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Abstract

We present a new formulation of a cylindrical laminar flame in which unsteady strain rate and curvature are explicit,
independent parameters. The formulation is described by a one-dimensional set of governing equations incorporating

detailed kinetics and transport. We demonstrate the impact of curvature on the structure of strained premixed
methane–air flames.
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1. Introduction

The impact of strain rate and curvature on flame

structure and propagation is fundamental to the
dynamics of turbulent combustion. Numerous theore-
tical [1] and computational [2] studies have sought to

correlate flame speed with flame stretch �, defined as the
fractional rate-of-change of flame surface area:

�  1

�A

d�A

dt
¼ aþ Sdr � n ð1Þ

where n is the flame unit normal vector, pointing
towards the unburned mixture, Sd is the propagation
speed of the flame relative to the unburned mixture, a =

HT � u is the tangential strain rate, and H � n is the
curvature. While strain rate and curvature both con-
tribute to stretch, each affects the convection–diffusion–

reaction balance within the flame through different
mechanisms. Thus, a simple correlation of flame stretch
� with burning velocity, while a useful theoretical tool,

breaks down under realistic conditions of turbulent
combustion: detailed kinetics and transport, high strain
rates and curvatures, and unsteadiness in both of the

latter. The strain rate history is crucial to predicting the
burning rate of a flame element, for instance [3,4]; the
response of a flame to the surrounding flow field
depends on internal timescales. As with strain rate, the

impact of curvature on flame structure is tightly coupled
to the transport properties of participating species – in
particular, non-unity Lewis number effects and differ-

ential diffusion. For example, light species such as H
may be ‘focused’ ahead of the flame in regions of
negative curvature [5], enhancing the local burning rate.

The effects of curvature have been the subject of
several recent studies, ranging from experimental studies
of laminar flames [6] to two-dimensional direct simula-

tions [5], but these studies have not been formulated in a
way that generically separates the effects of strain rate
and curvature. Typically, strain rate and curvature are
implicit properties of the model that are analyzed in

post-processing.
Quasi-one-dimensional flame models have strong

relevance to the preceding discussion. In the flamelet

regime of turbulent combustion, the flame surface is
modeled as an ensemble of locally one-dimensional
flames that respond instantaneously to the local strain

rate. Unsteady Lagrangian approaches, such as the
flame embedding model developed in [3], relax some of
these idealizations and take into account the history of
each flame element, thus capturing a range of unsteady

flow–flame interactions. Flame structure and burning
rate predictions with these models have been quite suc-
cessful, but the effects of curvature have thus far been

neglected.
This paper presents a new quasi-one-dimensional

flame formulation in which curvature and strain rate are

explicit, independent parameters of the model. The
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formulation is fully unsteady and incorporates detailed
kinetics and transport. Using this computational tool,

we seek a fundamental understanding of the mechan-
isms by which strain rate and curvature – both steady
and unsteady – affect flame structure and burning. We

also expect the model to advance the state of the art in
subgrid models for multi-dimensional reacting flow.

2. Model formulation

2.1. Geometry

To develop a model of a curved flame, we consider a
flame strained in an axisymmetric stagnation point flow.

The simplest such potential flow is a uniform radial
inflow with the stagnation point at r = 0. The velocity
field is u = a(t)z and v = � 1

2 a(t)r, where u and v are the

velocities in the axial (z) and radial (r) directions,
respectively, and a(t) is a time-varying strain rate para-
meter. By adding a line source of flow along the axis r=

0, the stagnation plane becomes a cylinder at a finite
radius R determined by the magnitude of the source.
The corresponding velocity field is:

v ¼ a

2

R2 � r2

r

� �
; u ¼ az ð2Þ

A cylindrical premixed flame may be established with
this velocity field as the outer, non-reacting flow by
making the mixture emanating from r = 0 consist of

reactants and the mixture from r = 1 consist of com-
bustion products. The radial coordinate r is normal to
the flame surface.

In the steady case, the cylindrical flame will typically
rest on the inside of the stagnation surface; flame pro-

pagation in the negative radial direction is balanced by
the local flow velocity. This is a negatively curved flame,
convex toward the burned gas. The reverse configura-

tion may also be considered, with products coming from
the centerline and reactants coming from infinity. This is
a positively curved flame, concave toward the burned

gas, propagating in the positive radial direction. These
flame configurations are illustrated in Fig. 1. We
emphasize that this formulation admits two parameters
for describing the outer flow: the strain rate parameter

a(t) and the stagnation plane radius R.

2.2. Governing equations

Governing equations for the curved premixed flame
are based on equations for reacting flow in cylindrical
coordinates given by Kee [7]. The equations are simpli-

fied by neglecting viscous dissipation, thermal radiation,
and by using a low-Mach-number assumption. We
apply a boundary layer approximation across the flame
and consider a solution along the stagnation streamline

z= 0. The outer potential flow in Eq. (2) yields the axial
pressure gradient:

@p

@z
¼ ��za2 � �z da

dt
ð3Þ

The unburned mixture density is �ub and the axial
velocity of the unburned mixture is uub. Introducing the
similarity variable U  u/uub and the notation V  �v,
and substituting the pressure gradient into the equation
for momentum conservation inside the boundary layer

Fig. 1. Schematic representation of (a) positively curved and (b) negatively curved tubular flames in a cylindrical stagnation flow. The

burning velocity S points towards the reactants.
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yields the following equations for species, energy,
momentum and mass conservation, respectively:

�
@Yk

@t
þ V

@Yk

@r
¼ � 1

r

@

@r
½rjk� þ _!kWk ð4Þ

�
@T

@t
þ V

@T

@r
¼ 1

cp

1

r

@

@r
r�
@T

@r
þ rqd

� 	
�
XK
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cp;kjk
@T

@r

 

�
XK
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a

da

dt
þ �U2aþ V
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@
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þ�ub
1
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� �
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@�

@t
þ �Uaþ 1

r

@

@r
½rV� ¼ 0 ð7Þ

where the diffusion mass flux is jk = �YkVk and the
diffusion velocity is

Vk ¼
1

Xk
�W

XK
j 6¼k

WjDkj
@Xj

@r

� �
� DT

k

�Yk

1

T

@T

@r
ð8Þ

In these expressions, Yk and Xk are respectively the

mass and mole fractions of species k; Wk and _!k are the
molar weight and molar production rates, respectively;
cp is the specific heat of the mixture; � is the thermal

conductivity; Hk is the molar enthalpy of species k; � is
the dynamic viscosity. The multicomponent and thermal
diffusion coefficients are, respectively, Dkj and DT

k . The

total number of species is K.

2.3. Boundary conditions

The system of governing equations requires two

boundary conditions each for the energy, species and
momentum equations, and one boundary condition for
the continuity equation. Numerical considerations

require that the boundary condition at r = 1 be
approximated by a boundary at a finite radius suffi-
ciently far from the flame. The geometric dissimilarity of
the boundaries at r = 0 and r = 1 requires that posi-

tively and negatively curved flames be treated separately.

2.3.1. Negative curvature
A natural choice for the boundary conditions is to

specify the values of each variable in the unburned
mixture and to set a zero-gradient condition on the
products side for T, Yk and U. On the burned side, this
choice does not work well, as the mass flux coming from

the burned boundary makes the values on that boundary
unresponsive to changes in the reactant boundary con-
ditions. Instead, the temperature and composition of the

burned mixture are specified. For a steady flame, this

condition is the equilibrium concentration of the che-
mical species at the adiabatic flame temperature. When

the burned side boundary is sufficiently far from the
flame, the zero-gradient condition is automatically
satisfied.

The unburned boundary condition for U is by defi-
nition Uub = 1. Setting the spatial derivatives in Eq. (6)
to zero yields an ODE for value of U on the burned side:

dUb

dt
¼ �U2

ba�Ub
1

a

da

dt

� �
þ �ub
�b

1

a

da

dt
þ a

� �
ð9Þ

For a steady flame, the burned-stream boundary con-
dition on U reduces to Ub =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ub=�b

p
.

The boundary condition for the continuity equation
specifies the mass flux at r = 0. While the density-
weighted velocity V goes to infinity as r approaches zero,
the mass flux per unit length, 2�rV, is finite at r= 0. The

boundary condition on the continuity equation is spe-
cified in terms of the corresponding non-reacting
stagnation point radius R:

ðrVÞr¼0 ¼ �ub
a

2
R2 ð10Þ

where both a and R may be functions of time.

2.3.2. Positive curvature
The boundary conditions for the positively curved

flame mirror those for the negatively curved flame when
the flame is sufficiently far away from r= 0. As the mass
flux from the centerline is reduced and the flame radius

becomes small, it becomes impossible to simultaneously
specify the burned stream composition and satisfy the
zero-gradient condition. However, since it was this mass

flux that originally compelled the use of fixed values at
the boundary, we may now once again choose to enforce
the zero-gradient condition along the centerline without

difficulty.

3. Numerical solution

The governing equations are solved numerically using
a fully implicit finite difference method. A first-order

backward Euler formulation is used for the time deri-
vatives. A first-order upwind discretization is applied to
all convective terms; diffusion terms are discretized to
second-order using centered differences. At each time-

step, all the governing equations are solved
simultaneously using an inexact Newton method [8]. The
linear system at each Newton step is solved using a

Krylov subspace method, Bi-Conjugate Gradient Sta-
bilized (BiCGSTAB) [9]. Further details on the
numerical solution of the governing equations may be

found in [3].
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Chemical source terms and mixture properties are
evaluated using CHEMKIN [10]. Sandia’s TRANS-
PORT libraries are used to evaluate the various

diffusion coefficients and the mixture viscosity and
thermal conductivity [11]. We use the complete GRI-
Mech 3.0 kinetic model for methane–air chemistry,

consisting of 325 reactions among 53 species [12].

4. Results and conclusions

Figures 2 and 3 compare the structures of two nega-
tively curved flames. Both are steady methane–air flames
at a strain rate of a = 100 s�1 and an equivalence ratio

of � = 0.5; one is weakly curved, with R = 10 cm, and
the other is more strongly curved, with R = 0.27 cm.
The impact of curvature is clearly visible on the profile

of mass flux through the flame. The profiles of major
species like CH4 and CO2 are only weakly influenced by
curvature, while radicals like OH are more strongly
affected.

In summary, we have developed an elemental flame
model with detailed kinetics and transport, para-
meterized by an unsteady strain rate and radius of

curvature. In previous studies of curved flames, strain
rate and curvature were implicit properties of the model
determined in post-processing. In contrast, this one-

dimensional model allows the effects of curvature and
strain rate to be explored independently.
Ongoing work will examine the impact of positive and

negative curvature on flame structure, heat release rate,
and burning velocity over a range of strain rates. We will
also explore the response of the flame to unsteady strain
rates and curvatures, and examine the impact of reactant

mixtures containing fast-diffusing species, such as
hydrogen-enhanced fuels, on the extinction properties of
the flame and on the sensitivity of the flame to curvature.
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