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A posteriori error estimates for an eigenvalue problem arising from
fluid—structure interaction
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Abstract

In this paper, we introduce a reliable and efficient a posteriori error estimator for the approximation of an eigenvalue
problem using Brezzi—-Douglas—Marini finite element spaces of any order. According to the author’s knowledge, it is the
first time that an a posteriori error analysis for mixed approximation of an eigenvalue problem is developed. Indeed,
other authors see Duran et al. in [1] used the equivalence between the mixed finite element method of Raviart-Thomas
of the lowest order and the non-conforming piece-wise linear approximation of Crouzeix and Raviart.
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1. Introduction

In this paper, we present an a posteriori error esti-
mator for the Brezzi-Douglas—Marini approximation of
an eigenvalue problem that arises from the displacement
formulation to compute the vibration modes of an
acoustic fluid contained within a rigid cavity. We define
an error estimator of the residual type and prove that,
under some conditions on the regularity of the con-
tinuous eigensolution, it is equivalent to the H (div)-
norm of the error up to higher-order terms. The con-
stants involved in this equivalence depend on the
corresponding eigenvalue but are independent of the
mesh size. Moreover, the square root of the error in the
approximation of the eigenvalues is also bounded by a
constant multiplied by the estimator. These results are
exposed in a concise way in Theorem (11).

2. Statement of the problem

We consider the following eigenvalue problem: find A
€ C such that there exists # # 0 such that

—Vdivu=X u inQ
rotu=0 inQ (1)
u-n=0 on 0Q
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where Q C R? is a simply connected polygonal domain,
0f is its boundary and » is its outward normal unit
vector.

This problem has been studied by many authors
concerning fluid—structure interaction [2, 3]. Moreover,
since in two dimensions the divergence and rotational
operators are isomorphic, it is equivalent to Maxwell’s
eigenproblem for a cavity resonator with dielectric
constant ¢ and magnetic permeability p constant and
equal to 1 [4,5].

We shall use the standard notation for the Sobolev
spaces H"'(Q), their norms || ||,,, and seminorms | |,,,.

A variational formulation of Eq. (1) reads: find A € C
s.t. there exists u € Hy(div, Q), with u # 0:

(div w, divv) = X(u, v) Vv € Hy(div, Q) 5

(u, rotg) =0 Vg € H) (Q), (2)
where (,) denotes the L*inner product and Hy(div, Q) =
v e [L2Q)): divy e L Q) and v - n = 0 on 90} is
endowed with the norm ||v||5;, = [|v][5-+|Idiv v||3. It is well
known that Eq. (2) admits a countable set of real and
positive eigenvalues. Moreover, the eigenfunctions
satisfy w € H* (div, Q) = {v € [H* (Q)) : div v € H'(Q)},
for some s > % depending on 2 (s = 1 when (2 is convex)
[6].

Let {J,} be a regular family of triangulations of €,
where as usual & denotes the maximum diameter of the
elements K in ;. The Brezzi-Douglas—Marini spaces
are defined for k£ > 1 by
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BDM;. = {v € H (div, Q) : v|[x € [P(K)]* VK € T4},

where P, (K) denotes the space of polynomial of degree
at most k on K [7].

Setting V;, = BDM,; N Hy(div, €2), and denoting by Q,,
the subspace of H)(2) consisting of continuous piece-
wise polynomial of degree at most £ + 1, the discrete
problem is then given by: find A\, € R s.t. there exists u;, €
V), with uy, # 0:

(div uy, divv) = Ny(up, v) Vv €V, 3)
(up, rot g) =0 Vg € O

Let (), u) be an eigensolution of Eq. (2), such that A is
a simple eigenvalue and ||u||, = 1. It follows from the
abstract theory [8, 9] and known a priori estimates that,
for & small enough (depending on A), there exists (A, uy,)
eigenpair of Eq. (3) with ||lu,||o = 1, such that

[l = wnl iy = O(K) 4)
[l = myjo= O(") ()
A=l = O(r*) (6)

where t = min {s, k} and r = min {s,k + 1}.

Our goal is to estimate a posteriori the error in the
approximation of the eigensolutions. From now on, we
will denote by e, = u — uy, the error in the approxima-
tion of the eigenfunctions.

3. Residual-based a posteriori error estimator

In this section, we present the error estimator and
state the results that allow us to prove that it is
equivalent, up to higher-order terms, to the H (div)-
norm of the error, when the continuous eigensolution u
is smooth enough. We will report the details of the
proofs in a forthcoming paper.

First, we introduce some notation. Let £ be the set of
the interior edges of the mesh and £x C &£ be the subset
of edges of K.

The following lemmas provide the residual equations
that will be the starting points of our error analysis:

Lemma 1 For v € Hy (div, Q) there holds

(div e, divv) — (Au — Ny, v) = —(div uy, div v)+
)\;,(llh7 V)

= Z [(rl, V) — % Z [div a]v - n):| , (7)

keT ecEg V€

where vy = V div u, + My, is the residual of the first
equation of Eq. (1).
Lemma 2 For g € H) (Q) there holds

KeJ), ecg V¢

(eln rot q) = Z |:(I"2, q)K_._%Z/q[[uh 't]]:|7 (8)

where ry = — rot wy, is the residual of the second equation
of Eq. (1) and, for each triangle K, t denotes its unit
tangent vector oriented counterclockwise.

For any K € 7, we define two local error indicators
by

1
2 . 2
77%,1( = h%(”"l HO,K+§ Z he||[div un]lg .

ek

1
2 2
.k = hillrallo x5 D el 15
eely
and the corresponding error estimators by
1

m= <Z 77%7[()"

KeTy

= <Z 77%,;<> :

KeJy

Then the following propositions hold true:
Proposition 3 There exists a positive constant C, inde-
pendent of h, such that

llenlly < Clldiv es[lg+Crp. ©)
Proposition 4 There holds

[div eslfg < Calldiv ex]lo(m + m2) + Coma + (A — Nyup, ),
(10)

where C, is a positive constant dependent on \.
Since ||ullp = [Juyllo = 1, the last term in Eq. (10) can
be written as

A+ N
(= Ny, e) = (A + M)[1 = ()] = == el

(11)

and hence if the continuous eigensolution is smooth
enough (i.e. u € H* (Q, div) for some s > k + 1), then by
the a priori estimate in Eq. (5), it turns out to be higher
order than | div e;)|3. In order to have that 73 is a
higher-order term as well, it is enough to prove that the
local error indicator 1, g, is efficient, namely such that
M.x < C |enllgx» Where K* denotes the union of all
elements sharing an edge with K and C is a constant
depending only on the regularity of the elements of K*.
Indeed, if nox < C |len|ly - then 7y < C ||en]|y, with C
constant depending only on the regularity of the mesh.
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3.1. Local upper bound for n, x

In this section, we show that the error indicator 7, g,
is bounded above by the L*norm of the error in the
neighbourhood of the element K. Indeed, the following
results hold true:

Proposition 5 There exists a constant C, depending
only on the regularity of the element K, such that

2 2
hillrallo x < Clleallo -

For any interior edge ¢ € &, let K} and K? denote the two
elements in 7, sharing e.

Proposition 6 Let € € £. There exists a constant C,
depending only on the regularity of K. and K2, such that

1 2 2
Ehé”[[”h Moz < Cllen |0,K;u1<§~
We can therefore state the following result:

Theorem 7 There exists a constant C, depending only on
the regularity of the mesh, such that

2 < Cllenlo-
Moreover, the following local estimate holds:
M.k < Cllenll k-

with C constant depending only on the regularity of the
elements K of K*.

3.2. Local upper bound for n; x

In this section, we show that the error indicator 7, x is
bounded above by the L*-norm of the divergence of the
error in the neighbourhood of the element K. This,
together with the result of the previous section, yields
the efficiency of the error indicator 7y g + 7, k. Indeed,
the following results hold:

Proposition 8 There exists a constant C, depending only
on the regularity of K, such that

Bl < C IV el gl o = N o )-

Proposition 9 Let € € £. There exists a constant C,
depending only on the regularity of K. and K2, such that

11 . .
Sl mlllye < C(l1div enllogoome-+Hhell = Ml e )

As a consequence of the above propositions, we state
the following theorem:

Theorem 10 There exists a constant C, depending only
on the regularity of the elements of K*, such that

mx < C(HdiV enllo x-t+hx | Au — Ahml“O.K*)'

The term hg|[Au — Me g - in the previous theorem is
a higher-order term. Indeed, for each element K’ € 7,

hio | A= Nnaallo g < [A = Malhge g o o+ Mk llenllo g

< CIP 4 Mg lenllo ko

the last inequality because of the a priori estimate in Eq.
(6). Note that the right-hand side is asymptotically
negligible with respect to the local error ||div e || -

Putting together the results of theorems 7 and 10, we
show that the error indicator 7, x + m,x is bounded
above by the local error, up to a multiplicative constant
and higher-order terms, namely,

Mk +mx < Clleallgy g +O0 ) + O(hx)llenllo -

We are now ready to state the main result of our error
analysis.

Theorem 11 Let us assume that w € H*™! (div, Q).
Then there exist two constants C} and C3, depending on \
and on the regularity of the mesh, and a constant C
depending only on the regularity of the mesh, such that

leallg < Ci(m +m) + ho.t. (12)

mx+mx < Cllenllgy g +h-o.t. (13)
1

A= M]F < Ci(m +m) + h.o.t. (14)

Therefore, it follows from Eqs (12) and (14) that our
estimator is reliable. On the other hand, Eq. (13) tell us
that 1y x + 12 ks an efficient local error indicator, in the
sense that when 7, x + 7,k is large, then the error in the
vicinity of the element K must also be large. Hence, 1 g
+ 1. can be used as the basis of an adaptive refinement
algorithm.
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