW�LQVXODWLRQ�XQOHVV�WKH�VSHFLDO�PHFKDQLVP�KDV�EHHQ�
XVHG� WR� UHGXFH� WKH� HIIHFWV� RI� VWURQJ� KHDW� IOX[�� 6RPH� RI� WKHVH�
KLJK� WHPSHUDWXUH� WKHUPDO� V\VWHPV�� XVHG� LQ� WKHVH� FRQGLWLRQV�
LQFOXGH� KHDW�VLQN� V\VWHPV�� OHDNDJH� FRROLQJ� DQG� DEODWLYH�
FRROLQJ�� +HDW� VLQN� PDWHULDOV� WKDW� DUH� WKH� KLJK�KHDW� FDSDFLW\�
PDWHULDOV� SUHYHQW� LQFUHDVH� WHPSHUDWXUH� LQ� WKH� VWUXFWXUH� ZKHQ�
VWRULQJ�WKH�LQSXW�KHDW�IOX[��,Q�OHDNDJH�FRROLQJ��WKURXJK�VXUIDFH�
SRUHV�� WKH� IOXLG� LV� LQMHFWHG� LQVLGH� WKH�ERXQGDU\� OD\HU� DQG� WKHQ�
WKH�KRW�ERXQGDU\� OD\HU� LV� UHPRYHG�IURP�WKH�VXUIDFH�� �$EODWLYH�
LQVXODWLRQ��FRQVLGHUHG�LQ�WKLV�VWXG\��SHUIRUPV�WKH�SKDVH�FKDQJHV�
DQG� FKHPLFDO� UHDFWLRQ� DEVRUSWLRQ�� 7KHUHIRUH�� WKH\� DEVRUE� DQG�
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ORVH�VRPH�DPRXQW�RI�KHDW� IOX[�ZKHQ�H[SRVHG�WR�KRW�JDVHV�� �,Q�
WKLV� PDQQHU�� DEODWLYH� LQVXODWLRQV� VDFULILFH� WKHPVHOYHV� IRU� WKH�
PDLQ� VWUXFWXUH� DQG� SUHYHQW� LW� IURP� GDPDJH� >�@�� 7KH� VXUIDFH�
WHPSHUDWXUH�RI�KHDW�VLQN�V\VWHP�PDWHULDOV�LV�DOVR�UHGXFHG�E\�WKH�
DEODWLYH�V\VWHP��,W�SUHYHQWV�WKH�VWUXFWXUH�IURP�EHLQJ�RYHUZHLJKW�
DV� ZHOO�� $Q� HIILFLHQW� GHVLJQ� RI� WKHUPR� VWUXFWXUDO� SURWHFWLRQ�
UHOLHV�RQ�DQ�DFFXUDWH�HYDOXDWLRQ�RI�WKH�ZDOO�UHFHVVLRQ�FDXVHG�E\�
DEODWLRQ�� ,Q� SDUWLFXODU�� &�&� FRPSRVLWHV� GHYHORS� VXUIDFH�
URXJKQHVV� IHDWXUHV��ZKLFK�PD\�GLVSOD\�D� VWURQJ�FRXSOLQJ�ZLWK�
WKH� VXUURXQGLQJ� HQYLURQPHQW� >�@�� &DUERQ�&DUERQ�&�&��
FRPSRVLWHV��ZKLFK�NHHS�H[FHOOHQW�PHFKDQLFDO�SURSHUWLHV�DW�KLJK�
WHPSHUDWXUH�DUH�XVHG�DV�WKHUPR�VWUXFWXUDO�SURWHFWLRQV�LQ�YDULRXV�
DSSOLFDWLRQV�VXFK�DV�DWPRVSKHULF�UHHQWU\�>���@��+LVWRULFDOO\��WKH�
ILUVW�VSHFLILF�VWXGLHV�RQ�WKLV�SKHQRPHQRQ�ZHUH�FRQGXFWHG�LQ�ODWH�
����V�DQG�HDUO\�����V��EDVHG�RQ� WKH�ILUVW�VWXG\�RI�9RQNDUPDQ�
>�@���
�
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,Q�JHQHUDO�GLIIHUHQWLDO�HTXDWLRQV�RI�DEODWLYH�PDWHULDOV��VRPH�
WHUPV� DUH� RPLWWHG�� DIWHUZDUGV�� JRYHUQLQJ� HTXDWLRQV� XSRQ�
DEODWLYH�JUDSKLWH�DUH�REWDLQHG��7R�VROYH�WKH�HTXDWLRQ��LW�LV�EHWWHU�
WKDW� WKH� EDVLF� VLWH� D[LV� EDVLV� FRQIRUPV� WR� WKH�PDWHULDO� VXUIDFH�
EHFDXVH�RI�WKH�DEODWLYH�VXUIDFH�UHFHVVLRQ�>�@��
$V�IROORZV��WKH�HQHUJ\�HTXDWLRQ�LV�SUHVHQWHG��
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,Q� DERYH� UHODWLRQV �� � LV� FDOFXODWHG� E\� WKH� IROORZLQJ�

SURSRUWLRQ��

U

��
 ���P6 � ����
7KH� DVVXPSWLRQ� RI� FKHPLFDO� HTXLOLEULXP� LQ� WKH� UHDFWLRQ�

VXUIDFH� RI� DEODWLYH� PDWHULDO� LV� DFFHSWHG� DV� D� VWDQGDUG�
DVVXPSWLRQ���$FFRUGLQJ�WR�WKLV�DVVXPSWLRQ��DQ�LPSRUWDQW�SDUW�RI�
DEODWLRQ� KDSSHQV� LQ� KLJK� WHPSHUDWXUH� DQG� KLJK� SUHVVXUH� LQ� D�
ZD\�WKDW�LQ�WKHVH�FRQGLWLRQV��WKH�UHDFWLRQV�DUH�YHU\�IDVW�DQG�WKH�
FKHPLFDO� HTXLOLEULXP� LV� GRPLQDQW�� &DOFXODWLQJ� WKH� FKHPLFDO�
HTXLOLEULXP� RI� WKH� RSHQ� V\VWHPV� LV� GRQH� ZLWK� WKH� KHOS� RI�
WKHUPRG\QDPLF� DQG� VWRLFKLRPHWU\� UHODWLRQV� RI� WKH� UHDFWLRQV��
(67�DQG�$&(�FRPSXWHU�FRGHV�FDOFXODWH�WKH�DEODWLRQ�UDWH�XVLQJ�
WKH� WKHUPRG\QDPLF� SURSHUWLHV� RI� WKH� PDWHULDOV� LQ� -$1$)�
WDEOHV>��@�� � ,Q� WKH� SUHVHQW� VWXG\� VRPH� WDEOHV� RI� GDWD� DUH�
SURYLGHG�IURP�WKH�UHVXOWV�RI�DSSO\LQJ�(67�FRGH�DQG�WKHQ�WKHVH�
GDWD�DUH�UHODWHG�WR�HDFK�RWKHU�DV�RQH�IXQFWLRQ��7KH�LQSXW�WR�WKHVH�
IXQFWLRQV�DUH�WKH�VXUIDFH�WHPSHUDWXUH��7 � ���WKH�VXUIDFH�SUHVVXUH�
� �� SS  ��DQG�WKH�QRUPDOL]HG�PDVV�IOX[�RI�S\URO\VLV�JDV��7KH�
RXWSXWV�RI�WKHVH�IXQFWLRQV�DUH�LQ�PDVV�IOX[�RI�VXUIDFH�DEODWLRQ��
DQG�JDV�HQWKDOS\�DORQJ�WKH�ZDOO��7KH�PDVV�WUDQVIHU�FRHIILFLHQW�LV�
FDOFXODWHG�IURP�DEODWLYH�PDVV�IOX[��
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%281'$5<�&21',7,216��
)LJXUH� ��� VFKHPDWLFDOO\� VKRZV� D� PRGHO� RI� WKH� DEODWLYH�

PDWHULDO�
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$V� VHHQ�� LQ� DGGLWLRQ� WR� KHDW� WUDQVIHU� WKURXJK� FRQYHFWLRQ��

UDGLDWLRQ�DQG�FRQGXFWLRQ��DEVRUSWLRQ�RU�KHDW�SURGXFWLRQ�UHODWHG�
WR� FKHPLFDO� UHDFWLRQ� VKRXOG� EH� PRGHOHG��$FFRUGLQJ� WR� ILJXUH�
����� WKH� LQSXW� DQG� RXWSXW� HQHUJ\� WHUPV� WR� DEODWLYH� PDWHULDO�
VXUIDFH�DUH��
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PQPQRST KPKP �� � � ,QSXW�KHDW� IOX[� WR� VXUIDFH� IRU�
S\URO\VLV�JDVHV�DQG�FKDU�
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Y�Z\[] ^�_` a] ^�_ TT bb � � ,QSXW� DQG� RXWSXW� RI� UDGLDWLRQ�

KHDW�IOX[�� � cc KYU � 2XWSXW� IOX[� IURP� VXUIDFH� IRU�
PDVV�IOX[ � � dd KYU �

e�fhg\iT � 3HQHWUDWLRQ� RI� HQHUJ\� WR� JDV�
SKDVH�

�
,W�VKRXOG�EH�QRWHG�WKDW�WKH�FRQWURO�YROXPH��DV� LW�VKRZQ��LV�

FRQVWDQW� UHODWLYH� WR� DEODWLYH� PDWHULDO�� 7KHUHIRUH�� FRQVHUYDWLRQ�
RI�HQHUJ\�HTXDWLRQ�LQ�PDWHULDO�VXUIDFH�LV��
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)RU� FDUERQ�� FDUERQ� FRPSRVLWH�Kwyx  ��� VR� WKH� ODVW� HTXDWLRQ�
ZRXOG�EH�FKDQJHG�DV�IROORZV��
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,Q� WKH� DERYH� HTXDWLRQ� � �T
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LV� FROG� ZDOO� KHDW� IOX[� DQG� K � � LV�

UHFRYHU\� HQWKDOS\�� FDOFXODWHG� E\� DHURG\QDPLF� UHODWLRQV���y� �\�I UHODWHV� WR� EORZ�� UHVXOWHG� IURP� WKH� JDV� HQWHULQJ� WKH�
ERXQGDU\� OD\HU�� DQG� LW� LV� FDOFXODWHG� E\� WKH� IROORZLQJ� UHODWLRQ�
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,Q� WKH� DERYH� HTXDWLRQ� D � � HTXDOV����� ��<� � �I t �� LV� WKH�
DEUDVLRQ� FRHIILFLHQW� DQG� IRU� WKH� VWDWH� LQ� ZKLFK� WKHUH� LV� QR�
DEUDVLRQ�LW�HTXDOV����7KH�HPLVVLRQ�FRHIILFLHQW��DOVR��HTXDOV������
K � ��LV�GHWHUPLQHG�DV�IROORZV�>��@���

�� ���� '7'7&

G7&K

�   ¡¢

£
£¥¤¦ §
¨ © ª

���
  

«
³ � ����

ZKHUH ���� M& NJ .¬  q ��' �����.�DQG�7 � ­ ®  �����.���
�

180(5,&$/�&$/&8/$7,21�0(7+2'�
)RU�VROYLQJ�HTXDWLRQ������ WKH�JRYHUQLQJ�SDUWLDO�GLIIHUHQWLDO�

HTXDWLRQV�DUH�VXEVWLWXWHG�E\�DSSUR[LPDWLRQ�RI�ILQLWH�GLIIHUHQFH��
$FFRUGLQJ� WR� WKH� QRQOLQHDU�QDWXUH�RI� WKH�JRYHUQLQJ� HTXDWLRQV��
1HZWRQ�5DIVRQ�PHWKRG�LV�XVHG�ZLWK�7'0$�DOJRULWKP�WR�VROYH�
WKH�DOJHEUD�HTXDWLRQ�V\VWHP���
8VLQJ�1HZWRQ�5DIVRQ�PHWKRG� LQ� VROYLQJ� JRYHUQLQJ� HTXDWLRQV�
LV�DQ�DGYDQWDJH�RI�WKH�QXPHULFDO�FDOFXODWLRQ�PHWKRG�DQG�LW�FDQ�
EH� HDVLO\� JHQHUDOL]HG� WR�PRUH� FRPSOH[� SUREOHPV�� ,Q�1HZWRQ�
5DIVRQ� PHWKRG�� WKH� QRQOLQHDU� HTXDWLRQ� FRPSOH[LW\� LV� QRW�
FRQVLGHUHG�� EHFDXVH� WKH� VWUXFWXUDO� FRQVWDQW� RI� WKH� JRYHUQLQJ�
HTXDWLRQ� V\VWHP� FDQ� EH� REWDLQHG� E\� GLIIHUHQWLDWLRQ� UHODWLYH� WR�
HYHU\�LQGHSHQGHQW�YDULDEOH�DQG�WKH�UHVXOWLQJ�HTXDWLRQ�V\VWHP�LV�
D� OLQHDU� HTXDWLRQ� V\VWHP� UHODWLYH� WR� WKH� DPRXQW� RI� FKDQJHV� RI�
HYHU\� LQGHSHQGHQW� YDULDEOH� �KHUH� 7' ��� ,Q� DGGLWLRQ�� WKH� PRVW�
LPSRUWDQW�SURSHUW\�RI�WKH�UHVXOWLQJ�HTXDWLRQ�V\VWHP�LV�WKDW�XVLQJ�
7'0$�DOJRULWKP��WKH�DPRXQW�RI�FKDQJHV�RI�HYHU\�LQGHSHQGHQW�
YDULDEOH� FDQ� EH� REWDLQHG� LQ� HDFK� LWHUDWLRQ�� DQG� E\� DGGLQJ� WKH�
DPRXQW� RI� FKDQJHV� LQ� RQH� YDULDEOH� WR� WKH� SUHYLRXV� RQH�� WKH�
UHVXOWHG� YDULDEOH� YDOXH� GLVDSSHDUHG� LQ� WKH� JRYHUQLQJ� HTXDWLRQ�
V\VWHP� FRQVWDQWV�� WKHQ� WKH� QHZ� HTXDWLRQ� V\VWHP� LV� DJDLQ�
FDOFXODWHG�E\�7'0$�PHWKRG�DQG� WKLV�PHWKRG�FRQWLQXHV�XS� WR�
FRPSOHWH�FRQYHUJHQFH���,Q�JHQHUDO��QRQOLQHDU�HTXDWLRQ�V\VWHP�LV�
DVVXPHG�DV��
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1RWH� WKDW�DOO� ²) DUH�]HUR��VR�GLIIHUHQWLDO�RI� WKHVH� IXQFWLRQV�
LV�]HUR�DQG�WKLV�UHODWLRQ�FDQ�EH�H[SUHVVHG�DV��
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¶[' LV� FDOFXODWHG� E\� VROYLQJ� WKH� DERYH� V\VWHP� DQG� DIWHU�
FDOFXODWLQJ� ¶[' WKH�QHZ�YDOXH�RI� ·[ LV�VSHFLILHG�DV��¸¹¸¹¸¹ [[[ '� º�» � ����

,Q�DERYH�HTXDWLRQ�WKH�VXSHUVFULSW��N����LQWURGXFHV�WKH�QHZ�
YDOXHV�DQG�VXSHUVFULSW�N�LQWURGXFHV�WKH�SUHYLRXV�YDOXHV��
7KH� JLYHQ� PHWKRG� LV� D� UHSHWLWLRQ� XQWLO� LW� REWDLQV� FRPSOHWH�
FRQYHUJHQFH��
�

5(68/76�
,Q�RUGHU�WR�PDNH�FHUWDLQ�WKDW�WKH�1HZWRQ�5DIVRQ�PHWKRG�LV�

DFFXUDWH� LQ� VROYLQJ� WKH� JRYHUQLQJ� HTXDWLRQV�� ILUVW�� ��'� QRQ�
OLQHDU�KHDW�WUDQVIHU�HTXDWLRQ�LV�VROYHG�DV�IROORZV�LQ�D�FRQGLWLRQ�
WKDW�WKH�PDWHULDO�SURSHUWLHV�DUH�D�IXQFWLRQ�RI�WHPSHUDWXUH��7KHQ�
WKH� UHVXOWV� DUH� JHQHUDOL]HG� WR� PRUH� FRPSOH[� SUREOHPV�� ,Q�
DQDO\]LQJ� WKLV� SUREOHP�� WKH� VSHFLILF� KHDW� FDSDFLW\� RI�PDWHULDO��
DQG� KHDW� FRQGXFWLYLW\� FRHIILFLHQW� QRW� RQO\� DUHQ
W� FRQVLGHUHG�
FRQVWDQW�EXW�DOVR�DUH�DVVXPHG�WR�EH�D�IXQFWLRQ�RI� WHPSHUDWXUH��
EXW�WKH�PDWHULDO�GHQVLW\�LV�FRQVWDQW��)RU�WKLV�SUREOHP��JRYHUQLQJ�
HTXDWLRQ�� LQLWLDO� FRQGLWLRQV�� DQG� ERXQGDU\� FRQGLWLRQV� DUH�
FRQVLGHUHG�DV��
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9DULDWLRQ�RI�KHDW�FRQGXFWLYLW\�FRHIILFLHQW�DQG�VSHFLILF�KHDW�
FDSDFLW\� LV� DVVXPHG� OLQHDU� DFFRUGLQJ� WR� WHPSHUDWXUH� DQG� LV�
H[SUHVVHG�ZLWK�WKH�IROORZLQJ�UHODWLRQV��
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7KH� DQDO\WLFDO� VROXWLRQ� RI� WKLV� SUREOHP� LV� SHUIRUPHG�ZLWK� WKH�
IROORZLQJ�WUDQVIHU�>��@��
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7KH� DERYH� UHODWLRQ� LV� D� TXDGUDWLF� HTXDWLRQ� DFFRUGLQJ� WR�Þß àááãâ �DQG�DIWHU�VROYLQJ�LW�WKH�IROORZLQJ�UHODWLRQ�LV�REWDLQHG��
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%\� WUDQVIHUULQJ� WKH� HQHUJ\� HTXDWLRQ�� ERXQGDU\� FRQGLWLRQV�
DQG�LQLWLDO�FRQGLWLRQV��WKH�IROORZLQJ�UHODWLRQV�DUH�REWDLQHG��
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7UDQVIHUUHG� HQHUJ\� HTXDWLRQ� LV� FRPSOHWHO\� VLPLODU� WR�
HQHUJ\�HTXDWLRQ�ZLWK�FRQVWDQW�PDWHULDO�SURSHUWLHV���
7KHUHIRUH��WKH�VROXWLRQ�LV��
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7KH�FRQVLGHUHG�SDUDPHWHUV�JLYHQ�LQ�7DEOH�����DQG�7DEOH�����
IRU� VROYLQJ� WKH� SUREOHP� LQWURGXFH� WKH� FRQGXFWLYLW\� FRHIILFLHQW�
YDULDWLRQV�DQG�VSHFLILF�KHDW�FDSDFLW\�UHODWLYH�WR�WKH�WHPSHUDWXUH��
,Q� ILJXUH� �� WKH� UHVXOWV� RI� SUHVHQW� FRGH� DUH� FRPSDUHG� ZLWK�
DQDO\WLFDO� VROXWLRQ� UHVXOWV� DW� W �V� DQG� W ��V��$V� FDQ� EH� VHHQ��
WKHUH� LV� VXLWDEOH�FRQIRUPLW\�EHWZHHQ� WKH�REWDLQHG� UHVXOWV� IURP�
VROYLQJ� HTXDWLRQ�ZLWK�1HZWRQ�5DIVRQ�PHWKRG�DQG� WKH� UHVXOWV��
REWDLQHG�IURP�DQDO\WLFDO�VROXWLRQ��7KLV�HPSKDVL]HV�WKH�DFFXUDF\�
RI�1HZWRQ�5DIVRQ�PHWKRG�LQ�VROYLQJ�WKH�QRQ�OLQHDU�HTXDWLRQV��
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OQP�R"S�T
U!V*W	P�X�Y P�O-Y Z&["\'Z3]_^�T%P!Oa`�Z&[�b�c-`-O-Y W�Y O�d'`�Z&T"]�]
Y `�Y T"[�O
P�[�b�^�T%P!O_`"P�efP�`6Y O!d'`�Z&T�]!]
Y `�Y T"[�O3P�`�`�Z&X�b�Y [-g�O
Z

O"T�h e"T"X
P!O"c�X�T

& i �-�NJ�N��.�Z�PN���7��.��
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���������������

�
�

�]
Y g&c�X�T
U�VQ`�Z3h eQP�X�Y \"Z&['Z&]&O�T�h e"T"X�P!O"c�X�T0b�Y \�O"X�Y R"c�O-Y Z&[
Z&]jO"^7T0e"X�T
\7T"[�Ok`�Z&b�T'Y [kO"^7TlO-Y h T
\0Z&]jm n�o%\ P�[�bpm n�o%q�\arsY O�^

O"^�T'X7T�\7c�SHO
\1]!X-Z3h1P�[
P�SHd�O-Y `�P�S6\"Z&S�c�O"Y Z&[

)RU� GHWHUPLQLQJ� WKH� WHPSHUDWXUH� GLVWULEXWLRQ� LQVLGH� WKH�
FKDUULQJ�DQG�QRQ�FKDUULQJ�DEODWLYH�PDWHULDO�DQG�IRU�GHWHUPLQLQJ�
WKH�ILQDO�UHFHVVLRQ�VXUIDFH�WKH�DEODWLYH�PDWHULDO�W\SH�VKRXOG�EH�
DVVLJQHG� ILUVW�� 7KH� FRPSLOLQJ� FRGH� LV� DEOH� WR� VROYH� WKH�
JRYHUQLQJ� HTXDWLRQ� RQ� QRQ�FKDUULQJ� PDWHULDO� ZLWK� VXLWDEOH�
DFFXUDF\�� 8VLQJ� WKH� 1HZWRQ�5DIVRQ� PHWKRG� LQ� VROYLQJ� WKH�
JRYHUQLQJ� HTXDWLRQV� LV� RQH� RI� WKH� DGYDQWDJHV� RI� WKLV� FRGH�
EHFDXVH�WKLV�PHWKRG�LV�XQGHUVWRRG�YHU\�HDVLO\�DQG�DOVR�LW�FDQ�EH�
JHQHUDOL]HG� WR� PRUH� FRPSOH[� SUREOHPV� HDVLO\�� ,Q� RUGHU� WR�
EHFRPH� FHUWDLQ� DERXW� WKH� SURJUDP� DFFXUDF\� WKH� UHVXOWV� DUH�
FRPSDUH�ZLWK�UHIHUHQFH�>��@�UHVXOWV��
7KH�FRQVLGHUHG�SUREOHP�LQ�WKLV�UHIHUHQFH�LV�D�PLVVLOH�WKDW�HQWHUV�
WKH� DWPRVSKHUH� ZLWK� IURP� WKH� ��NP�06/ t � EXW� WKH� WUDMHFWRU\�
GDWD� DUH� QRW� VSHFLILHG�� 7KH� FROG� ZDOO� KHDW� IOX[�� WKH� UHFRYHU\�
HQWKDOS\�� DQG� WKH� SUHVVXUH� RI� DEODWLYH� PDWHULDO� RQ� D� VSHFLILF�
ORFDWLRQ�RI�WKH�PLVVLOH�DUH�SUHVHQWHG�LQ�5HI��>��@��
7KH�LQSXW�FRGH�LQFOXGHV�FROG�ZDOO�KHDW�IOX[��UHFRYHU\�HQWKDOS\��
DQG� SUHVVXUH�� 7KHUHIRUH� ZLWK� FRQVLGHUDWLRQ� WR� UHODWLRQV�
UHJDUGLQJ� WKH� VWDJQDWLRQ� SRLQW�� WKLV� TXDQWLW\� LV� FDOFXODWHG� E\�
GDWD�WUDMHFWRU\��
7KH� FRPSRVLWH� GHQVLW\� LV� ����NJ�P u DQG� YDULDWLRQ� RI� KHDW�
FRQGXFWLYLW\�FRHIILFLHQW�E\�WHPSHUDWXUH�LV�VKRZQ�LQ�7DEOH����
�
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OQP�R"S�T���V*W	P�X�Y P�O-Y Z&["\'Z3] � `"P�X�R
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)LJXUH� ���� VKRZV� D� FRPSDULVRQ� EHWZHHQ� REWDLQHG� UHVXOWV�

DQG�RQHV�IURP�UHIHUHQFH�>��@��$GGLWLRQDOO\��LW�LV�QRWLFHDEOH�WKDW�
WKH�VXUIDFH�UHFHVVLRQ�UHVXOWV�DUH�KLJKHU�WKDQ�VXUIDFH�WHPSHUDWXUH�
GLVWULEXWLRQ�UHVXOWV��
,Q� DGGLWLRQ�� WKH� FRQIRUPLW\� RI� WKH� UHVXOWV� RI� WKH� SUHVHQW� FRGH�
ZLWK�RQHV�IURP�ILQLWH�GLIIHUHQFH��)'��PHWKRG�LV�PRUH�WKDQ�WKH�
UHVXOWV� RI� +%,� PHWKRG� IURP� UHIHUHQFH� >��@�� 7KLV� VKRZV� WKH�
DFFXUDF\� RI� WKH� SUHVHQW� FRGH�� EHFDXVH�+%,� LV� DQ� DSSUR[LPDWH�
PHWKRG�DQG�LWV�RQO\�DGYDQWDJHRXV�DVSHFW�LV�KLJK�VSHHG�IXQFWLRQ�
DQG�DFFRUGLQJO\��ORZ�SHUIRUPDQFH�WLPH��
�

�]
Y g&c�X�T��%VQ`�Z3h eQP�X�Y \"Z&[kO"^7T0e�X-Z&]
Y S�TkZ&]&O�T�h e"T"X�P�O"c�X�T
b�Y \�O"X�Y R"c�O"Y Z&[lP�[�b�X7T�`�T
\"\7Y Z3[�\7c�X�]*P�`�TkZ&]ae"X7T�\-T"[�O_`�Z&b�T

r�Y O"^�Z�O"^�T"X�X7T�\7c�SHO
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&21&/86,21�
,Q� WKLV� VWXG\� WKH� JRYHUQLQJ� HTXDWLRQV� RI� QRQ�FKDUULQJ�

DEODWLYH�PDWHULDOV�� LQFOXGLQJ�HQHUJ\�HTXDWLRQ��LQ�WUDQVLHQW�VWDWH�
LV� FDOFXODWHG� E\� QXPHULFDO� PHWKRG� DQG� WKH� KLVWRU\� RI�
WHPSHUDWXUH�GLVWULEXWLRQ�LQ�WKH�EDVH�PHWDO�DQG�VXUIDFH�UHFHVVLRQ�

DUH�PHDVXUHG��7R� GR� VR� DQG�PDNH� WKH� HQHUJ\� HTXDWLRQ� OLQHDU��
1HZWRQ�5DIVRQ� PHWKRG� LV� XVHG�� EHFDXVH� LQ� WKLV� PHWKRG� WKH�
FRPSOH[LW\� RI� QRQOLQHDU� HTXDWLRQ� LV� QRW� VR� LPSRUWDQW� VR� WKH�
VWUXFWXUDO� FRQVWDQWV� RI� WKH� QHZ� OLQHDU� HTXDWLRQ� V\VWHP� LV�
REWDLQHG� E\� GLIIHUHQWLDWLRQ� UHODWLYH� WR� HYHU\� LQGHSHQGHQW�
YDULDEOH�� $OVR� WKH� PRVW� LPSRUWDQW� IHDWXUH� RI� WKLV� HTXDWLRQ�
V\VWHP� LV� WKDW� E\� XVLQJ� 7'0$� DOJRULWKP� ZH� FDQ� REWDLQ� WKH�
DPRXQW� RI� FKDQJHV� RI� HYHU\� LQGHSHQGHQW� YDULDEOH� LQ� HDFK�
LWHUDWLRQ�DQG�E\�DGGLQJ�WKH�DPRXQW�RI�FKDQJHV�RI�HDFK�YDULDEOH�
WR�WKH�SUHYLRXV�YDOXH�WKH�QHZ�YDULDEOH�YDOXH�LV�DSSHDUHG�LQ�WKH�
JRYHUQLQJ�HTXDWLRQ�V\VWHP�FRQVWDQWV�DQG�WKLV�PHWKRG�FRQWLQXHV�
XS� WR�FRPSOHWH�FRQYHUJHQFH��8VLQJ�1HZWRQ�5DIVRQ�PHWKRG�LQ�
VROYLQJ�WKH�JRYHUQLQJ�HTXDWLRQV�LV�RQH�RI�WKH�DGYDQWDJHV�RI�WKH�
SUHVHQWHG�FRGH��%HFDXVH�WKLV�PHWKRG�LV�HDV\�WR�XQGHUVWDQG�DQG�
FDQ�EH�HDVLO\�JHQHUDOL]HG� WR�PRUH�FRPSOH[�SUREOHPV��%HVLGHV��
WKLV� PHWKRG� KDV� D� VXLWDEOH� DFFXUDF\� LQ� VROYLQJ� QRQOLQHDU�
HTXDWLRQV� EHFDXVH� GHVSLWH� WKH� GLVSHUVLRQ� DQG� ORZ� DPRXQW� RI�
LQSXW� GDWD�� WKHUH
V� D� JRRG� FRQIRUPLW\� EHWZHHQ� WKH� SUHVHQWHG�
UHVXOWV�DQG�WKH�UHVXOWV�IURP�RWKHU�UHIHUHQFHV��
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5()(5(1&(6�
>�@�&DQGDQH��6�5���%DODML��&���DQG�9HQNDWHVKDQ��6�3���������³$�
&RPSDULVRQ� RI� 4XDVL� RQH�'LPHQVLRQDO� DQG� WZR�GLPHQVLRQDO�
$EODWLRQ�0RGHOV�IRU�6XEOLPLQJ�$EODWRUV´��,QWHUQDWLRQDO�-RXUQDO�
RI�+HDW�WUDQVIHU�HQJLQHHULQJ�����������������
>�@� 0D]]DUDFFKLR�� $��� 0DUFKHWWL�� 0�� ������� ³$� SUREDELOLVWLF�
VL]LQJ�WRRO�DQG�0RQWH�&DUOR�DQDO\VLV�IRU�HQWU\�YHKLFOH�DEODWLYH�
WKHUPDO�SURWHFWLRQ�V\VWHPV´��$FWD�$VWURQDXWLFD��
>�@�$QGHUVRQ��-��'��������+\SHUVRQLF�DQG�KLJK�WHPSHUDWXUH�JDV�
G\QDPLFV��0F*UDZ�+LOO��
>�@� $PDU�� $�-��� �����0RGHOLQJ� RI� 2QH�GLPHQVLRQDO� $EODWLRQ�
:LWK� 3RURXV� )ORZ� 8VLQJ� )LQLWH� &RQWURO� 9ROXPH� 3URFHGXUH��
UHTXLUHPHQWV�IRU�WKH�'HJUHH�RI�0DVWHU�RI�6FLHQFH��5DOHLJK��
>�@� /DFKDXG�� -��� $VSD�� <��� 9LJQROHV�� *�/��� �����,QWHUQDWLRQDO�
-RXUQDO�RI�+HDW�DQG�0DVV�7UDQVIHU���������������������
>�@� )LW]HU�� (��� 0DQRFKD�/�0��� ������ ³&DUERQ� 5HLQIRUFHPHQWV�
DQG�&�&�FRPSRVLWHV´��6SULQJHU��S��������
>�@� *�GXIID�� *�/�YLJQROHV�� *R\KHQHFKH�� -�0� �� $VSD�<��� ��������
,QWHUQDWLRQDO� -RXUQDO� RI� +HDW� DQG�0DVV� WUDQVIHU� ������������
�������
>�@� +XUZLFV�� +��� ������ ³$HURWKHUPRFKHPLVWU\� VWXGLHV�LQ�
$EODWLRQ´��� 7KHUPR� G\QDPLFV�$QDO\VLV� VHFWLRQ�� 5HVHDUFK� DQG�
$GYDQFHG� 'HYHORSPHQW� 'LYLVLRQ�� $YFR� &RUSRUDWLRQ��
:LOPLQJWRQ��0DVVDFKXVHWWV���
>�@�5XVVHOO��*��:���������³$QDO\WLF�0RGHOLQJ�DQG�([SHULPHQWDO�
YDOLGDWLRQ� RI� ,Q� WXPHVFHQW� %HKDYLRU� RI� &KDUULQJ� +HDW� VKLHOG�
0DWHULDOV´��7HFKQLFDO�5HSRUW�$05�36����������
>��@� 3RWWV�� 5�� /��� ������ ³$SSOLFDWLRQ� RI� ,QWHJUDO� 0HWKRGV� WR�
$EODWLRQ�&KDUULQJ�(URVLRQ´��$,$$�$60(�7KHUPR�SK\VLFV�DQG�
+HDW�7UDQVIHU�&RQIHUHQFH��
>��@�$USDFL��9��6���������³&RQGXFWLRQ�+HDW�7UDQVIHU´��$GGLVRQ�
:HVHO\��5HDGLQJ��0$��
>��@�.HQGDOO��5��0���%DUWOHWW��(��3���5LQGDO�5��$��DQG�0R\HU��&��
%��� ������ ³$Q�$QDO\VLV� RI�7KH� &RXSOHG� &KHPLFDOO\� 5HDFWLQJ�
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%RXQGDU\� /D\HU� DQG� &KDUULQJ�$EODWRU´�� 3DUW� ��� -XQH�1$6$�
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