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Abstract

A fundamental symmetry group theoretic analysis of the periodically forced cylinder wake dynamics problem is

presented. The analysis yields a clear and concise explanation of experimentally observed cylinder wake dynamics.
First it is shown that the underlying problem can be posed as a mode interaction problem subject to O(2) symmetry

constraints. An analysis of the amplitude equations for S/K mode interactions predicts the experimentally observed

period-doubling instabilities when �s/�k = 1/1. For 2/1 wavelength ratio, it is shown that traveling wave solutions are
to be expected. Furthermore, the apparent lack of interactions for 3/1 ratio is shown to be due to the fact that important
nonlinear coupling terms appear only at 7th order.

For asymmetrical K1/K mode interactions, the symmetry ‘compatibility’, via common subgroups, explains the strong
resonances observed experimentally for 1/1 and 1/3 frequency ratios. For a frequency ratio 1/2, it is shown that K1 and
K mode symmetries are incompatible. Consequently, traveling wave solutions most likely underlie the organized wake
topology observed in experiments.
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1. Introduction

The present study follows a body of work by various
investigators, e.g. Ongoren et al. [1], Williams et al. [2],
Krishnamoorthy et al. [3], Mureithi et al. [4] and Mur-

eithi [5]. The goal of these studies is to uncover the
underlying dynamic properties of the Karman wake.
External excitation is introduced at frequencies (!)
forming rational ratios with the natural shedding Kar-
man frequency, (�). Symmetry arguments have been
used by Williams et al. for instance to explain the lack of

lock-in for certain frequency ratios (!/�). Recently
Mureithi et al. [4] and Mureithi [5] have formalized this
relation to symmetry by deriving general amplitude
equations for general Karman wake symmetrical or

asymmetrical excitation.

2. Amplitude equations and mode interactions

2.1. Flow symmetry

The flow field behind the cylinder may be expressed

(approximately) in terms of a finite number of dominant
wake modes (patterns). The Karman shedding mode is
designated K. A second well known mode is the reflection

symmetric shedding mode S. Assuming that all other
modes (besides modes S,K) are stable, the x-direction
velocity perturbations, for instance, may be expressed as

uðx,y,tÞ ¼ SðtÞ�SðyÞeið�S xþ!stÞ þKðtÞ�K ðyÞeið�K xþ!K tÞ

þ complex conjugate ð1Þ

where S(t) and K(t) are the mode amplitudes for mode S
and K, respectively, and �s, �k the corresponding wave

numbers. For the Karman mode K, the modal symmetry
may be compactly expressed as

�K ¼ Z2ð�,�Þ � S1 ð2Þ

�s and �k must be subgroups of the base symmetry �.
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symmetry. The ‘circular’ symmetry S1 pertains to the
(local) periodicity in the flow associated with the Hopf

bifurcations which marks the onset of vortex shedding.
The mode S symmetry may be compactly expressed by

�S ¼ Dmð�,
2�

m
Þ � S1 ð3Þ

2.2. Amplitude equations

Consider the following system of ODEs:

dx=dt ¼ gðxÞ, x 2 Rn, g : Rn ! Rn ð4Þ

The invertible matrix 
 2 Rnxn is called a symmetry of

g(x) if 
g(x) = g(
x), 8x 2 Rn. The function g(x) is also
referred to as a 
 -equivariant function. Given a sym-
metry group �, it can be shown that there exists a finite
set of basis functions (�-equivariant polynomials) that

generates the complete set of �-equivariant functions;
proof of this is given by the Hilbert-Weyl (HW) theorem
[6]. The amplitude equations governing mode interac-

tions between modes S and K, having wavelength ratio
�k/�s = m/n, can be derived based on the Hilbert-Weyl
theorem. The final result, derived by Mureithi et al. [4],

takes the following form for the interaction functions
(when m is odd):

�S

�K

� �
¼ pðr1,r2,r3ÞSþ qðr1,r2,r3Þ �Sn�1Km

rðr1,r2,r3ÞKþ sðr1,r2,r3ÞSn �Km�1

� �
ð5Þ

In Eq. (5), the ‘coefficients’ p, q, r, s are polynomial

functions of the �-invariant functions r1 = S �S, r2 =
K �K, r3 = Sn �Km, �r3 = �SnKm and the wavelength ratio �k/
�s = m / n with m and n relatively prime. The S mode

equation, for instance, in discrete form is, Sn+1 = �s

(Sn, Kn).

2.3. Mode interaction dynamics

2.3.1. 1/1 mode interaction

For the case �K=�S ¼
m=n ¼ 1 the amplitude equations

in polar form are

rnþ1 ¼ 1þ �0 þ �2r
2
n þ 
11q2n

� �
rn þ �01q2nrn cos 2�n

qnþ1 ¼ 1þ 
0 þ 
2q2n þ 
21r2n
� �

qn þ �01qnr2n cos 2�n

�nþ1 ¼ �n � qnrnð�01rn þ �01qnÞ sin 2�n

ð6Þ

where K ¼ rei�, S ¼ qei� and �n ¼ �n � �n.
Several conclusions can be drawn from the form of

Eq. (6). Steady-state solutions are obtained for cos2� =
�1. Traveling wave solutions occur when �01rn +

�01qn = 0 with sin2�n 6¼ 0.
A bifurcation analysis of the map (6) by Mureithi et

al. [4] showed that a period-doubling instability of the K

mode is induced by S-mode excitation (forcing). The

period-doubling instability is demonstrated in the CFD
computations of Fig 1. The computations were per-

formed at Re=1918. The S mode is ‘generated’ by
forced cylinder oscillations at a frequency ! parallel to
the upstream flow. The shedding frequency behind the

stationary cylinder is �. For all the dynamic simulations
presented in what follows, the cylinder was oscillated
with an amplitude of 0.3D.

2.3.2. 2/1 mode interaction
For �K=�S ¼

m=n ¼ 2 the amplitude equations in polar
form are

rnþ1 ¼ 1þ �0 þ �2r
2
n þ �
11q

2
n

� �
rn þ ��01qnrn cos �n

qnþ1 ¼ 1þ �
0 þ �
2q
2
n þ �
21r

2
n

� �
qn þ ��01r

2
n cos �n

�nþ1 ¼ �n �
1

qn
ð ��01r2n þ 2 ��01q

2
nÞ sin �n

ð7Þ

where �n = �n � 2�n. Steady-state (SS) solutions cor-
respond to fixed points of the map (7) when cos�= �1.
For cos�n 6¼ �1, the fixed points correspond to traveling

wave (TW) solutions. Further details on the solutions
and their stabilities may be found in Porter et al. [7]. A
numerical simulation result for this wavelength ratio is
shown in Fig. 2(b) where comparison is made with the

case of a stationary cylinder shown in Fig. 2(a). Unlike
the case �k/�s = 1 discussed above, no period doubling
instability occurs. The snapshot of the wake in Fig. 2(b)

looks strikingly similar to the stationary cylinder wake.
Closer inspection reveals that the reflection symmetry of
the S mode is broken via merging of two vortices for

Fig. 1. Wake vortex for (a) stationary cylinder (a) compared to

an oscillating cylinder (b), with !/gV=1.
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each forcing cycle. Based on the description of possible
solutions above, the most likely candidate for the solu-

tion of Fig. 2(b) is the traveling wave (TW) solution. The
traveling nature of the solution is a direct consequence
of the Z2(�) symmetry breaking of the S mode. An

inspection of the map (7) shows that the existence of a
pure K mode solution requires the rather non-generic
condition that ��01 = 0. A pure S mode solution

although allowed by the map (10) does not correspond
to the vortex pattern seen in Fig. 2(b).

2.3.3. 3/1 mode interaction
For �k/�s = m/n = 3 the amplitude equations in

polar form become

rnþ1 ¼ ð1þ �0 þ �2r
2
n þ ��
1q

2
nÞrn þ

���01q
2
nr

5
n cos 2�n

qnþ1 ¼ ð1þ ��
0 þ ��
2q
2
n þ ��
21r

2
nÞqn þ ���01qnr

6
n cos 2�n

�nþ1 ¼ �n � qnr
5
nð3

���01qn þ ���01rnÞ sin 2�n

ð8Þ

The map (8) shows important coupling only at 7th order
between the modes for this wavelength ratio. This pre-

diction is borne out by the numerical simulations results
shown in Fig. 3. The vortex structures for two instan-
taneous cylinder positions, equilibrium and maximum
(0.3D) downstream displacement are respectively shown

in Figs. 3(a) and 3(b). One-and-half shedding cycles
downstream, the wake has completely recovered the
regular Karman structure.

2.4. K1/K mode interaction dynamics

In this section, we highlight the important findings

regarding K1/K mode interactions. The K1 mode has Z2

(�,n�). For harmonic/subharmonic (!/� = 1/1, 1/2, 1/
3) excitation, significant lock-ins (resonances) can be

expected. The relationships between the K1 and K mode
symmetries are shown in the partial isotropy lattices of
Fig. 4 for !/� = 1/2 and 1/3.

Fig. 4. Symmetry isotropy lattice for cross-flow excitation with

(a) !/�=1/2 and (b) !/�=1/3, respectively.

Fig. 2. Wake vortex for (a) fixed cylinder (a) compared to a

moving cylinder (b), with !/�=2.

Fig. 3. Wake vortex for a moving cylinder with !/�=3 and

cylinder position (a) 0.0D and (b) 0.3D downstream from

equilibrium.
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Since the symmetry Z2 (�,3�) is common to both K1

and K modes, strong mode (steady state) interaction can

be expected for !/� = 1/3. For !/� = 1/2 the K1 and K

modes have no common symmetries. Consequently,
interaction between the modes cannot result in a steady

state solution. Although symmetry limitations do not
allow steady state mode locking, unsteady solutions
corresponding to traveling waves are allowed. Expres-

sing the complex amplitudes in the polar forms
Kn ¼ kne

i n , Fn ¼ fne
i�n , the mode interaction mapping

in this case is

knþ1 ¼ ð1þ �0 þ �12f
2
n þ �2k

2
nÞkn þ 
0knf 4nCos�n

fnþ1 ¼ ð1þ 
0 þ 
12f 2n þ 
2k2nÞfn þ �0k2nf 3nCos�n

�nþ1 ¼ �n�4knf 3nð�0kn þ 1
2
0fnÞSin�n

ð9Þ

where �n = 2(2�n �  n). A traveling wave solution is

obtained when ð�0kn þ 1
2
0fnÞ ¼ 0. Returning to the

experimental results reported in the literature, it is clear
that an organized wake structure will be observed and

that depending on the speed of the traveling wave, the
structure may appear quasi-stationary.

3. Concluding remarks

The general form of the wake mode amplitude equa-
tions has been presented and qualitatively analyzed. The
S/K mode interaction equations are found to predict the
experimentally observed period-doubling instabilities

when �s/�k = 1/1, while traveling waves may be
expected for 2/1 wavelength ratio. Lack of low-order
coupling for 3/1 ratio points to the lack of significant

mode interaction observed in experiments and con-
firmed numerically.

For asymmetrical K1/K mode interactions, a basic
symmetry group analysis conclusively shows that no
mode-lockin should be expected for 1/2 wavelength

ratio, rather, traveling wave solutions should underly
the organized wake topology seen in experiments.
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