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ABSTRACT  

Strong nonlinear or very fast phenomena, e.g. mixing, 

coalescence and breakup, are not correctly described 

using average turbulence properties. The main 

mechanism behind these fast phenomena is an interaction 

with single or paired vortices and therefore, the properties 

of individual turbulent vortices should be investigated 

and understood. For this reason statistical analysis of 

turbulent vortices was performed using the developed 

vortex tracking algorithm. Turbulence was modeled using 

large eddy simulations with the dynamic Smagorinsky-

Lilly subgrid scale model for two different Reynolds 

numbers. The number density of turbulent vortices and 

their properties including enstrophy and core size 

identified by the Q-criterion were described as a function 

of spatial positions. The number density computed by the 

developed vortex tracking algorithm was highly 

compatible with the models suggested by Batchelor and 

Martinez in the inertial subrange and reasonable 

agreement was found for larger vortex sizes. Moreover, it 

was concluded that the associated enstrophy within the 

same size of coherent structures found by the Q criterion 

had the same wide distribution function as turbulent 

kinetic energy.   

NOMENCLATURE 

E        turbulent energy spectrum 

L0       largest turbulent vortices length scale 

ṅ         number density 

ūλ       fluctuating velocity of turbulent vortices of sizes λ 

ε         turbulent energy dissipation rate 

η         Kolmogorov scale 

λ         vortex sizes and Taylor micro scale 

κ         wave number 

ρ         density 

Reλ      Taylor scale Reynolds number 

α         constant in the Eq. 3 

β         constant in the Eq. 2  
ē(λ)      average vortex energy for a vortex size λ 

 

INTRODUCTION 

Most flows in chemical engineering processes are 

turbulent and often they consist of two or more phases. 

Simulation of these systems is complex and requires a 

detailed description of the turbulence spectra (Deshpande 

et al., 2010). Detailed description of turbulence is needed 

to model and quantify their behavior. Phenomena such as 

coalescence and breakage occur very fast, often within a 

few milliseconds (Andersson and Andersson, 2006b). 

This time scale is equal to or smaller than the life time of 

the turbulent vortices for many engineering applications 

(Andersson et al., 2004) and thus, there is no time to 

interact with the statistical mean of turbulent kinetic 

energy and the interaction is better described by the 

properties of single turbulent vortices.  

Consequently, it is not sufficient to know only the 

average turbulence properties to model these phenomena 

(Andersson and Andersson, 2006a, Andersson et al., 

2004, Luo and Svendsen, 1996). Therefore, data on 

vortex size, lifetime, number density (the number of 

turbulent vortices per unit fluid volume), growth and 

dissipation rate, and the distribution of turbulent kinetic 

energy for vortices of different sizes at different locations 

are needed. With reference to aforementioned turbulence 

parameters, a notable one is the vortex number density. 

The distribution of strong vortices, their number density 

and size are a part of "wish list" for current and future 

studies in order to understand the fundamentals of 

turbulence (Marseille, 2011). Volume and number 

density of vortices in a fully turbulent flow are a part of 

the most important key parameters for the study of 

coalescence and breakage processes.  

A practical reason for studying the volume and number 

density of vortices is that models at hand for breakup and 

coalescence are valid for specific cases. No model is 

available which is valid for a wide range of flow 

situations (Liao and Lucas, 2009, Liao and Lucas, 2010). 

More over the eddy number distributions can be used to 

derive expressions relating to the fractional rate of 

surface renewal and mass transfer coefficients across gas-

liquid and solid-liquid interfaces (Zhang and Thomas, 

1996). For these reasons a systematic evaluation of 

available models on number density is required as a 

foundation for further investigations.  

     In this paper statistical analysis of turbulent vortices 

was performed using the developed vortex tracking 

algorithm. The number density of turbulent vortices and 

their properties including enstrophy and core size found 

by the Q-criterion were described as function of size and 

radial position at two different flow conditions. 

 

MODELING OF VORTEX NUMBER DENSITY  

Generally, the number density of turbulent vortices,    , is 
defined as the number of turbulent vortices per unit fluid 

volume. A relationship between the number density of 

turbulent vortices of sizes between   and      and the 



 

Copyright © 2012 CSIRO Australia 2 

 

turbulent energy spectrum, E(κ), can be formulated by 

writing an energy balance for vortices of wave number 

between κ and κ+dκ in the inertial subrange 
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Here, the wave number, κ, is 2π/λ.     is the mean 

fluctuating velocity of turbulent vortices of size λ and it is 

given by,  

  3121  u  (2) 

The energy spectrum in the inertial subrange is 

  3532  E   (3) 

On substituting of Eqs. 2 and 3 into Eq. 1 the number 

density of turbulent vortices of sizes between λ and λ+d λ 

is given by 
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Different values for the coefficient    in the literature are 

summarized in Table 1. The experimental data shows that 

the constant α is 1.5 approximately (Lumley, 1972). A 

number of authors report very different estimates for β as 

they are shown in Table 1.  

Table 1. Various coefficients in the number density 

models in the literature. 

Model β    

Jakobsen  

(Jakobsen, 2008) 
 

2 0.841 

Luo & Svendsen 

(Luo and Svendsen, 

1996)  
 

β=8C2/(3*π), 

C2=2.41 

0.822 

Batchelor  

(Batchelor, 1982)  
 

7.23 0.2327 

Pope  

(Pope, 2000) 
 

1.973 0.8528 

Martinez  

(Martinez-Bazan et al., 

1999) 

8.2 0.2052 

 

Several number density models for turbulent vortices 

suggested in the literature were applied and compared 

with the number density of turbulent vortices identified 

with the vortex tracking algorithm. Risso and Fabre 

(Risso and Fabre, 1998) have used the same value as 

given by Pope (Pope, 2000) and Lasheras (Lasheras et al., 

2002) has pointed out that there is a range for β between 

2.045 and 8.2. Therefore, his results would vary between 

the Jakobsen and Martinez models. 

 

Computational details 
 

In this work, turbulence was modeled using large eddy 

simulations (LES) with the dynamic Smagorinsky-Lilly 

subgrid scale model. The simulations were performed for 

a turbulent pipe flow (Ø=5 cm, L=20 cm) of water at two 

different Reynolds numbers, 20000 and 50000 

respectively. Using periodic boundary conditions, more 

than 97% of the total turbulent kinetic energy in the bulk 

of the flow and more than 80% at y+ >5 is captured. 

Below y+=5 the subgrid turbulent viscosity ratio is lower 

than 0.1 and the maximum subgrid turbulent viscosity 

ratio in the bulk of the flow is 1.55. The maximum 

instantaneous and average wall y+ are 1.7 and 0.85 

respectively, which are in the accepted region for LES 

simulation (Pope, 2004). 

 
Eddy identification and analysis methods 

Several Eulerian methods for identifying flow structures 

are proposed in the literature. They are generally 

formulated in terms of the invariants of the velocity 

gradient tensor. These criteria are the iso-surfaces of 

vorticity, Q criterion, complex eigenvalues of the velocity 

gradient tensor, λ2 and pressure minimum. Chakraborty 

and et al. showed that the Q criterion and λ2 almost give 

the same flow structures (Chakraborty et al., 2005). 

When there is no imposed non-uniform strain field in the 

turbulent flow, the Q-criterion can be used to identify the 

core location of the turbulent vortices. The Q-criterion 

represents the local balance between rotation and strain 

rate. To identify a wide range of vortices even the 

weakest one in the bulk, the Q-criterion can be 

normalized with respect to the rotation rate (Ghasempour 

et al., 2011).  

In this research work a 3D image segmentation algorithm 

was developed to identify individual vortices. By using 

the algorithm, the cores of the coherent structures 

identified by Q criterion were found. Previously, an 

analysis of the turbulent energy outside the iso-surface of 

Q criterion revealed that less than 40% of the turbulent 

kinetic energy (TKE) would be within the structures 

identified by Q criterion (Ghasempour et al., 2011). This 

occurs because the Q criterion represents just the vortex 

cores even with the lowest possible cut off criterion. As 

pointed out in the literature, turbulent kinetic energy is 

one of the key parameters in the breakage, coalescence 

and mixing phenomena. Thus, capturing almost 85% of 

the turbulent kinetic energy by coherent structures was 

aimed.  

 Since the iso-Q surface is located very close to the peak 

in turbulent kinetic energy (Figure 1), extending the 

calculated volumes by Q criterion would compensate the 

lack of aimed TKE. Figure 1 shows the distribution of 

turbulent kinetic energy for an idealized Lamb-Oseen 

vortex. Unfortunately it is not possible to determine how 

much the volume should be extended from this data, 

since the idealized vortex is not affected by neighboring 

vortices and the energy dissipation in the fluid. 

Consequently the extension would be overestimated. 
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Figure 1. The Q-criterion and the turbulent kinetic 

energy in an idealized Lamb-Oseen vortex. The arrow 

indicate the vortex size estimated with normalized Q>0.2. 

Instead the extension criterion was obtained by analyzing 

the LES data. In a pipe cross-section plane, shown in 

Figure 2, the ratio of the surface of coherent structures 

associated with 85% TKE to the identified surface 

connected by the Q-criterion was around 2.54. The axial 

length of the turbulent structures was captured accurately 

with the Q-criterion while the radial size was 

underestimated, therefore all volumes identified by the 

vortex tacking algorithm were multiplied by 2.5 to get 

closer to the aimed conditions.  

 

 
Figure 2. Overlap of turbulent kinetic energy and 

turbulent structures identified by normalized iso-Q 

criterion. The colour shows the TKE and the white iso-

lines show the Q criterion. 

 

 According to Figure 2, the turbulence parameters are 

varying with the pipe radius and most of them are 

generated in areas with high shear rate. Hence, it was 

highly motivated to do statistical analysis at different 

radial locations. Therefore, the analysis was done for 5 

equally spaced radial fractions.  

 By using the vortex volumes found by the Q-criterion, 

the diameter of equivalent spheres was calculated in order 

to make a comparison with data in the literature possible 

e.g. (Luo and Svendsen, 1996). Data sampling and 

statistical analysis were performed at three different pipe 

segments. Three six-centimeter axial pipe segments: 

'Initial', 'Middle' and 'End' parts were considered. This 

helps to assess the stability of the analyzed data. 

 

RESULTS AND DISCUSSION  

In this study, the turbulence properties: number density, 

enstrophy, vortices core size and vortex location were 

computed from LES simulation of a turbulent pipe, by 

using the vortex tracking algorithm. The analysis was 

carried out for two different Reynolds number, 20000 and 

50000. As shown in Table 2, more than 8100 and 13300 

vortex cores were identified at these two flow conditions 

respectively.  

Table 2. Turbulence properties. 

 Re=20000 Re=50000 

    80 101 
 

Number of vortices 

identified 

8147 13355 

 

Further, the distribution of number density at different 

radial segments of pipe was analyzed.  

 

Number density models for turbulent vortices  

 

The number density of turbulent vortices was calculated 

using relevant literature models, Table 1, and compared 

with the results obtained with the vortex tracking 

algorithm developed in this project. In fact, the number 

density of turbulent vortices of various models was 

calculated for vortex sizes between λ and λ+dλ. In this 

work, the bin sizes were small for the smaller vortices 

and their sizes were increasing gradually for the larger 

ones. By considering the real volume for coherent 

structures the identified volumes for each bin was moved 

to the corresponding real bin using the extended volume 

discussed in the previous section. The factor 2.5 

discussed in the previous section is a global value. Work 

is in progress using Biot-Savart analysis to further 

investigate the validity of this value ( Ghasempour, et al.) 

 

Figure 2. Number density of turbulent vortices identified 

with the vortex tracking algorithm, at different spatial 

locations. 
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In Figure 3, the number density of turbulent vortices at 

three different pipe segments is compared. As seen in 

Figure 3, the number densities in these segments (Initial, 

Middle and End) have the same distribution for smaller 

vortices. But for the larger vortices the number densities 

deviate, mainly due to the low number of large vortices.   

In Figure 3, one can see that the quantified number 

density, by means of the vortex tracking algorithm, has 

similar form as the modeled ones. Particular the number 

densities computed with the Batchelor and Martinez 

models agrees very well for vortex sizes between 2.5 mm 

and 18 mm. For the other models, the minimum ratio of 

modeled number density to the quantified number density 

was around 3 at large equivalent diameters.  

 All these models are valid in the inertial subrange, and in 

this case a lower range of the inertial subrange is 

expected at 1-5 mm depending on the model used for 

estimation. For smaller vortices there is a significant 

deviation. The smaller vortices the larger deviation. 

Below the inertial subrange all the models over predict 

the number density. This is expected since dissipation of 

turbulent kinetic energy occurs at small turbulent scales.  

 

 

Figure 3. Comparison between number density identified 

with the vortex tracking algorithm and the different 

models.  

 

The number density of turbulent vortices is shown as a 

function of the radial position in Figure 4. As shown here 

the number density of turbulent vortices calculated with 

the Batchelor and Martinez models, agrees somewhat 

better nearby the pipe wall (0.8<r/R<1) than in the core 

of the pipe.  

 

Figure 4. Number density of turbulent vortices at 

different radial locations. 

Theoretically, by increasing the Reynolds number, the 

inertial subrange in a turbulent flow is increased 

(Andersson, et al. 2012). At the same time the number 

density of the turbulent vortices from various models are 

valid only for inertial subrange. As shown in Figure 5, the 

range over which the number densities are following the 

modelled line, is larger in the case of higher Reynolds 

number i.e. at Re=50000, which is expected. 

 

Figure 5. Number density of turbulent vortices at 

different Reynolds numbers. 

 

Vorticity and core size found by the Q-criterion  

Moreover, the vortex tracking algorithm also reveals 

details of the vortex statistical properties including 

enstrophy distribution. An analysis of the associated 

enstrophy within turbulence coherent structures found by 

the Q-criterion shows that the volume weighted 

enstrophy is increasing with the equivalent diameters of 

the vortices. The volume weighted enstrophy is shown as 

a function of the five radial locations in Figure 6. The 

number of vortices is clearly increasing in a direction 

from core to the wall pipe, and the amount of volume 

weighted enstrophy linked by vortices is increasing in the 

near wall region.  
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Figure 6. Volume weighted enstrophy of turbulent 

vortices at different radial locations. 

It is frequently assumed that for each vortex size, λ, there 

is a distribution of fluctuating velocities and the turbulent 

kinetic energy probability distribution,  ep  , is given 

by Angelidou et al. (Angelidou et al., 1979) and Luo and 

Svendsen (Luo and Svendsen, 1996),  
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Here ē(λ) is the average vortex energy in the inertial 

subrange for a vortex size λ. 

Analogous to the distribution of turbulent kinetic energy, 

the volume weighted enstrophy distribution of vortices 

was studied for various vortex sizes. We expect that 

turbulent kinetic energy should scale with vorticity 

assuming the fluctuating velocity at the surface of the iso-

Q volume can be estimated by 'u R  and 

consequently the kinetic energy 2 2k R . The 

enstrophy should then be distributed according to Eq. (6) 

in the inertial subrange.  

 As seen in Figure 7, there is a distribution of connected 

enstrophy within same size of coherent structures 

identified by the Q criterion. In this figure it can also be 

seen that vortices with sizes between 2.6mm and 4.3mm 

have approximately similar probability distributions and 

for the vortex sizes smaller than 2.6mm and larger than 

4.3mm there are significantly different slopes. In this 

analysis, the normalized probability distribution of 

weighted enstrophy for a certain vortex size was 

normalized based on the trapezoidal integrated surface 

area beneath the corresponded probability distribution. 

The lower range of enstrophy is removed since the model 

is not valid in that range. Also our criterion for selecting 

vortices, i.e. the normalized Q-criterion, will not identify 

vortices with low vorticity. 
 

 

Figure 7. The normalized probability distribution of 

weighted enstrophy for different vortex sizes. 

 

CONCLUSIONS 

The simulations were done at rather low Reynolds 

numbers 20000 and 50000, corresponding to Taylor scale 

Reynolds numbers 80 and 101 respectively. At these low 

Reynolds numbers the inertial subrange is very narrow. 

However, these flow conditions are close to what is 

observer in chemical process equipments and motivates a 

detailed study.  

 The LES simulations were done with very good 

resolution. More than 97% of the total turbulent kinetic 

energy was resolved and the maximum subgrid turbulent 

viscosity to molecular viscosity ratio was 1.55.  

 An efficient vortex tracking algorithm that allows 

identification of thousands of vortices, and quantification 

of turbulent properties, needed for statistical analysis of 

turbulence was successfully developed. A separate 

analysis of the coherent vortices in three different parts of 

the pipe gave almost identical results, only a random 

effect was noticed for the largest eddies due to the very 

low numbers.  

 The calculated number densities agreed very well in the 

inertial subrange with the proposed models in the 

literature. There is some difference in radial position for 

the larger vortices but no valid conclusions can be drawn 

since there are too few vortices in each bin size. The 

effect of Reynolds number is minor with a tendency to a 

lower slope at lower Reynolds number, but the effect is 

probably due to a more narrow inertial subrange at lower 

Reynolds number.  

 The enstrophy variation for a given vortex size is very 

large and this variation must be taken into account when 

estimating properties of turbulent flow e.g. for calculation 

of break up rate of bubbles and drops.  
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