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ABSTRACT

It is known that the Lattice Boltzmann Method is not very
effective when it is being used for the high speed compressible
viscous flows; especially complex fluid flows around bodies.
Different reasons have been reported for this unsuccessfulness;
Lacking in required isotropy in the employed lattices and the
restriction of having low Mach number in Taylor expansion of
the Maxwell Boltzmann distribution as the equilibrium
distribution function, might be mentioned as the most important
ones. In present study, a new numerical method based on Li
et al. scheme is introduced which enables the Lattice
BoltzmannMethod to stably simulate the complex flows around
a 2D circular cylinder. Furthermore, more stable
implementation of boundary conditions in Lattice Boltzmann
method is discussed.

INTRODUCTION

The Lattice Boltzmann Method (LBM) has been attracting
a large amount of attention since its introduction by McNamara
and Zanetti in 1988 [1]. Gradually it has become an alternative
method for simulating fluid flows and because of its kinetic
origins it has wider range of applicability than conventional
descriptions since LBM also works in mesoscopic scales.
Having an algorithm which is capable of parallel processing
also helps LBM be one of the hottest topics in computational
fluid dynamics in the past decade. Although LBM has been very
successful in simulation of isothermal and incompressible flows
there has been little success in simulating compressible thermal
flows. Different reasons have been reported for the
unsuccessfulness; Lacking in required isotropy in the employed
lattices and the restriction of having low Mach number in
Taylor expansion of Maxwell Boltzmann distribution as the
equilibrium distribution function, might be mentioned as the
most important ones. The remedy for the former is to use
multispeed models. Presented model by Watari and Tsutahara
[2,3] is the prime example for this and according to Chen et al.
[4,5] could be used to construct a higher order Lattice
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Boltzmann model (Watari and Tsutahara used Hermite
expansion of Maxwell Boltzmann distribution and keeps up to
forth order of flow velocity). But the problem of multispeed
models is the limited range of stability of the energy and
velocity. The latter is also investigated and the substitution of
the Maxwell Boltzmann distribution for other functions which
satisfy the same constraints as every equilibrium distribution
function must do has been proposed. Kataoka and Tsutahara
[6] and Qu et al. [7] presented brand new distribution
functions in their models which were able to recover
compressible Euler equations; Kataoka and Tsutahara [8] also
presented a model which is capable of recovering compressible
Navier Stokes equations. Most of these models are restricted to
low speed and low temperature flows. The above presented
models have been extended to high Mach numbers and high
temperatures by the introduction of modified numerical
schemes. Studies [7, 9-12] have shown that in order to be able
to well capture discontinuities there must be enough artificial
dissipation in numerical schemes which seems to be needed
more than the amount comes from the collision term of the BGK
lattice Boltzmann method. Either one must use TVD, WENO or
ENO schemes or the required dissipation must be added
directly to the numerical scheme of the model. Qu et al. used a
TVD scheme that makes their model is able to capture
discontinuities in inviscid high speed compressible flows. While
using Watari and Tsutahara’s lattice and equilibrium
distribution function, Gan et al. [13] employed a modified Lax-
Wendroff scheme plus artificial viscosity instead of second
order upwind scheme used by original authors and succeeded
in modeling fluid flows with high Mach numbers containing
strong shocks and discontinuities. Pan et al. [14] utilized a first
order upwind scheme with artificial viscosity along with
Kataoka and Tsutahara’s discrete velocity model and simulated
successfully high speed compressible flows with discontinuities.
Recently Li et al. [12] introduced a new model encompassing
strong features of previous models: It is a multispeed model and
employs an extension of Qu et al. equilibrium distribution
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function for Navier Stokes equations and uses a shock
capturing TVD and WENO scheme for solving the differential
form of the lattice Boltzmann equation. Although this model is
successful in modeling high speed compressible viscous flows
like Couette flow, Riemann problems and shock reflections, in
simulation of a complex flow around a circular cylinder for
Mach numbers higher than Mach=3.0 it fails. Other than that,
the model is also impotent in very low pressures and for
example comparing Li et al. results with Kim’s data, which we
adopted for validation of our results, is not possible because
the stream’s pressure is around 486pa [15].

In the present study, a new model is introduced which exhibits
the LBM ability to work out the complexity of the 2D external
flow in hypersonic compressible viscous flow. A hypersonic
viscous compressible flow of Mach number of M = 6.0 past a
cylinder at a very low pressure has been tested. Simulations
conducted stably and with a acceptable amount of error. Trend
of the results clearly demonstrates LB-BGK's lacking in enough
dissipation for handling oscillations in high speed compressible
flows.

NOMENCLATURE

¢; discrete particle velocity ini direction

¢ characteristic velocity

D dimension

E total energy

f; density distribution function

£ density equilibrium distribution function

h; total energy distribution function

h;®? total energy equilibrium distribution function

Pr Prandtl number

p pressure

R gas constant

p density

T. characteristic temperature

T temperature

Ty, T, energy and density relaxation times

u macroscopic velocity

COUPLED DOUBLE DISTRIBUTION FUNCTION LBM
BY LI ET AL.

The double distribution function method, with a
distribution function for density and another for energy, was
used for compressible LBM by Li et al. They employed Guo’s
double distribution function model [16] in which the usual
internal energy distribution function is replaced by the total
energy distribution function. The evolution equations for
density and total energy are as follows respectively
of; 1 eq
o0 T € D= (i @
i=12,..,N

dh; 1
a_t,'l + (Ci . V)hl = _a(hl - hieq)

1
+— (- w(fi — £ @)
hf

i=12,..,N
Where f; is the density distribution function and h; is the
total energy distribution function, £;°¢ and h;°*? are the
corresponding equilibrium distribution functions, c¢; is the
discrete particle velocity in i direction, u is the macroscopic
velocity, T, and 7 are energy and density relaxation times and
Tpy is defined as

1 1 1 3)
Thf Th Tf

The relation between two relaxation times, 7, and 7y, is
given by Pr:
i
Pr = a (4)
Therefore one can set the Prandtl number by adjusting 7,
and t,. Macroscopic variables computing from density
distribution function are defined as follows:

p =ifi (®)
i=1N

pua = ) fici ©

i=1
A D2Q12 lattice which ensures isotropy up to sixth rank
lattice tensor is used
C;
_ [(i + 1]

{ G+ D
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2
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Where ¢ is the characteristic velocity and ¢ = /RT, in
which T, is the characteristic temperature. This characteristic
temperature is set to around maximum stagnation temperature
in the problem.

} i=1345

10
r 3

6 2 5

11

Y
12

Fig. 1. The D2Q12 Square Lattice used by Li et al.
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Li et al. introduced two different kinds of equilibrium
distribution function in their work; one is based on the Maxwell
Boltzmann distribution and the other on Qu et al. work [7]. The
latter is for high speed flows and the former is for moderate
and low speed flows. In this study since we focused on high
speed flows around 2D circular cylinder we leave off the one
for low speed flows. Any function who wants to play the role of
the equilibrium distribution function in the evolution equation
for density distribution function Eq. (1) must satisfy the
following constraints

N

o= Z £ (8.a)
i=1

N
pug = Z £ (8.b)
i=1
p5 B + puqUp = th CiaCip (8-0)
=1

p(ua6ﬁy + Ugbyq + uy aﬁ) + pu upu,

= Z fi CiaCipCiy ®.)
pu? + Dp = Z £o9c? (8)
[pu? + (0 + 2)plu, = Z £ ckie 69

i=1

Li et al. calculated their new equilibrium distribution
function according to the Qu et al. work. But lots of work they
had to do since the previous model recovered compressible
Euler equations and Prandtl number was equal to specific heat
ratio. Finally, the new equilibrium distribution functions with
the capability of recovering compressible Navier Stokes
equations and without previous defects were introduced with
£ = p;where all are given Annex A.

The same procedure as the density distribution function,
was not taken for total energy distribution function and for the
sake of simplicity, Li et al. devised the following relation
h? = [E + (c;—w) - u]f™

p 9)

Which is capable of satisfying the following constraints

required for the equilibrium total energy distribution functions

Z h*® = pE (10.a)

14

z Cigh®® = (PE + p)u, (10.b)
7

z CiaCigh®? = (pE + 2p)uqug

i

(10.c)
+ p(E + RT) 8ap
Where E = bRT/2 +u?/2 is the total energy. w; are
constants which should be obtained by solving Eq. (10).

One can calculate temperature by
2
hed ——l (11)

r= bR |p
Therefore it would be very easy to couple the two
distributions by using the thermal equation of state for
computing pressure
p=ppT) (12)
For solving Eq. (1, 2) Li et al. used a second order TVD
scheme for spatial discretization and a second order Implicit-
Explicit Runge-Kutta (IMEX) scheme for temporal
discretization.

NEW FINITE DIFFERENCE SCHEME

The numerical method employed with Li et al. does not
work at low pressure and/or high Mach number viscous flows
around a 2D circular cylinder. In order to make the Lattice
Boltzmann model applicable to these kinds of flows we
introduced a new finite difference scheme to the model. As it
mentioned in part |, either you have to use high resolution
schemes or add required dissipation directly to the numerical
scheme. Since the second order TVD scheme employed by Li et
al. was not applicable and the fifth order WENO scheme [12]
that we used didn’t work either, we resort to test a finite
difference scheme and add artificial dissipation.

In order to solve the hyperbolic Egs. (1, 2), we take first
order IMEX (Implicit Explicit) Runge-Kutta scheme [17] which
includes implicit and explicit time discretizations for collision
and other terms respectively; In the first step for density
distribution function we will have:

At
At fit _l__f_eq

tto

fi P = (13)
L 1+ ﬁ—;

And then,
firdt— b1 e+t e+4E

e =% FO=f 2 ) —aVef, 2 (14)

For the calculation of the last terms in the right hand side
of the above Eq. (14), as it mentioned, Li et al. adopt a second
order TVD scheme to discretize (spatial discretization). In
order to have a successful simulation, we employ upwind
schemes and an artificial viscosity as follows:

Pii1— 2P+ P;_ P, — 2P+ P
91=l><MAX<| 1+1 1 1 1|'| 1+2 1+1 1|>
[Pryq + 2P + Pi_q| ' Py + 2Py g + Py
L At
§ = Ug
Arg ,
At 92f;
¢
FArtificial—Viscosity = 91|[’f|(1 - |rf|) E arzl
43 292 h
HArtificial—Viscosity = 91|I—;‘|(1 - |FE|) 24t 01”
l is a constant for determining the amount artificial
2
viscosity. oh
ré org

second order central difference scheme. The above artificial
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viscosity term is, with a slight modification, very similar to Gan
et al. work [13] which is based on Jameson’s viscosity term
[18, 19]. Fartificiai-viscosity 1S directly added to the Eq. (14)
and the final forms of the equation is:

f-HAt — f't 1 48t t+
: —=— fieq_fi 2 = cigVef; 2

+ FArtificial—Viscosity (16)
The same procedure is taken for total energy distribution
function h;.

At

At Tf

MORE STABLE
IMPLEMENTATION
For satisfying the wall boundary condition, Li et al.
employed Guo method (non-equilibrium extrapolation
boundary condition) [20] which has been proposed for low
Mach number incompressible fluid flows. There seems to be no
more accurate boundary condition method for compressible
high Mach number flows and they might as well used it since it
has attracted lots of attention [12, 21] in recent years. In Guo’s
non-equilibrium extrapolation boundary condition method the
distribution functions are decomposed into two parts:
equilibrium and non-equilibrium parts
fi — fieq +finon—eq (17)
Therefore, the distribution function on the wall is
decomposed into two parts. Usually velocity and temperature
are known on the wall and for computing the equilibrium
distribution function, one more unknown, which Guo
considered to be density, needs to be extrapolated from the
adjacent node. The non-equilibrium part,
finon—eq — fl _fieq (18)
is also assumed to be equal the one of the nearest fluid
node. But our study showed extrapolating the density makes the
simulations very unstable and pressure extrapolation is much
more stable than that. As a result, it is recommended, especially
in high speed compressible flows, this point be taken into
account when satisfying boundary conditions.

BOUNDARY CONDITION

NUMERICAL SIMULATIONS AND RESULTS

Couette Flow

To exhibit the rightness of the discussion in part IV, we first
present the result of the simulation of Couette flow at a Mach
number of M = 12.0. In this simulation a second order upwind
scheme is employed but in implementing Guo’s method we
extrapolate pressure instead of density. It should be mentioned
that the simulation without doing this is so unstable and quickly
diverges.

In our Couette flow simulation the upper wall is apart from
the lower by a distance of H and it starts to move with at speed
U while both walls are at temperature T,. The exact solution
along the vertical axis y is

Pr .y y
T=Totg U ﬁ(l—ﬁ) (19)
disregarding the accuracy of the simulations, this can show
clearly that our modification of extrapolating pressure instead
of density has a great effect on the stability of the simulations.

High Speed Flow around a Circular Cylinder

In order for us to be able to compare our results with
experiment, we used Kim’s results and its conditions for the
simulations.

In the physical domain, a cylinder is at the origin of the
x —y plane. A square of [0,1] x [0,1] in & —n plane is the
computational domain. The mapping relationship between the
two domains is

x=- [Rx — (R, — R)%tanh(ff)] cos(6n) (20)

y=+ [Ry - (Ry - R)%tanh(éf)] sin(6n) (21)

Where R is the cylinder radius and R, and R,, are outer radii of
the physical domain in x and y directions respectively. ¢ is the
parameter used for the adjustment of arrangement and
distribution of the grid nodes. 6 = g , R, =5R and R, = 10R

are set in our simulations. A mesh of 150 x 50 is generated in
& —n plane and ¢ = 2.9. A sketch of physical mesh is shown in
Fig. 3. The flow conditions are Rey, = 2.5 X 10°, M., = 6.0,
T, = 280K, p, = 486pa and the wall temperature is T,, =
300K. Specific heat ratio y = 1.4 and the Prandtl number is
set to 0.72. The cylinder radius is 0.005m.

The following boundary conditions are employed in the
simulations. Free stream conditions are used as the outer
boundary condition; so the distribution function values are set
identical to the values of the equilibrium distributions obtained
from the initial values. Zeroth order extrapolation of
distribution functions is used at the exit and it means all the
macroscopic variables are attained from the upstream. On the
wall, no-slip isothermal conditions are used. The no-slip wall
boundary condition is applied considering the point made in
the previous part.

Spatial Discretization

As it mentioned in part 1l upwind schemes are employed
for spatial discretization. Fifth, third and first order accurate
upwind schemes were used respectively in order to achieve
better accuracy and stability.
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Fig. 2. Couette flow: Temperature profile
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Fifth Order Upwind Scheme
The last term in Eq. (14) is discretized using fifth order

upwind scheme as follows: 005 kKims m
[~ Experimental
—2fi1-3 +15f;;, — 60f; ;4 - Data
_ +20f;; + 30f; 141 — 3fi 142
Vel = cu 60A¢ ’ 0.04
g 20 (22.a)

+3fi1-2 —30f;,-1 — 20f;,
+60f; 141 — 15fi 142 + 2fi 143

60AE ’ 0.03
Cig <0 (22.b)

Cifvffi = Cif

For satisfying the wall boundary condition we used Guo’s
extrapolation boundary condition method. For near the wall
grid nodes, we substitute fifth order upwind Eq. (23) with third
and first order upwind schemes respectively.

The Mach and Pressure contours are shown in Fig. 4. And
Fig. 5. There is an considerable amount of error in the
prediction of the shock stand-off distance in front of the 0.01
cylinder.
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Fig. 4. Flow Past a Cylinder (5th Order): Mach Contours
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Fig. 3. Physical Mesh used in the Simulations

Employing a lower order scheme might as well be tested to i

1 L I | 1 1 1 'l 1 I
see if it decreases the error and improves the accuracy. " -0.02 -0.01 0
Third Order Upwind Scheme Fig. 5. Flow Past a Cylinder (5th Order): Pressure
Employing a third order upwind scheme discretizing the Contours

convective term in Eq. (14) we have:
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+fii—2 = 6fir-1 + 3fis + 2fi141

clgifl = Cif 6Af

Cif >0 (23a)
V _ _zfi,l—l - 3ﬁ,1 + 6ﬁ,1+1 - ﬁ,1+2

CieVefi = cig 6hE ,

Cif <0 (23b)

Again Mach and Pressure contours are shown in Fig. 6.
There is still a large amount of error in the prediction of the
shock stand-off distance in front of the cylinder. Surprisingly,
error has been decreased and employing third order upwind
scheme instead of fifth order seemingly produces better results.
Considering the trend of the computations, employing even
lower order schemes seems likely to produce more accurate
results.

First Order Upwind Scheme

In order to see if lowering the order of spatial
discretization improves the result, for the third simulation, first
order upwind scheme is employed to discretize the convective
term in Eq. (14) and we have:

fi,I _fi,l—l

CigVefi = cig AZ Cig 20 (24.9)
firr1 — 1,
leV§fl = Cif%{:”’cif <0 (24b)
0.05 Kim's &
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Fig. 6. Flow Past a Cylinder (3™ Order Upwind Scheme): (a) Mach Contours; (b) Pressure Contours

Mach and Pressure contours are shown in Fig. 7. The
error in the prediction of the shock stand-off distance in front of
the cylinder has been decreased again. It is seen clearly that
results becomes more accurate as the order of spatial
discretization decreases.

DISCUSSIONS

In this study, it is shown that simulation of a complex
hypersonic flow past a cylinder using Lattice Boltzmann
method can be done stably and accurately. The reason why
powerful numerical schemes with high performance like TVD
and WENO do not work with Finite Difference Lattice
Boltzmann Methods (FDLBM) seems very questionable. On the
other hand, there are finite difference lattice Boltzmann models
that by adding the suitable amount of dissipation were able to
work beyond the expected limits [13, 14]. The problem seems to
be closely related to the BGK collision term which is unable to
produce enough dissipation to handle the oscillations along
with high resolution schemes. Therefore it seems that
employing a collision term which has more similar behavior to
the original Boltzmann collision integral could result in more
successful simulations with high resolution schemes and in the
future studies in compressible high speed viscous flows must be
considered.
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Nevertheless, there is a startling anomaly in our results.
We expect to have more accurate results with higher order
spatial discretizations; however, the computations effect the
exact opposite. The reason why still remains unknown to us.

In the three simulations we conducted with different order
of spatial discretization the same value of [ = 50 was used as
the dissipation term’s factor. For considering the amount of
artificial dissipation effect on the accuracy of the simulations
we pick our most accurate results came from first order upwind
schemes and reduce [ form 50 to 15. Below in Fig. 7 results
from the simulation with [ = 15 and [ = 50 are shown. The
accuracy has considerably been improved.
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Fig. 7. Flow Past a Cylinder (1% Order Upwind Scheme): (a) Mach Contours; (b) Pressure Contours
(1 Order Upwind Scheme with [ = 15): (c) Mach Contours; (d) Pressure Contours
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p0=%[ﬁ4+5pz—10p+4

+ 4 v? + vt
+ (10P — 5)(u?
+ 92)]
p1= —%[—4&2 + 3P% + u* — 4P
+ 3P%?% + 3up?
+9Pu? + 6Pu
+ 3u29% — 47 + 3]
P = —%[—4172 +3P% + p* — 4P
+ 3Pu? + 3vu?
+ 9P9% + 6P¥
+ 30252 — 47 + 3]
0y = —%[—4&2 +3P2 4 7t — 4P
+ 3Pv? — 3up?
+9Pu? — 6P
+ 3u29% + 471 — 3]
Py = —%[—4172 +3P%+v* — 4P
+ 3Pu? — 3vu?
+ 9Pv? — 6P¥
+ 30202 4 47 — 73]
Ds =%[ﬁ1‘72+ﬁ17+13ﬁ+ﬁl7+17ﬁ2
+0.5P% + @ p?
+ Pu? + P9?]
Pe =%[—ﬁ1‘72 —uv — Pu+ Pv
+ pu? + 0.5P?
+@*0* + Pu?
+ Pp?]
[-uv? + uv — Pu — Pv
— v? + 0.5P2
+u*p* + Pu?
+ Pp?]
Dg =§[‘172—a17+13ﬁ—1317—17a2
+ 0.5P? + u?v?
+ Pu? + P9?]
Py =2’¥4[—2a+a4—13—a2 + 6PU?
+ 1.5P? + 2u?®
+ 6Pl
P10 =%[—217+174—13—172
+ 6P52 + 1.5P2
+ 203 + 6P7]

>

p7 =

(A1)

(A2)

(A3)

(A4)

(A.5)

(A.6)

(A7)

(A.8)

(A.9)

(A.10)

(A.11)

ANNEX A

P11 =2£4[+2a+a4—13—a2

+ 6Pu? + 1.5P?

— 2u® — 6P} (A.12)
P12 =2£4[+217+1'74—I3—172

+ 6Pv? + 1.5P?

—2v3 — 6P7] (A.13)
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