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ABSTRACT

We present our progress toward setting initial conditions in
variable density turbulence models. In particular, we
concentrate our efforts on the BHR turbulence model [1] for
turbulent Rayleigh-Taylor instability. Our approach is to predict
profiles of relevant variables before fully turbulent regime and
use them as initial conditions for the turbulence model. We use
an idealized model of mixing between two interpenetrating
fluids to define the initial profiles for the turbulence model
variables. Velocities and volume fractions used in the idealized
mixing model are obtained respectively from a set of ordinary
differential equations modeling the growth of the Rayleigh-
Taylor instability and from an idealization of the density profile
in the mixing layer. A comparison between predicted profiles
for the turbulence model variables and profiles of the variables
obtained from low Atwood number three dimensional
simulations show reasonable agreement.

INTRODUCTION

The Rayleigh-Taylor (RT) instability is an interfacial fluid
instability that leads to turbulence and turbulent mixing. It
occurs when a light fluid is accelerated into a heavy fluid [2, 3]
because of misalignment between density and pressure
gradients. It is characterized by the Atwood number,

A= (,Oh e )/ (ph + 0 ), that describes the density contrast

between the heavy (h) and light (|) fluid. The Rayleigh-

Taylor instability plays a key role in a wide variety of naturally
occurring events such as supernovae explosions [4], salt dome
formation [5], atmospheric inversions, as well as in
technological applications such as heat exchangers and sprays

in internal combustor [6] or in the implosion phase of Inertial
Confinement Fusion (ICF) [7]. Traditional research in
turbulence assumes that turbulent flows have no memory of the
initial conditions, and turbulence quickly develops to a
universal self-similar state. However, recent research has
established that the growth of the turbulent Rayleigh-Taylor
instability depends on initial conditions [8, 9]. This important
finding offers an opportunity for turbulence control, which
could be profitable on the condition that turbulence models can
be started with the proper initial conditions.

The overall objective of this research is to provide a
rational basis for initial conditions in turbulence models. We
seek to predict profiles of relevant variables before the fully
turbulent regime and use them as initial conditions for the
turbulence model. In this paper, we expose our approach and
illustrate the performance of our model in the case of a low
Atwood number Rayleigh-Taylor instability. In the next
section, we present the variables we want to model and our
strategy to model them. The three following sections present
the details of the procedure to determine the turbulence model
variables’ profiles and comparisons with numerical
simulations. Finally, the concluding section provides a brief
summary of the results and a discussion.

TURBULENCE MODEL VARIABLES

We consider the Besnard, Harlow and Rauenzhan (BHR)
turbulence model [1]. Designed for variable density turbulence,
the BHR turbulence model is a well-suited model for studies of
turbulent Rayleigh-Taylor instability. In this single-point

turbulence transport model, kinetic energy, K, normalized
mass flux, 4, density-specific volume correlation, b,
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turbulence length scale, S , and turbulent viscosity, V,, are the

key variables that need to be initiated for each simulation.
These variables are defined by:

K= ui )

a; = 4 (2)
Y2

b=-pV' (3)
k3/2

S = (4)
&

v, =C k'S (5)

where, Ui' is the fluctuation of velocity component i, p'is the

density fluctuation, O is the average density, V' is the specific
volume fluctuation, & is the turbulent kinetic energy
dissipation and C , @ constant coefficient. Turbulence model

variables are typically set up across the computing domain as a
single value representative of the problem of interest. These
values are usually determined by calibration runs, results from
experiments or scaling arguments. Instead, we propose to
provide the turbulence model with a profile for each of these
variables. The advantages of having an initial profile are two-
fold: first, the profiles depend on the initial conditions that
drive the flow to turbulence and second, the turbulence model
benefits from a local characterization of the flow. In the context
of turbulent Rayleigh-Taylor mixing, we obtain the initial
profiles for the turbulence model variables following this
simple procedure:

1. Predict heights and velocities of the bubbles and
spikes.

2. Predict the fluids volume fraction profiles as functions
of the bubble and spike heights.

3. Predict the initial profiles of the turbulence model
variables as functions of the bubbles and spikes
velocities and the fluids volume fraction profiles.

BUBBLE AND SPIKE PREDICTION

A reasonably successful model that describes the growth of
single mode RT instability from the exponential growth rate
given by linear stability analysis until the nonlinear terminal
bubble (blob of light fluid penetrating into the heavy fluid)
velocity is that of Goncharov [10]. The Goncharov model is a
potential flow model, based on an extension of Layzer’s theory
for A=1 [11]. Consider two incompressible fluids, the heavy
fluid sitting on top of the light one. In a three-dimensional

axisymmetric geometry, the interface between the two fluids is
approximated near the tip of the bubble by:

U(X’t):ﬂo(t)+772(t)r2 (6)

where 77, is the bubble’s amplitude. The assumption is made

that the fluids are irrotational in the vicinity of the bubble tip.
As a consequence, Goncharov [10] defined velocity potentials

h o =a, (t)JO(E r)e‘Ez (7)
¢ =b,(t)3,(kr ™ +b, 1)z (8)

where @"'' is the potential of the heavy/light fluid, J, is the

~

Bessel function of order 0, K is the wave number of the

single mode initial perturbation, a, = —%,
i, k +8 167

b = o 2O, b, = DMl Upon substitution of
k k —8n, 8n, —k

the velocity potentials in the equations describing the
conditions at the fluids interface and expanding them to the
second order in I, one obtains a set of ordinary differential
equations governing the dynamics of the tip of the RT bubbles
until late in the nonlinear regime (77,(t) < A, where A is the

wavelength of the perturbation):

n,= _% + |:% + n, (O):|e_2i[’lo -15(0)] (9)
af, + azﬁg +Agn, =0 (10)
where
_k?—4Akn, -32An; (1)
! 4lk —8n,)
- - i
o =k (SA—4)k’ +16(2A-3)kn, + 64An; 12)

8(k -8,

The set of equations governing the dynamics of the tip of the
RT spike (blob of heavy fluid penetrating into the light fluid) is

obtained from equations (9)— (12) by substituting 7 = —177,
A——-A, and g —>—0. According to figure 3 in

Goncharov’s publication [10], this nonlinear model captures
with some success the penetration of the bubble for
0 < A <1, but fails to predict accurately the penetration of the

spike for A> 0.4 [10, 12].
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Based on the Goncharov model for single mode RT
problems, we build a multimode model defined by:

hb/s(t):mflx(hb/s,ﬁ(t)) (13)

where hb /S(t) is the height of the bubbles/spikes front at time
b/ b/ . .

t and hb/s,i(t) = ‘770’;('[)— 770’Es (OX is the height of the

bubble/spike generated by a single mode initial perturbation of

wave number K at time t. Equation (13) simply models the

height of the bubbles/spikes front of a multimode RT growth as
the height of the highest bubble/spike at a given time if each
mode in the initial spectrum were to grow isolated from one
another. Therefore, this model does not take into account the
mode coupling phenomenon. This is a point of current
investigation. Velocities of spikes and bubbles fronts, V. , are
obtained by taking a time derivative of their respective heights

(V,, =dh,,, /dt) given by the multimode model.
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Figure 1. Initial amplitude spectrum.

Figure 1 shows the initial perturbation spectrum we choose
to evaluate the overall performance of our method for
predicting initial profiles of the turbulence model variables.
This type of banded initial perturbation spectrum is of interest
because the growth rate of the instability is modified at “late-
time” under the influence of the low wave number band [9] that
has slower initial growth rate. It is a valuable and challenging
study case for the influence of initial conditions. We compare
profiles obtained by our ODE-based method with “exact”
profiles generated by a three-dimensional finite volume solver,
RTI3D [13, 14]. RTI3D is an incompressible three-dimensional
code that solves Euler equations and uses numerical dissipation
as an artificial viscosity that smoothes out sharp gradients
characteristic of Euler equations solutions. Codes that use this
type of numerical techniques are referred to as MILES
(Monotone Integrated Large Eddy Simulation) codes, and have
proven to be particularly effective in simulation of flows with

t(s)

Figure 2. Height of the bubbles front as a function of time
predicted by the multimode model and RTI3D simulation.
Black solid lines are heights of single mode bubbles as
predicted by Goncharov’s model [10] for the modes composing

the initial perturbation spectrum. A=0.01,9 =40, and
A =27 is the width of the computational domain.
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Figure 3. Growth rate, &, as defined by Ristorcelli and Clark
[18] as a function of time. Black solid lines are growth rate of
single mode bubbles for modes composing the initial
perturbation spectrum.

discontinuities such as Rayleigh-Taylor instabilities [8, 9, 12,
15-17]. Simulations are performed at low Atwood number,
A=0.01, so that our method remains in its domain of

validity, and with a constant acceleration of g = 40m/s”to

reach an advanced state of transition to turbulence in a
relatively short physical time.

Figure 2 illustrates the performance of our multimode
model for bubbles front prediction at low Atwood number. For
clarity, we do not show the evolution of the spikes front as it is
almost perfectly symmetric to the bubbles front evolution
because of a low Atwood number. We can see in figure 2 that at
all time the bubbles front in the RTI3D simulation is higher
than the one from our multimode model. This discrepancy in
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height is due to the lack of a model for mode coupling in our
current multimode model. Interactions between nearby modes,
in particular superposition of modes, increase the overall height
of the bubbles front. At about t = 3S, our multimode model
predicts that bubbles associated with the low wave number
band takes the lead of the bubbles front. This event is
characterized by a change of slope in the curve given by our
model. This significant change in dynamics is seen more
clearly in figure 3 that shows a jump in the bubbles front
growth rate at about t =3S. The corresponding change in
growth rate in the RTI3D simulation occurs more smoothly and
peaks later, at about t = 6S,. The smooth evolution is due to
mode interactions that progressively fill the entire spectrum
(not taken into account in our model), such that modes that lead
the bubbles front are consecutive modes. Addition of the
generated low wave numbers to those existing in the initial
perturbation spectrum produces this “extra kick” in the growth
rate of the bubbles front observed around t = 6S in the RTI3D
simulation. To summarize, figure 2 and 3 show that although
incomplete our multimode model captures in a reasonable
fashion the evolution of the height of bubbles and spikes fronts
at low Atwood number. Discrepancy at very early time between
the growth rates predicted by the model and RTI3D simulation
is grossly amplified because of the relatively coarse grid
(64x64x128 grid cells for a domain of size 27 x 27 x 47) used
for this study.

VOLUME FRACTION PROFILE
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Figure 4. Density profiles in the vertical direction predicted by
the model and RTI3D simulation. Vertical dashed lines indicate

bubbles and spikes fronts as predicted by RTI3D, and A =27
is the width of the computational domain.

We consider volume fraction, f,,, i.. non-dimensional

density, defined by:

.I: _ p_ph
| = ———
P~ Phn

14

f = P =P ( )
h=—"
Ph — P

We assume the volume fraction is distributed in a linear fashion
inside the mixing layer. To hold into account the asymmetry
between the bubbles and spikes penetrations that appears with
increasing Atwood number, we take the volume fraction as
piecewise linear between the bubbles or spikes front and the
position of the initial perturbation. Placing the initial
perturbation at Z =0, the volume fraction profile for the
heavy fluid is defined by:

f =0 it  z<-h,
fhzo.sz;hs if —h <z<0
o (15)
fL=052+05 if 0s<zsh,
b
f=1 it z>h

The light fluid volume fraction profile is:
f=1-f, (16)

Figure 4 shows a comparison between the density profiles
obtained with use of the idealized volume fraction profiles and
RTI3D simulations. The density is computed from the volumes
fraction profiles using the relation:

p="tip+tp (17)

The modeled density profile matches well the density profile
given by the RTI3D simulation. This simple description of the
volume fraction profile as a piecewise linear function of the
position in the RT mixing layer seems to hold on a large range
of Atwood numbers. Indeed, at A = (0.5, the density profile at
different stage of the evolution of the multimode RT instability
always display the nearly piecewise linear shape between the
density of the heavy and light fluid [19].

TWO-FLUID MODEL

We choose to use a two-fluid model [20] to predict the
profiles of the turbulence model variables as functions of the
mixing layer width, the velocities of the bubbles and spikes
fronts and the volume fraction distribution. This model is based
on an idealization of the mixing interface between two
interpenetrating fluids. Following the two-fluid model,
fluctuating quantities at a given altitude can be expressed as
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deviations from the corresponding average quantities at that
same altitude, when moving horizontally within the mixing
layer. For example, one can express the density fluctuation,

p',as p,—p or p,— p depending on whether we are in
the heavy or the light fluid, where p = f, p, + f,p,.
Similarly, the velocity fluctuation Ui' can be expressed by
either (Uh - U)i or (u, - U)i depending on whether we are in
the heavy or the light fluid, where U; = (fhuh + f,u, )i , and

U, and U, are averaged velocities of respectively the heavy
fluid and the light fluid at a given altitude in the mixing layer.
Upon substitution of these expressions in equations (1)— (3)
and some algebra, it is found [20]:

3(— —y f.fop
k=C,>lv, -V, h [1Ph P 18
kz(b ) (fhph+f|pl)2 ( )
f f —  —
a,=C, —" L (p, —p, lv, -V 19
* foon + f|p|( " I)( b) ( )
b=C, fy fl(ph_pl )2 (20)
PhP
where C, , Caz, and C, are coefficients equal to 1 at this

stage of our research. Equation (18) assumes isotropy, which

is not valid for Rayleigh-Taylor instabilities but is necessary at
this point in our approach since we only know of vertical
velocities of the bubbles and spikes fronts. The formulation for

S is motivated by the relation K’ / &£=k"?S =D, where

D; is the turbulent diffusivity. In a self-similar state and at
low Atwood number, the bubbles/spikes front evolves as
h, . = @Agt’, hence the relation V, =V, = 2aAgt for
velocities. We then substitute fronts velocities in equation
(1 8), and, using D; , we can write a self-similar equation for

g, e=C,A’g’t where C, = f(f,,f,,p,,...). Finally,

&

using equation (4) and h, +h, = 20Agt? , we obtain:
S=Cg(h, +hJ4f,f)" (21)

where Cs is a coefficient equal to 1 at this point.

Figures 5 - 7 show profiles for the turbulence model
variables predicted by the two-fluid model and by RTI3D
simulations at a late time in transition toward fully developed
turbulence. Overall, the two-fluid model offers reasonable
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Figure 5. Kinetic energy profiles in the vertical direction as

predicted by the model and RTI3D simulation. Vertical dashed
lines indicate bubbles and spikes fronts as predicted by RTI3D,

and A = 27 is the width of the computational domain
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Figure 6. Normalized mass flux profiles in the vertical direction
as predicted by the model and RTI3D simulation. Vertical
dashed lines indicate bubbles and spikes fronts as predicted by

RTI3D, and A = 277 is the width of the computational domain.

predictions of the turbulence variables profiles at the time of
interest within the mixing layer at a low Atwood number. All
predicted initial profiles display greater maximum values than
the initial profiles obtained by numerical simulation, but they
remain roughly of the same order of magnitude. Variables K
and @, are predicted with good accuracy. In the mixing layer,
the assumption that the average velocity of the light/heavy fluid
is about that of the bubbles/spikes front seems to be a valuable
hypothesis. This hypothesis has been verified for the light fluid
in the case of single mode RT instability [12]. Improvement on
K and @, could be done if one could model the average
velocity profiles for the heavy and light fluid in the mixing
layer. Variable D is the one that display the largest discrepancy
with the numerical simulation results, figure 7. For this
variable, the idealized piecewise linear volume fractions might
be too simplistic to give an accurate quantitative description in
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this model, although it allows for a precise description of the
average density profile. Also, the two-fluid model is a highly
idealized description of the mixing process between two fluids.
Our model does not take into account viscosity and important
mechanisms such as diffusion and mode coupling are still
lacking. Addition of more physics in the model as we move
forward in our research for should improve prediction of the
profile of variable b quantitatively and qualitatively. We cannot

compare the profile of variable S predicted by our model with
a profile from RTI3D. Indeed, one cannot have a clear
definition of S in a MILES code due to the absence of an
explicit viscosity.

In general, the predicted turbulence variables profiles
presented in figures 5 - 7 capture well the general shape of the
profiles obtained by numerical simulation. But, we have to
keep in mind that we are presenting a low Atwood number
case. At high Atwood numbers, the variables profiles do not
remain symmetrical [19]. Introduction of an asymmetry in the
idealized volume fraction profiles as a function of the Atwood
number might be an answer to this issue.
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Figure 7. Density-specific volume correlation profiles in the
vertical direction as predicted by the model and RTI3D
simulation. Vertical dashed lines indicate bubbles and spikes
fronts as predicted by RTI3D, and A =27 is width of the
computational domain.

CONCLUSIONS

We presented our progress toward setting initial conditions
for RT simulations in the BHR turbulence model. Our approach
is to provide the turbulence model with profiles of its key
variables as initial conditions. These profiles present the
advantage of carrying local information on the flow as well as
“knowledge” of the initial conditions of the instability leading
to turbulence. The determination of the turbulence variables’
initial profiles are made in 3 stages:

1. Prediction of the heights and velocities of the bubbles
and spikes front using an ordinary differential equation
modeling the evolution of RT instability.

2. Prediction of the fluids volume fraction profiles using
a piecewise linear function between the bubbles front,
the initial perturbation position and the spikes front.

3. Prediction of the turbulence model variables initial
profiles using a two-fluids model and the results from

steps 1 and 2.

This approach gives reasonable profiles predictions with a
banded spectrum at low Atwood number.

Several points may be improved. First, the evaluation of
the bubbles and spikes penetration in the case of multimode RT
instability is not accurate for large Atwood numbers
(A>0.4) and does not take into account mode coupling.
Second, bubbles and spikes front velocities are used in the two-
fluid model formulation of the turbulence model variables in
lieu of average velocity profiles of the heavy and light fluids in
the mixing layer. A model for the velocity profiles would
probably improve the predicted profile from a quantitative
point of view. Finally, we might need to introduce more physics
in the model for variable b to improve its prediction. All these
points are under current investigation.

However, all the profiles shapes given by our current
model are reasonable approximations. Then, the simplest way
to improve the current model is to adjust the coefficients in

equations (l 8) — (20) .
ACKNOWLEDGMENTS

This publication was made possible by funding from the
Laboratory Directed Research and Development Program at
Los Alamos National Laboratory through directed research
project number LDRD-20090058DR.

REFERENCES

[1] D. Besnard, F.H. Harlow, R. Rauenzhan, Conservation and
Transport Properties of Turbulence with Large Density
Variations, LA-10911-MS (1987)

[2] Lord Rayleigh, Investigation of the equilibrium of an
incompressible heavy fluid of variable density, Proc. Lond.
Math. Soc., 14, 170-177 (188 3).

[3] Taylor GI., The Instability of Liquid Surfaces when
Accelerated ina Direction Perpendicular to their Planes I, Proc.
Royal. Soc. Lond. A, 201, 192-196 (1950)

[4] Gull S.F., The X-Ray, Optical and Radio Properties of
Young Supernova Remnants, Mon. Not. R. Atr. Soc., 171, 263-
278 (1975)

[5] Mazariegos R.A., Andrews M.J. and Russell J.E., Modeling
of the Evolution of Salt Structures Using Nonlinear Rocksalt
Flow Laws, Tectonophysics, 256, 129-143 (1996)

6 Copyright © 2010 by ASME



[6] Beale J.C. and Ritz R.D. Modelling spray atomization with
Kelvin-Helmholtz / Rayleigh Taylor hybrid model, Atomiz.
Sprays, Vol. 9, pp. 623-650 (1999).

[7] Roberts P.D., Rose S.J., Thompson P.C., and Wright, R.J.,
The Stability of multiple shell ICF Targets, Vol. 13, pp. 1980
(1957)

[8] P. Ramaprabhu, G. Dimonte and M. J. Andrews, A
numerical study of the influence of initial perturbations on the
turbulent Rayleigh—Taylor instability, J. Fluid Mech., 536, 285-
319 (2005)

[9] A. Banerjee and M. J. Andrews, 3D Simulations to
investigate initial condition effects on the growth of Rayleigh—
Taylor mixing, Intl. J. Heat and Mass Transfer 52, 3906-3917
(2009)

[10] V.N. Goncharov, Analytical Model of Nonlinear, Single-
Mode, Classical Rayleigh-Taylor Instability at Arbitrary
Atwood Numbers, Phys. Rev. Lett., 88, 1234502 (2002)

[11] D. Layzer, On the Instqbility of Superposed Fluids in a
Gravitational Field, Astrophys. J., 122, 1 (1955)

[12] P. Ramaprabhu and G. Dimonte, Single-Mode Dynamics
of the Rayleigh-Taylor Instability at any Density Ratio, Phys.
Rev. E, 71, 036314 (2005)

[13] M. J. Andrews, Accurate Computation of Convective
Transport in Transcient Two-Phase Flow, Intl. J. Numer. Meth.
Fluids 21, 205-222 (1995)

[14] M.J. Andrews, Turbulent Mixing by Rayleigh—Taylor
Instability, Ph.D. Thesis, Imperial College of Science and
Technology, London (1986).

[15] D.L. Youngs, Numerical simulation of Rayleigh—Taylor
and Richtmeyer—Meshkov instabilities, Laser. Part. Beams 12,
725-750 (1994).

[16] D. L. Youngs, in Proceedings of 16th AIAA
Computational

Fluid Dynamics Conference, 2003, AIAA Report No. 2003-
4102 (unpublished).

[17] G. Dimonte etal., A Comparative Study of the Turbulent
Rayleigh-Taylor Instability using High-Resolution Three-
Dimensional Numerical Simulations: The Alpha Group
Collaboration, Phys. of Fluids, 16, 5 (2004)

[18] J. R. Ristorcelli and T. T. Clark, Rayleigh-Taylor
Turbulence: Self-Similar Analysis and Direct Numerical
Simulations, J. Fluid Mech., 57, 213-253 (2004)

[19] D. Livescu, J.R. Ristorcelli, R.A.Gore, S.H. Dean, W.H.
Cabot and A.W. Cook, High Reynolds Number Rayleigh-
Taylor Turbulence, J. Turbulence, 10, 13, 1-32 (2009)

[20] M. Steinkamp, Spectral Analysis of the Turbulent Mixing
of Two Fluids, LA-13123-T Thesis (1996)

Copyright © 2010 by ASME



