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ABSTRACT

A comprehensive two-dimensional numerical investigation has been undertaken to calculate the energetic cost of propulsion and the various
flow transitions of a fish-like body undulation mechanism based on a National Advisory Committee for Aeronautics 0012 hydrofoil. This
covers a wide range of Strouhal ð0 � St � 1:4Þ and Reynolds ð500 � Re � 5000Þ numbers from simulations based on a level-set function
immersed-interface method. It is found that the time-averaged thrust coefficient displays a quadratic relationship with increasing St, and
increases significantly with Re. Additionally, the time-averaged input power coefficient exhibits a cubic dependence with increasing St but is
independent of Re. Both St dependences agree with those previously observed experimentally and numerically for an oscillating foil; however,
for similar ranges of governing parameters, comparisons suggest that the body undulation mechanism possesses a higher propulsive effi-
ciency. The St / Re�0:19 scaling for the drag-to-thrust transition is consistent with that found for a wide variety of fish and birds in nature.
Interestingly, for cases with an undulation wave-speed below the free-stream speed, the time-averaged drag coefficient is found to be higher
than that of a stationary hydrofoil at the same Re. Furthermore, the time-averaged input power coefficient is negative, indicating the potential
for the undulation mechanism to extract energy from the free-stream. Eight different wake patterns/transitions are documented for the
parameter space; these have been assembled into a wake-regime parameter-space map. The present findings should aid in predicting and
understanding different hydrodynamic forces and wake patterns for undulating kinematics.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0062304

I. INTRODUCTION

For decades, body undulations performed by anguilliform and
carangiform type of body-and/or-caudal fin (BCF) fish have inspired
engineers and scientists through their efficient modes of underwater
propulsion. Thrust generation comes from periodic body bending in
the form of a backward-traveling propulsive wave, leading to lateral
undulations of their body and/or caudal-fin.1–4 Furthermore, in terms
of propulsion efficiency and lateral stability, the literature suggests that
this mechanism also outperforms other related propulsion mecha-
nisms, for instance, pitching or oscillation of the caudal fin performed
by thunniform BCF fish.5,6 Thus, the present numerical study focusses
on examining the details of the body-undulation mechanism.

In terms of the flow physics of a two-dimensional (2-D) undulating
streamlined body, the different non-dimensional parameters that govern

the fluid-structure system are: a hydrodynamical parameter—the
Reynolds number (Re); kinematic parameters—the non-dimensional
maximum amplitude at the tail (Amax), the non-dimensional wavelength
(k�), and the non-dimensional undulation frequency (St); together with
a geometrical parameter (body shape). The non-dimensional parameters
are given by

Re ¼ qu1C
l

; St ¼ 2famax

u1
; Amax ¼

amax

C
; k� ¼ k

C
; (1)

where q and l are the density and dynamic viscosity of the surround-
ing fluid flowing at a constant free-stream velocity of u1, C is the
chord length of a NACA (National Advisory Committee for
Aeronautics) hydrofoil, f is the frequency of undulation, and amax is
the maximum amplitude of undulation (measured) at the tail.
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As a thrust generating mechanism for propulsion, many numeri-
cal, analytical, and computational studies have been performed to
understand body undulations. One of the earlier studies exploring the
undulation mechanism was performed by Lighthill.7 In this pioneering
work, Lighthill concluded that the undulating body reaches its maxi-
mum propulsive efficiency when the wave speed of undulation
matches or is close to the surrounding free-stream velocity. Liu et al.8

studied the flow pattern in the vicinity and wake of a NACA0012
hydrofoil, undulating with kinematics inspired by tadpoles, for differ-
ent undulation frequencies St¼ 0.33–0.62 for Re¼ 2100–11 000. Deng
et al.9 performed two-dimensional simulations for a NACA0012
hydrofoil undulating at five different St, ranging from 0.2 to 1.0 in
steps of 0.2, at Re¼ 500. For this parametric range, they observed that
the hydrofoil reaches its maximum propulsive efficiency at St¼ 0.8.
Dong and Lu10 investigated wake transitions and force coefficients
at Re¼ 5000, for a NACA0012 hydrofoil undulating with a low St
within the range 0–0.4. In two separate articles, Borazjani and
Sotiropoulos11,12 studied the hydrodynamic performance of undula-
tions inspired by carangiform and anguilliform fish. For undulation
frequency 0 � St � 1:3, and at three Reynolds numbers Re¼ 300,
4000, and1, they observed that the critical St at which the transition
from net drag to net thrust occurs is a decreasing function of Re. Yu
et al.13 studied the hydrodynamic interactions of two foils in a tandem
configuration. They observed that these foils could form stable config-
urations, separate, or collide with each other, depending on the ampli-
tude and frequency ratios between them.

Recently, researchers also observed the power-harvesting capabil-
ity of the undulation mechanism. One of the earlier studies on this
novel energy-harvesting method was performed by Huang et al.14

They observed that an undulating body could harvest kinetic energy
from flowing fluid if the non-dimensional wave speed Vw ¼ k�f =u1
lies in the range of 0.2–0.9. Following this, other studies were per-
formed to understand the significance of different governing parame-
ters, for instance, the Reynolds number;15 maximum amplitude,
wavelength, and dimensionless wave velocity;16 and leading-edge
radius.17 However, in most studies, the apparent fluid-dynamic mech-
anism for power harvesting was not discussed in detail.

The above literature survey shows that the undulation mecha-
nism provides potential beyond the thrust generation mechanism used
by BCF fish for locomotion. Most previous studies have been per-
formed over narrow ranges of St and Re, since they were targeted
toward understanding the swimming performance of fish, which
undulate at 0:25 � St � 0:35.18 Despite this, it is still worthwhile,
from both a fundamental and applied point-of-view, to better under-
stand the undulation mechanism, especially at very low St. As an effi-
cient underwater propulsion mechanism, this can be used to fulfill the
different needs of modern underwater vehicles. Further, the mecha-
nism can also be used for harvesting energy from a surrounding fluid
flow, especially at low Re, where the performance of traditional rotary
turbines falls sharply.19 Thus, the objective of the present numerical
study is to perform a parametric investigation on an undulating
NACA0012 hydrofoil covering the broad ranges of St¼ 0–1.4 and
Re¼ 500–5000. For an undulating hydrofoil, although Yu and
Huang20 performed a scaling analysis for the thrust coefficient, the
present study aims for comprehensive scaling laws involving both
thrust and power. The scalings are then compared with other bio-
inspired propulsion mechanisms such as pitching and pitching/

heaving of an oscillating rigid foil. Next, the study proceeds to analyze
the fluid dynamics behind the two capabilities of body undulation by
which it switches from thrust generation (power consumption) at
Vw > 1 to power harvesting at Vw < 1. Finally, the study focuses on
understanding the different transitions in the force coefficients and the
wake as St and Re are varied, especially at very low St, which have yet
to be studied in detail.

II. METHODS: MODELING AND SIMULATIONS
A. Undulation kinematics and parametric details

The kinematics of undulations chosen for the present parametric
investigation is inspired by the actual kinematics of a carangiform fish,
based on the experimental work of Videler and Hess.21 This is given
by

Dyðx; tÞ ¼ aðxÞ sin 2px
k
� 2pft

� �
; (2)

where x is the streamwise distance measured along the chord from the
leading edge of the hydrofoil, Dy is the lateral excursion of the hydro-
foil at time t, a(x) is the streamwise varying amplitude envelope of the
undulation, k is the wavelength of the wave traveling along the chord
length, and f is the frequency of undulation. By considering the free-
stream velocity u1 as the velocity scale, and the chord length C as the
length scale, the non-dimensional form of Eq. (2) and the associated
hydrofoil velocity Vbody

6 are given as

DYðX; sÞ ¼ AðXÞ sin 2p
X
k�
� St s
2Amax

� �� �
; (3)

VbodyðX; sÞ ¼
p St
Amax

AðXÞ cos 2p
X
k�
� St s
2Amax

� �� �
; (4)

where X ¼ x=C and Y ¼ y=C are the non-dimensional coordinates
in the streamwise and lateral directions, respectively; AðxÞ ¼ aðxÞ=C
is the non-dimensional amplitude envelope; and s ¼ tup=C is the
non-dimensional time. Furthermore, St, Amax, and k� [already defined
in Eq. (1)] are the non-dimensional forms of frequency, maximum
amplitude at the tail tip and wavelength of undulation, respectively.

For a carangiform-like undulation, the non-dimensional wave-
length of undulation k� ¼ 1 and the amplitude envelope A(X) varies
quadratically along the chord length11,21 given as

AðXÞ ¼ a0 þ a1X þ a2X
2; (5)

with the coefficients a0 ¼ 0:02; a1 ¼ �0:08, and a2 ¼ 0:16; with the
range of motion shown in Fig. 1(a). This figure shows that the maxi-
mum amplitude of undulations, Amax¼ 0.1, occurs at the tail tip, while
the minimum amplitude occurs at approximately 0:23C (measured
from the leading edge of the hydrofoil). Figure 1(b) shows the lateral
displacement DY of the midline of the hydrofoil undulating with the
carangiform kinematics, calculated using Eqs. (3) and (5) at several
time instants within one undulation cycle. The figure shows that the
combination of the quadratic amplitude envelope A(X) and k� ¼ 1
leads to restricted undulations for the anterior as compared to the pos-
terior 1=3 part of the hydrofoil, which undulates at a higher
amplitude.

For the present parametric numerical investigation, the non-
dimensional input governing parameters Amax and k� are kept
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constant (similar to carangiform fish) while Re and St are varied over
wide ranges as follows:

ReynoldsNumber ¼ Re
qu1C

l

� �
: 500; 1000; 2000; 5000;

Strouhal Number ¼ St
2famax

u1

� �
: 0 to 0:2 in steps of 0:05ð Þ;

0:3 to 1 in steps of 0:1ð Þ; 1:2 and 1:4

Here, St¼ 0 corresponds to a stationary hydrofoil in a free-stream
flow. The various non-dimensional propulsive output performance
parameters considered in the study are the thrust coefficient CT, vis-
cous thrust coefficient CTV, pressure thrust coefficient CTP, input
power coefficient CP, and propulsive efficiency gP, defined as

CT ¼
FT

1=2qu21C
; CTV ¼

FTV
1=2qu21C

; CTP ¼
FTP

1=2qu21C
; (6)

CP ¼

ð
cLVbodydS

1=2qu31C
; gp ¼

Pout
Pin
¼

�FT u1ð
cLVbodydS

¼
�CT

�CP
; (7)

where FT is the thrust force (net force acting in the streamwise direc-
tion), FTV is the viscous thrust force, and FTP is the pressure thrust
force. Furthermore, cL is the local lateral force coefficient per unit sur-
face area of the hydrofoil, and Vbody is the lateral velocity of an undu-
lating hydrofoil [Eq. (4)]. The propulsive efficiency gP is defined6 as
the ratio of the output power to the input power, where an overbar
represents mean quantities obtained through time-averaging over a
sufficiently large number of undulation cycles. Note that the above
propulsive efficiency gp is for most of the present net-thrust cases
while an extraction efficiency gex is presented below for the few cases
with net drag, and the efficiency for the free-swimming cases (at Stcr,

defined differently in the literature11,22,23) is not presented here.
Further, for the cases with net thrust, the above definition of gp is simi-
lar in all the three underwater propulsion kinematics (undulation,
pitching, and pitching as well as heaving) commonly used for a
hydrofoil.

The definitions of different non-dimensional output performance
parameters are similar for both propulsion and energy extraction,
except for the efficiency. For energy extraction, the extraction effi-
ciency gex is generally expressed similarly to the so-called “Betz
efficiency” for a rotary turbine as the ratio of the time-average net
power absorbed to the power available in the flow that passes through
the swept area of the foil,24 given as

gex ¼
�Pab

Pa
¼

ð
cLVbodydS

1=2qu312Amax
¼ �CP

C
2Amax

: (8)

B. Governing equations and numerical details

For an undulating hydrofoil, Ji and Huang15 showed a good
agreement between the experimental and 2-D numerical predictions
up to Re � 50 000. Furthermore, various two-dimensional numerical
simulations reported in the literature have successfully elucidated vari-
ous characteristics of the body undulation mechanism within the pre-
sent range of Re.6,10,25 Thus, for the largest Re of 5000 simulated here,
2-D numerical investigation of flow across an undulating hydrofoil is
performed using an in-house code based on a level-set function-based
immersed interface method (LS-IIM), proposed by Thekkethil and
Sharma.26 In this method, the temporal variation of the fluid–solid
interface is tracked by using a level-set function /, which is defined as
a normal signed distance function from the interface. A positive value
of / represents the fluid cells, whereas a negative value represents the
cells of solid. The method involves the direct application of the

FIG. 1. Variation of (a) amplitude A(X) [Eq. (5)] and (b) lateral displacement DY [Eq. (3)] along the chord of the hydrofoil. The DY is shown, for the centerline of the hydrofoil,
at various time instants for one undulation cycle.
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boundary conditions at the interface, using the level-set function /.
The values of / are calculated and updated for each time step by using
minimum distance and winding algorithms, governed by the prede-
fined kinematics of undulation (discussed in Subsection IIA).

The fluid dynamics of the present one-way coupled fluid-
structure interactions (FSIs) problem is governed by the kinematics of
undulation and the incompressible Navier–Stokes equations, given by

Continuity : r � ~U ¼ 0; (9)

Momentum :
@~U
@s
þ ~U � ðr~U Þ ¼ �rP þ 1

Re
r2~U ; (10)

where ~U ð�~u=u1Þ is the non-dimensional velocity vector and
Pð� p=qu21Þ is the non-dimensional pressure.

The LS-IIM is a finite-volume-based method that utilizes a fully
implicit pressure projection method on a collocated grid. The advec-
tion term of the Navier–Stokes equation is treated here by using the
QUICK scheme, and the central difference scheme is used for the dif-
fusion term. Further details and testing/validation of the implemented
method are provided in Refs. 6 and 26.

C. Computational model and boundary conditions

Figure 2 shows the computational domain along with the
boundary conditions for the present problem on flow across an
undulating NACA0012 hydrofoil. The computational domain is
non-dimensionalized by the chord length of the foil C and the free-
stream velocity u1. At the inlet, a constant velocity boundary con-
dition is assigned. The lateral boundaries are 4C away from the
hydrofoil with free-slip boundary conditions, providing a lateral
blockage (¼ 0:12C=8C) of 1.5%, suggesting no significant effect of
the lateral dimension on the hydrodynamics of undulation. The
outlet boundary is 11C downstream of the head of the foil, and is
assigned a convective boundary condition with convective velocity
Uc ¼ 1. The hydrofoil is considered as non-deforming (i.e., no flow-
induced deformation) and a no-slip boundary condition is applied
at its surface. The domain size was decided after a domain-size-
independence study.

D. Code validation, grid and domain independence

Verification and validation studies of the present in-house code
for various one- and two-way coupled 2D/3D fluid-structure interac-
tion (FSI) problems can be found in Thekkethil et al.,6 Thekkethil and
Sharma,26 Thekkethil et al.27,28 Figure 3(a) presents code validation for
the present problem studied here. This shows excellent agreement
with the results of Dong and Lu10 for the temporal variation of the
thrust coefficient CT and lateral force coefficient CL of a NACA0012
hydrofoil, at k� ¼ 1, St¼ 0.4, Amax¼ 0.1, and Re¼ 5000.

A grid independence study was also performed here considering
three different Cartesian grid sizes: 382� 142, 768� 314, and
1543� 588, with uniform finest cell sizes of d ¼ ½ðDx=CÞmin
¼ ðDy=CÞmin	 ¼ 0.01, 0.005, and 0.0025 (used near the hydrofoil)
stretching to a uniform coarse cell size of D ¼ 0.5, 0.25, and 0.125 far
away from the hydrofoil, respectively. The finest and coarsest grid spac-
ings are connected using a hyperbolic stretching function. For a temporal
variation of the lateral force coefficient CL over a cycle of undulation of
the NACA0012 hydrofoil at k� ¼ 1, St¼ 1.4, Amax¼ 0.1, and Re¼ 5000,
Fig. 3(b) shows no significant visual difference in the predicted lift coeffi-
cients for the three grids. To quantify this further, the difference between
the maximum time-instantaneous CLs between the two finest grids is
approximately 2%. All further simulations in the present parametric
investigation were performed using the intermediate grid size of
768� 314, noting that it has 200 points across the hydrofoil chord.

Finally, a domain independence study is carried out for two com-
putational domains: 16C � 8C and 16C � 10C for the hydrofoil
undulating at maximum governing parameters considered in the
study, i.e., St¼ 1.4 and Re¼ 5000. The results for the time-averaged
thrust and lift coefficient are compared and shown in Table I. The
table shows that the difference in predicted lift from the two computa-
tional domains is 
0:3%, with the difference in thrust considerably
less. Thus, the computational domain of 16C in the streamwise direc-
tion and 8C in the lateral direction is considered for the present para-
metric investigation.

III. SCALING LAWS FOR HYDRODYNAMIC FORCES
AND PROPULSIVE EFFICIENCY

Figure 4(a) depicts the mean thrust coefficient �CT as a function
of St for the range of Re considered in the study. At St¼ 0, when the

FIG. 2. Non-dimensional computational setup for an undulating NACA0012 hydrofoil in a free-stream flow.
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hydrofoil is stationary, the negative value of �CT in the figure shows
that the foil experiences a net mean drag force, represented by �CDo,
which decreases with increasing Re. The mathematical relationship
between the variation of �CDo with Re can be given in the form
�CDo ¼ 4ðReÞ�0:5, as shown in Fig. 4(b), which shows a strong depen-
dence of the net mean drag force with the Reynolds number, for the
stationary hydrofoil. A similar relationship has also been observed by
Das et al.29 for Re ranging from 10 to 2000.

Considering the undulating motion at lower 0:05 � St � 0:15,
the figure shows that the net drag acting on the foil is larger than when
the foil is stationary (these cases are associated with undulation with
Vw < 1 and discussed in detail in Sec. IV). With a further increase in
St, the net drag acting on the hydrofoil decreases, and then a crossover
from net mean drag to net mean thrust occurs after reaching a critical
Strouhal number, Stcr. One can observe from the figure that this Stcr is
a function of Re and reduces with an increase in Re. For example,
Stcr � 0:5 for Re¼ 500, which reduces to Stcr � 0:33 for Re¼ 5000.
The corresponding relationship can be given as Stcr ¼ 1:64ðReÞ�0:19,
as shown by curve fit in Fig. 4(b). Further, by comparing the present
scaling with the data provided by Gazzola et al.30 for
500 � Re � 5000, it is interesting to observe from Fig. 4(b) that the
derived scaling for Stcr lies within the range of actual St found for vari-
ous amphibians, larvae, fish, marine birds, and mammals in nature.
However, it should be noted that the derived relationship is based on
body undulations for a carangiform fish, whereas the data are for

different species of flying or swimming living creatures that may use
seemingly unrelated propulsion mechanisms. The decreasing function
of Stcr with Re was also observed by Borazjani and Sotiropoulos

11 for a
mackerel (carangiform) fish. However, as compared to the present
study, they observe a larger Stcr ¼ 1.08, 0.6, and 0.26 for Re¼ 300,
4000, and 1, respectively, indicating the significance of difference in
the body shape between the two studies. Thus, for particular kinemat-
ics, Stcr is a function of both Re and the undulating hydrofoil/body
shape.

With further increase in St (beyond Stcr), the net mean thrust
coefficient generated by the hydrofoil increases and it is interesting to
observe that the whole �CT curve is close to quadratic with its mini-
mum value at St¼ 0.05 for the range of St considered in our study.
Furthermore, notice that the quadratic behavior is independent of the
Reynolds number. However, the magnitude does differ with Reynolds
number. For a deeper understanding of the quadratic nature of these
curves, the net mean-thrust/drag has been divided into its pressure
and viscous components and discussed separately below.

Figure 4(c) illustrates the first component of �CT , the non-
dimensional mean pressure thrust coefficient �CTP, as a function of St
for the range of Re considered in the study. The figure shows that �CTP

increases, after an initial reduction up to St¼ 0.1, with an increase in
St. Interestingly, one can observe from the figure that all the curves for
different Re collapse to a single curve. This shows that �CTP does not
depend on the Re. Also, notice that the curve is approximately qua-
dratic in nature, i.e., �CTP 
 St2ð1� 0:25=StÞ, indicating the curve is
non-monotonic with increasing St, and tends to St2 at higher St. A
similar relationship of �CTP 
 St2 has also been reported by Das
et al.29 for a pitching rigid hydrofoil. A similar scaling relation for the
undulating and pitching hydrofoil, with a difference in the amplitude
envelope, indicates that the amplitude envelope has an insignificant
effect on relation for �CTP. For larger St (cases with positive �CTP), the
reason for this quadratic variation can be given by the scaling analysis

FIG. 3. (a) Code verification and (b) grid independence studies: Temporal variation of (a) thrust coefficient, CT, and (a) and (b) lateral force coefficient, CL, for a NACA0012
hydrofoil undulating at k� ¼ 1, and Re¼ 5000. The Strouhal number, St, is 0.4 for (a) and 1.4 for (b).

TABLE I. Domain size independence study.

Domain size �CT �CL

16C � 8C 2.492 3 1.194 0
16C � 10C 2.492 2 1.191 4
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FIG. 4. With increasing non-dimensional frequency St of undulation, variation of time-averaged (a) thrust coefficient �CT , (c) pressure thrust coefficient �CTP , (d) viscous drag
coefficient �CDV , (e) input power coefficient �CP , and (f) propulsive efficiency gP, for the various Reynolds numbers examined. (b) shows variation of drag coefficient of a station-
ary hydrofoil �CDo, and critical Strouhal number Stcr (for that transition from drag to thrust) as a function of Re.
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using the arguments outlined by Gazzola et al.30 For a unit depth,
Gazzola et al.30 have shown that the mean pressure thrust ð�FTPÞ gen-
erated by an undulating body scales as qCA2

maxf
2. A similar scaling

was also derived by Floryan et al.31 for biologically relevant flapping
motions. Thus, the corresponding �CTP can be scaled as

�CTP ¼
2�FTP

qCU2
1
¼ 2qCA2

max f
2

qCU2
1

 St2: (11)

Figure 4(d) illustrates the negative value of the second compo-
nent of �CT (�CTV ), the non-dimensional mean viscous drag coefficient
(�CDV ¼ ��CTV ), as a function of St for the range of Re considered;
note that the drag and thrust coefficients differ by a change in the sign.
The figure shows that the viscous drag coefficient �CDV increases
almost linearly with St at high St (St> 0.2) and smoothly approaching
the viscous drag of a stationary hydrofoil at small St. The rise in �CDV

with St has been well reported in the literature.7,32 Further, a linear
relationship can also be observed from the results obtained by three-
dimensional simulations performed by Borazjani and Sotiropoulos.11

By comparing the curves of Figs. 4(c) and 4(d) at any St, one can
observe that the pressure thrust coefficient, �CTP , is larger than the vis-
cous drag coefficient, �CDV . Thus, the variation in �CT with St behaves
much more like �CTP [shown in Fig. 4(a)], with a quadratic relationship
between the two as shown in Fig. 4(c). In the literature, Akbarzadeh
and Borazjani33 derived �CT 
 St2ð1� 1=Vw2Þ for a flat plate with a
wave traveling along it using elongated body theory while Yu and
Huang20 derived �CT 
 St2ð1� 1=VwÞ for an undulating hydrofoil
using theory based on vorticity dynamics. The difference in scaling is
probably due to the difference in the definition of �CT since there is no
commonly accepted definition for �CT and gp for fish-like undula-
tions.22 However, at large St, 1=Vw ! 0 and both the scalings from
the literature agree with the present derived scaling.

Figure 4(e) shows the variation of the mean input power coeffi-
cient required for undulation, �CP , as a function of St for the range of
Re considered in this study. Similar to the variation of �CTP with St, the
figure shows that �CP also increases with an increase in St. However,
�CP is independent of Re and the increase in �CP with St is cubic in
nature, i.e., �CP 
 St3, as compared to �CTP 
 St2. Further, �Cp varia-
tion is non-monotonic with increasing St, where the curve first
becomes slightly negative and a crossover from negative to positive
occurs close to St 
 0:2 (depending on the Re); seen more clearly
below in Fig. 6(c). Interestingly, a similar relationship for �Cp has also
been observed for a pitching hydrofoil by Das et al.29 and for a pitch-
ingþheaving hydrofoil by Floryan et al.31 The reason for this cubic
relationship can be provided from a scaling analysis similar to that
used above for describing the variation in �CTP . By definition, the input
power required for undulation is given as the product of the reaction
force exerted by the surrounding fluid (in elementary level) with the
local tangential velocity of the foil [Eq. (7)]. Thus, the input power
coefficient, �CP , can be scaled as:

�CP ¼
2qCA2

max f
2ðAmaxf Þ

qCU3
1


 St3: (12)

Figure 4(f) illustrates the variation of propulsive efficiency, gP, as
a function of St for the various Re. Note that the efficiency curve con-
tains only those cases that resulted in a net mean thrust. At any St, the
figure shows that gP increases with an increase in Re. The increase in

gP is due to increasing �CT and a constant �CP with increasing Re as dis-
cussed above, and shown in Figs. 4(a) and 4(e), respectively. It is inter-
esting to observe that the trend of all of these curves, corresponding to
different Reynolds numbers, increases initially, attains its maximum
value, and then decreases with an increase in St of the foil. Thus for
each Re, there is a particular St at which gP is maximum, which is
termed here Stgp;max. The variation of Stgp;max with Re is plotted in
Fig. 4(b). The figure shows that the Stgp;max varies in the form
Stgp;max ¼ 3:28Re�0:21, which is very similar to the variation of Stcr
with Re.

The reason for the increasing–decreasing trend for the efficiency
curves can be explained by referring to the �CT and �CP curves in
Figs. 4(a) and 4(e), respectively. Whilst at higher Strouhal numbers the
thrust and power coefficients vary approximately as St2 and St3, at
lower Strouhal numbers, the thrust coefficient becomes negative, as
discussed by Floryan et al.31 Since, by definition, the propulsive effi-
ciency is the ratio of these two time-averaged quantities, the gP curve
will display the characteristic St�1 dependence at high St, but drops
away at low St, giving the characteristic peaked efficiency curves.
Interestingly, the fall in gP after attaining a maximum at Stgp;max is
intricately associated with asymmetry of the wake and is discussed
later in Sec. VIA.

It is interesting to observe that the scalings for the pressure thrust
coefficient �CTP and power coefficient �CP for body undulation, pre-
sented here for the first time, matches very well with the scalings for a
pitching foil provided by Das et al.29 However, scalings for other cru-
cial parameters, for instance, Stcr, Stgp;max, do not match. The similarity
in scalings is probably due to the carangiform-like kinematics used in
the study by which most of the lateral movements occurs toward the
posterior 1/3 of the hydrofoil, as seen in Fig. 1(b). These posterior parts
generate most of the pressure thrust and consume power and can be
approximated as an oscillating hydrofoil—a more general class of
pitching foils, and shown in Fig. 5(d). The difference in scalings of
other parameters is due to the anterior 2/3rd part, which undulates
like a backward-traveling wave and allows a smoother transfer of
momentum between the fluid and the hydrofoil, while also restricting
tail motion. Thus, for the present range of Re, body undulations are
more efficient than the pure pitching mechanism at high St, as shown
in Fig. 5(a). However, less time-averaged net thrust �CT is generated
for a given Re and St, especially beyond St¼ 0.4, where a sudden
enhancement in �CT is observed for the rigid pitching foil, as shown in
Fig. 5(b). This results in different Stcr, and Stgp;max variations. A more
detailed comparison of the two mechanisms is presented in Thekkethil
et al.6

The propulsion efficiency of a pitching mechanism can be
increased by adding heave.34 Indeed, the larger is the heave magnitude,
the larger is the enhancement in the propulsive efficiency.34 Thus, in
Fig. 5(c), the propulsive efficiency for the present body undulation
mechanism is compared with the experimental results of Buren et al.34

for an oscillating mechanism (also known as coupled pitching-and-
heaving mechanism), heaving at different heave amplitude ho. Note
that the results for body undulations are for Re¼ 8000, which is done
separately to match with the Re used by Buren et al.34 Furthermore,
according to the definition of carangiform-like kinematics,3 if we
consider the posterior 1/3 part of the hydrofoil as the tail [refer
Fig. 5(d)], then according to eq. 5, the maximum lateral displacement
of the pivot point of this assumed tail will be ho ¼ 0:11C0 (taking
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C0 ¼ 0:33C as the chord-length of the assumed tail). Further, it is
pitching with hmax 
 11� and the phase difference between heave and
pitch is 90�. Thus, the maximum lateral displacement of the assumed
imaginary tail of body undulations is within the two extreme heave
amplitude considered for comparison here (of 0 and 0.25). Figure 5(c)
shows that the propulsive efficiency is higher for the undulation mech-
anism than for the oscillating rigid-foil mechanism (ho=C0 ¼ 0) for
any St. One of the possible reasons for this higher efficiency can be
associated with the effective lateral or heaving movement of the
assumed tail tip of ho=C0 
 0:11, which is higher than for a purely
pitching rigid foil with ho=C0 ¼ 0. However, if we compare the

efficiency with the oscillating case for ho=C0 ¼ 0:25, the propulsive
efficiency of body undulations are still higher for St � Stgp;max, despite
having an effectively much lower heaving amplitude. Thus, this crude
comparison hints that the body undulation mechanism is more effi-
cient than the oscillating mechanism for a rigid foil. Of course, a
detailed comparison requires further non-dimensional parameters to
be considered, for instance, how heave is added to the pitch (sinusoidal
or not), the maximum angle of attack and the phase difference
between heave and pitch, as these parameters significantly affect the
propulsive efficiency.35,36 This requires a separate study and is
intended for the future.

FIG. 5. Comparison of the (a) propulsive efficiency gP and (b) time-averaged thrust coefficient �CT of the present undulating hydrofoil (solid lines) with numerical results pro-
vided by Das et al.29 for a pitching hydrofoil (dashed lines), pitching at hmax ¼ 5� and different Re; (c) propulsive efficiency of the present undulating hydrofoil at Re¼ 5000
with experimental results provided by Buren et al.34 for an oscillating hydrofoil at Re¼ 8000, hmax ¼ 15�, and different heave amplitudes; (d) Schematic diagram showing how
the posterior 1/3 part of an undulating hydrofoil/body can be approximated as an oscillating hydrofoil.
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IV. TIME-MEAN ENGINEERING PARAMETERS
FOR A NACA0012 HYDROFOIL UNDULATING
WITH NON-DIMENSIONAL WAVE-SPEED Vw < 1

In Sec. III, Fig. 4(a) shows an increase in drag acting on an undu-
lating hydrofoil compared to a stationary hydrofoil while undulating
at 0 < St < 0:2. These cases are associated with undulations with the
non-dimensional wave-speed Vw < 1. The higher magnitude of drag
for these cases is also reported in the literature as it was observed in
two 3-D numerical studies performed by Borazjani and
Sotiropoulos11,12 for the flow around a carangiform fish-like body
undulating at k� ¼ 0:95 at St¼ 0.1, and flow around an anguilliform
fish-like body undulating at k� ¼ 0:642 at St¼ 0.2, for two Reynolds
numbers of Re¼ 500 and 4000. In the present section, a more detailed
investigation is undertaken showing the significance of non-

dimensional governing parameters, St (in steps of 0.05) and Re
ð500� 5000Þ, along with a discussion on the physical mechanism
responsible for the drag enhancement. Note the discussion here
involves breaking the total drag �CD into its pressure (�CDP) and viscous
(�CDV ) components, coupled with the corresponding time-
instantaneous vortex structures in the vicinity of the hydrofoil.
Further, normalized values of �CDP and �CDV , normalized by the corre-
sponding values for a stationary hydrofoil at the same Re, help facili-
tate the discussion as it ensures easy comparison. The discussion
initially focuses on the effect of non-dimensional wave speed Vw on
the coefficient of input power consumption �CP .

Figure 6(a) shows the variation of the normalized �CDP with
increasing St, for various Re. The corresponding variation of vortex
structure in the vicinity of the foil over the range 0:05 � St � 0:2 and

FIG. 6. Variation of time-averaged (a) normalized pressure coefficient �CDP , (b) normalized viscous coefficient �CDV , (c) input power coefficient �CP , and (d) energy extraction
efficiency gex, with increasing St for various Re. The normalization in (a) and (b) is done by using force coefficients of a stationary hydrofoil at the same Re.
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for various Re is shown in Fig. 7. Considering first the undulation
motion at a very low frequency of St¼ 0.05, Fig. 6(a) shows a sudden
jump in the magnitude of normalized �CDP . At St¼ 0.05, the hydrofoil
is undulating with a wave speed Vw ¼ 0.25. Thus, the hydrofoil acts to
decelerate the surrounding flow while performing its undulating
motion, which in turn leads to flow separation in the trough region of
the foil, as shown marked by a rectangular region within which an
opposite sign secondary vortex is seen in Fig. 7 at St¼ 0.05. The sepa-
rated region near the trailing edge of the hydrofoil, corresponds to a
low pressure region and thus, enhances the magnitude of pressure
drag. As the undulation frequency St increases, the difference between
the wave speed and the surrounding free-stream velocity decreases.
This decrement in the difference of velocities reduces the severity of
flow separation, as shown by a decrease in the size of the secondary
vortex in Fig. 7 for St> 0.05. The corresponding effect can also be
observed in the engineering parameters, as the normalized �CDP in
Fig. 6(a) reduces with an increase in St (>0.05) of the undulations.
With further increase in St to a value matching or exceeding 0.2, the
wave speed of undulation becomes either equal to or greater than the
surrounding free-stream velocity. Thus, the foil no longer acts to decel-
erate the surrounding free-stream and the flow remains attached along
the chord of the undulating hydrofoil, as shown in Fig. 7 at St¼ 0.2.
With attached flow maintained, the adverse pressure gradient van-
ishes, and thus, Fig. 6(a) at St ¼ 0:15� 0:2 shows that the net pres-
sure drag acting on an undulating hydrofoil becomes almost equal to
that of a stationary hydrofoil in a free-stream flow for the various Re
examined. The present results on flow separation are consistent with
the experimental results provided by Taneda and Tomonari37 for an
undulating plate.

Figure 6(a) also shows the effect of Re on normalized �CDP . For
any St< 0.2, the figure shows that the magnitude of normalized �CDP

increases with an increase in Re. For instance, at St¼ 0.1, Fig. 6(a)

shows that the enhancement of normalized �CDP is almost negligible
for Re¼ 500, and it increases to almost 2.5 times its value as Re is
increased to 5, 000. The increase in magnitude is due to the severity of
flow separation, which increases with an increase in Re, as shown
marked in the contour plots of Fig. 7 at St¼ 0.05. The figure shows
that the flow separation is negligible for Re � 1000, which demon-
strates the dominance of viscous forces leading to unseparated flows.
However, the figure shows that the flow is separated from the posterior
1/3 of the hydrofoil for higher Re ðRe � 2000Þ. The increase in sever-
ity of separation is due to the transition of the flow, from the viscous
to inertial regime, with increasing Re. Note that the lateral movements
are larger in the posterior 1/3 of the hydrofoil for the carangiform fish-
like undulation; refer to Fig. 1(b).

Figure 6(b) illustrates the variation of normalized �CDV with St for
various Re. The figure shows that the flow separation does not signifi-
cantly affect the time-averaged viscous coefficient, irrespective of the
Re. Thus, we can conclude that the increase in total drag �CD for cases
undulating at 0 < St < 0:2 is only due to increased pressure drag
(�CDP).

Figure 6(c) depicts the variation of the mean input power coeffi-
cient required for undulation, �CP , as a function of St for different Re.
The figure shows that �CP becomes negative for those cases in which
the flow gets separated from the hydrofoil (0:05 � St � 0:15). Note
from Fig. 6(c) that the negative value of the cycle-averaged input
power coefficient �CP indicates an output power, which can be
extracted by a transmission mechanism similar to that reported for an
oscillating mechanism by Kinsey and Dumas.38 The energy is
extracted, even with a prescribed motion of the hydrofoil, due to sur-
rounding flow-based favorable phase-difference between the instanta-
neous CL and Vbody [refer Eq. (7) for CP]. Hence, the present study
also shows that the undulation mechanism possesses the potential for
harvesting energy from the free-stream as reported by other

FIG. 7. Instantaneous vorticity contours in the vicinity of the hydrofoil undulating at St � 0:2 for various Re.
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researchers,14–17 and help elucidate the underlying flow physics.
Further analysis is undertaken in Sec. V to reveal more details of this
mechanism.

Figure 6(c) also shows the effect of non-dimensional governing
parameters, St and Re, on the power-harvesting capabilities of the
hydrofoil. With increasing St, the figure shows a decreasing-to-increas-
ing trend, with a minimum near St¼ 0.1, for �CP . Further, at any St,
the magnitude of �CP decreases with an increase in Re. The decrement
in the magnitude of �CP is a result of increasing severity of flow separa-
tion with increasing Re, as discussed above.

Figure 6(d) shows the variation of energy extraction efficiency, gex
[Eq. (8)], as a function of St for the various Re. The figure shows that the
gex increases with increasing St, reaching its maximum at St¼ 0.1, and
then decreases eventually. The trend is irrespective of the Re. However, at
any St, the energy extraction efficiency increases significantly with an
increase in Re. The variation trend of gex with St and Re is expected as we
have observed and discussed above that the minimum �CP occurs at
St¼ 0.1, and the severity of flow separation increases with Re.

The highest energy extraction efficiency observed in the present
investigation is 6.8%, which is less than the extraction efficiencies from
other mechanisms. For instance, Kinsey and Dumas38 observed a
maximum extraction efficiency of 34% for an oscillating foil at
ho=C ¼ 1 and Re¼ 1100. Also, refer to Tables A1 and A2 of Young
et al.,24 which shows maximum energy extraction efficiencies observed
by different research for an oscillating mechanism at different govern-
ing parameters. Soti et al.39 observed a maximum extraction efficiency
close to 30% with a vortex-induced vibration of a circular cylinder
oscillating with a maximum amplitude of 0.6 at Re 
 5000. However,
it is important to notice here that the kinematics of undulations used
for the present simulations are of a carangiform fish, which they devel-
oped for efficient propulsion. Further, the swept volume of the sur-
rounding fluid, associated with the maximum lateral displacement of
the foil, is significantly lower in the present case than the above dis-
cussed oscillating foils and cylinders subjected to VIV. Thus, a differ-
ent amplitude equation, wavelength, and higher maximum amplitude
may result in a comparable extraction efficiency or even better. This is
evident as Huang et al.14 observed an increase in extraction efficiency
of undulations mechanism from 5% to 26.92% while increasing Amax

from 0.1 to 0.4 at Re¼ 5000.

V. BODY UNDULATIONS—FROM POWER CONSUMING
TO POWER HARVESTING?

Sections III and IV show that the undulation mechanism is a
thrust generating mechanism that consumes power for undulation at
St> 0.2. In contrast, it changes to a power harvesting mechanism in
which a high drag acts on the hydrofoil while undulating at St< 0.2.
To understand this switch, a detailed analysis is performed for two
cases: (i) St¼ 0.4, with Vw > 1 corresponding to positive power con-
sumption with a net positive output thrust force; and (ii) St¼ 0.1, with
non-dimensional wave speed Vw < 1 corresponding to negative input
power and a net negative (drag) output force. The study is performed
using time-varying instantaneous pressure and vorticity contours cor-
related with the input power coefficient (CP) variation over an undula-
tion cycle, as shown in Fig. 8.

As a thrust-generation mechanism, body undulations are associ-
ated with a backward-traveling wave, resulting in backward traveling
crest and trough regions propagating along the chord length. These

traveling crest and trough regions push and suck the surrounding
fluid, respectively, creating positive and negative pressures across the
body that provide the required thrust force for propulsion. Thus, the
mechanism is known as the pressure-suction mechanism.40 This is re-
studied here, along with an addition of time-instantaneous power con-
sumption of the hydrofoil undulating at St¼ 0.4 in panels 8(a1)–8(f2)
and 8(g). Panels 8(b1) and 8(b2) show that the onset of the motion
from the mean position occurs with the leftward motion of the tail tip.
This hydrofoil movement creates a local crest in the rightward side,
pushing the surrounding fluid and building a local positive region. In
contrast, the movement create a local trough region in the hydrofoil’s
leftward side that sucks the surrounding fluid toward it and builds a
local negative pressure region. Thus, a net normal force acts on the
hydrofoil from the fluid in the direction from the positive to negative
pressure region, shown as a red vector in the figure, whose streamwise
component provides the instantaneous thrust for propulsion. The fig-
ure also shows that the hydrofoil is moving against the direction of the
reaction force, and thus the instantaneous power consumption of the
hydrofoil is positive and increases compared to the mean position, as
shown in Fig. 8(g). Further along in undulation phase, the tail tip
reaches the leftmost excursion point shifting the crest and trough
regions closer to the tail tip. Note that according to Eq. (5), the ampli-
tude of lateral undulation increases quadratically while traveling
toward the tail tip. Thus, the size of the crest-and-trough regions are
larger closer to the tail tip. These larger sizes push and suck a larger
volume of the surrounding fluid, resulting in a larger pressure gradient
across the hydrofoil. The larger pressure gradient leads to a larger reac-
tion force and a larger power consumption, as shown in Fig. 8(g).
With a further hydrofoil movement, the tail tip starts traveling toward
the rightward direction, and the crest and trough regions form closer
to the leading edge. At this time in the cycle, the sizes of these regions
are comparatively small, leading to the generation of a comparatively
smaller reaction force contributions and smaller power consumption.
The decreasing trend of power consumption continues until the tail
tip reaches the central mean position (d1); following this point the fig-
ure shows that the power consumption again increases as the crest
and trough regions travel toward the tail tip. Thus, for the sinusoidal
undulating hydrofoil with wave speed larger than the surrounding
fluid stream (Vw > 1), a sinusoidal positive output thrust (not shown
here) is observed together with sinusoidal positive input power con-
sumption, as shown in Fig. 8(g).

For St¼ 0.1, panels 8(a3)–8(f3) show similar body movements to
those for St¼ 0.4, though in this case, the wave speed of undulations is
less than the surrounding fluid flow velocity, i.e., Vw < 1. This lesser
wave speed results in the flow separation and can be seen along the
hydrofoil crest regions in the magnified vortex contours of panels
8(a4)–8(f4). Further, notice that such flow separation contrasts to
St¼ 0.4, where the flow always remains attached to the hydrofoil
throughout the cycle, as shown in magnified vortex contours of
Figs. 8(a2)–8(f2). This flow separation alters the fluid condition around
the hydrofoil undulating at St¼ 0.1 such that panels 8(a3)–8(f3) show
an intensive negative pressure zone along the crest regions of the
hydrofoil throughout the cycle. Thus, the fluid exerts a normal reac-
tion force in the opposite direction than St¼ 0.4, whose streamwise
component results in high drag. In addition, notice from the contour
plots of panels Figs. 8(a3)–8(f3) that the hydrofoil moves in the direc-
tion of the fluid force. Thus, the surrounding fluid assists in the
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hydrofoil’s motion, resulting in a negative power coefficient (or har-
vesting of energy from the fluid flow) at any time instant of the cycle,
as shown in the line plot for time-instantaneous power coefficient (CP)
in Fig. 8(h). Thus the reason behind the sinusoidal increase or decrease

in power consumption/harvesting is similar to that for St¼ 0.4, as dis-
cussed in the previous paragraph.

Thus, the underlying flow physics for body undulations is similar
to that governing oscillation of a rigid foil. For a rigid foil undergoing

FIG. 8. Study examining the temporal var-
iation in the instantaneous pressure and
vorticity contour along with instantaneous
power coefficient CP for a hydrofoil undu-
lating with (a1)–(f2) and (g) St¼ 0.4 and
(a3)–(f4) and (h) St¼ 0.1 at Re¼ 5000
The red arrows in pressure contours
(a1)–(f1) and (a3)–(f3) represent the vector
plot for the net force acting on the hydro-
foil. The bottom right region in the vortex
contours (a2)–(f2) and (a4)–(f4) represents
the zoomed vortex contours within the
marked rectangular region of the corre-
sponding frame.
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oscillation, there exists a feathering parameter that provides the limit
below which the hydrofoil/body generates thrust, and above it, the
hydrofoil/body extracts energy from the surrounding fluid flow.38

Similarly, for body undulation, there exists a non-dimensional param-
eter Vw that gives the necessary, but not precisely sufficient, condition
for differentiating power harvesting and thrust generating capabilities,
such that Vw < 1 is associated with power harvesting/extraction,
whereas Vw > 1 corresponds to positive pressure thrust generated by
the body.

VI. INSTANTANEOUS WAKE-PATTERN-BASED FLOW
REGIMES

Fluid-structure interaction can often lead to the formation of vor-
tices, as a result of vorticity generation at the surface of the structure,
which can be associated with a momentum transfer between the fluid
and structure/body.41 Quantification of these vortices can be very
helpful for understanding the current problem of an undulating
hydrofoil at different St and Re. This section documents and discusses
the various wake structures observed in this broad parametric
investigation.

A. Wake regime map

A change in St of undulation and Re of the flow brings systematic
changes to the wake of an undulating body. The changes include quali-
tatively different wake patterns, which can be characterized by the
arrangement of shed vortices and the overall wake inclination with the
free-stream.

Figure 9(a) presents a regime map of the different wake patterns,
corresponding to the various St and Re. The wake structures are shown
as instantaneous vorticity and time-averaged streamwise velocity con-
tour plots in panels 9(b)–9(i). Note that the wake patterns are catego-
rized based on an analysis of the instantaneous vorticity contours
within five chord lengths downstream of the hydrofoil; however, in
some cases the wake may further evolve to present different character-
istics further downstream.

For a stationary hydrofoil, i.e., St¼ 0, the wake regime map [refer
to Fig. 9(a)] indicates a steady wake behind the hydrofoil, and the
wake topology is independent of Reynolds number. The correspond-
ing wake structure is shown in Fig. 9(b), which shows a steady flow
with two opposite-sign shear layers attached to the hydrofoil and no
vortex shedding. With the start of lateral undulation of the hydrofoil
at St¼ 0.05, Fig. 9(a) shows the first transition observed in the study
and also the significance of Re on the flow separation (as discussed in
Sec. IV). For Re � 1000, transition occurs to a wavy wake. The charac-
teristics are shown in Fig. 9(c), which show attached wavy shear layers
in the hydrofoil wake without formation of discrete vortex structures.
In contrast, for Re � 2000, transition occurs to a dipole-based vortex
street. Figure 9(d) shows that the wake characteristics include flow sep-
aration, leading to shedding of two dipoles/couplets during each cycle
of undulation. Thus, the severity of flow separation at low St, discussed
in Sec. IV, also affects the wake structure behind an undulating hydro-
foil. With an increase in undulation frequency to St¼ 0.1, the signifi-
cance of the flow separation reduces slightly, and the wake regime
map for St¼ 0.1 shows a transition to the stretched vortex-based vor-
tex street behind the foil; refer to Fig. 9(e). The figure shows a stretched
alternate-signed vortex street, in which the center of clockwise (CW)
and counterclockwise (CCW) vortices lie below and above the

centerline passing through the center of the foil (shown as a dashed
line). Furthermore, this wake pattern is found to be independent of Re,
as seen in Fig. 9(a) at St¼ 0.1. With a further increase to St¼ 0.15, the
difference between wave speed and surrounding free-stream velocity
reduces (Vw ¼ 0.75), which diminishes the effect of flow separation

FIG. 9. (a) Wake regime map in the St–Re parameter space, representing the eight
different wake modes associated with an undulating hydrofoil, (b)–(i) instantaneous
vorticity and time-averaged streamwise velocity contours for Re¼ 5000, at a St
equal to (b) 0, (d) 0.05, (e) 0.1, (f) 0.2, (h) 0.4, (i) 0.8; Re¼ 500 at a St equal to (c)
0.05, (g) 0.4. Here, the vortex streets are represented as VK: von-Karman; RVK:
reverse von-Karman; and Asym: asymmetric. For (a) the dashed line demarcates
the St–Re boundary for the mean drag to mean thrust generation by the hydrofoil.
The dashed-dotted line represents demarcation for the symmetric and asymmetric
wake patterns in the map. Note that the dashed-line corresponds to the curve fitted
results for the critical Strouhal number Stcr, while the dashed-dotted line is an
approximate representation of the boundary.
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and leads to the formation of a characteristic von-Karman (VK) vortex
street as shown in Fig. 9(f). The figure shows the VK street as a set of
alternate-signed vortices, with centers of the CW and CCW vortices
situated above and below the line passing through the streamwise cen-
terline of the foil, respectively. This arrangement of vortices induces
the surrounding flow in the stream-wise direction, which leads to the
production of a stream-wise momentum-deficit wake, as shown in
time-averaged streamwise velocity contour of Fig. 9(f). A similar vor-
tex street has been observed by Dong and Lu10 for an undulating
NACA0012 hydrofoil at St¼ 0.16 and Re¼ 5000.

The wave speed of undulation becomes greater than the free
stream velocity at St¼ 0.3, and the wake regime map in Fig. 9(a) shows
two different transitions in the wake, depending on Re. It can be seen
that the first transition is from a VK to an in-line vortex street at
Re¼ 2000; and the second transition is from the in-line to a reverse
von-Karman (RVK) vortex street at Re¼ 5000. The in-line vortex street
is shown in Fig. 9(g), with the centers of the CCW and CW vortices
residing almost along the centerline of the foil. This arrangement of vor-
tices does not induce the surrounding flow, and thus, results in a
stream-wise momentum-less wake, as shown in time-averaged stream-
wise velocity contour of Fig. 9(g). The characteristics of the RVK vortex
street are contrary to that of a VK vortex street as seen in Figs. 9(f) and
9(h). For an RVK street, Fig. 9(h) shows that the centers of the CW and
CCW vortices lie below and above the line passing through the center
of the foil, respectively. Thus, the vortices induce the surrounding flow
opposite to the streamwise direction and generate a momentum-excess
jet behind the foil (thus leading to thrust), as shown in time-averaged
streamwise velocity contour of Fig. 9(h). For Re � 1000, Fig. 9(a) shows
that the transition from the VK street first occurs to an in-line vortex
street at St¼ 0.4, followed by the transition to an RVK vortex street at
St¼ 0.45 for Re¼ 1000 and St¼ 0.5 for Re¼ 500; the respective transi-
tion occurs at a smaller St¼ 0.3 and 0.35 for the larger Re¼ 2000. Thus,
as might be expected, the critical St for the onset of an in-line and RVK
vortex street decreases with an increase in Re.

At St¼ 0.6, Fig. 9(a) shows a transition from a symmetric RVK
to asymmetric RVK vortex street for the higher Reynolds number of
Re¼ 5000. The asymmetric RVK vortex street is shown in Fig. 9(i),
where one can notice that the vortices move toward the rightward lat-
eral direction (refer to Fig. 2 for the definition of the right side) that
leads to the asymmetry of the wake. A detailed analysis of this flow
behavior is presented in Sec. VI B. For Re¼ 2000, asymmetry in the
RVK street is observed in Fig. 9(a) at St � 0:7, whereas it is observed
at St � 0:8 for Re¼ 1000. It is interesting to observe from the regime
map that the asymmetric wake structure is not generated at the small-
est simulated value of Re¼ 500, even for the maximum value of St
simulated here. This is due to dominant viscous forces, which reduce
the required local induced velocity for the deviation. Please note that
the asymmetric wakes are not common in nature since the operating
range of St for fish-swimming is low (St ¼ 0:25� 0:35).18 Further, in
order to check the possible effect of domain size on asymmetry
observed here, a simulation for St¼ 0.8 and Re¼ 5000 (case in which
we observed the maximum asymmetry of vortex street, discussed in
Sec. VIB) was done on a 25% larger domain (in the lateral direction).
The asymmetry in the flow was still observed, and almost the same
results were obtained. A detailed discussion of the cause of the wake
deflection and its dependence on governing parameters and initial
conditions is given in Sec. VIB.

The wake regime map in Fig. 9(a) also presents the Stgp;max curve
that almost coincides with the symmetric RVK to asymmetric RVK
transition—indicating the link between flow transition and the
decreasing observed propulsive efficiency of body undulations above
Stgp;max. The reduced efficiency with the development of an asymmet-
ric wake can be explained by considering the streamwise and lateral
components of the net time-averaged normal reaction force acting on
the hydrofoil. For an asymmetric wake, the time-averaged lateral com-
ponent is not zero and results in a small mean lift. Thus, in effect, this
part of the reaction force is lost and not converted into a mean thrust,
leading to reduced propulsive efficiency. The wake regime map also
shows that the transition of the wake from the VK to RVK vortex
street does not always occur exactly at the drag to thrust transition.
Similar findings are reported by Godoy-Diana et al.,42 Das et al.,29 and
Chao et al.43 for a pitching rigid hydrofoil. In particular, for body
undulations, the transition first occurs to an in-line vortex street for
Re � 2000, whereas it occurs directly to a reverse von-Karman street
for Re¼ 5000.

B. Asymmetric wake

For many of the wake states examined, changes to the non-
dimensional governing parameters or initial motion do not signifi-
cantly affect the wake structures (despite a change in vortex strength
and local distance between vortices); however, the same is not true for
asymmetric wakes. Thus, the current section addresses the underlying
reason for wake asymmetry using time-varying instantaneous vorticity
contours, and documents the effect of governing parameters and initial
conditions on the asymmetry.

Figure 10 shows the temporal variation of the instantaneous vor-
tical wake structures over the first 40 cycles at St¼ 0.8 and Re¼ 5000.
In the figure, the right column displays the zoomed vorticity contours
(along with the overlapped velocity vectors) for the rectangular regions
marked in the main (left column) contour plots, whereas the left col-
umn represents vorticity contours zoomed along the line passing
through the center of the hydrofoil, providing a total width of 1.4C.
The figure shows that the undulation motion (discussed here concern-
ing the tail tip) starts with the leftward motion of the tail tip from its
mean central position. Notice from the velocity vectors that the hydro-
foil motion accelerates the surrounding fluid along with it and a vortex
is shed from the tail tip when the direction of its motion changes, after
reaching either rightmost or leftmost excursions, shown in Fig. 10 for
n¼ 0.5 cycles. Thus, two vortices are shed in one complete cycle of
undulations. Note that the frequency of vortex shedding depends on
St, whereas the downstream convection of the shed vortices, in the far
wake, depends on Re. At large St (for instance St¼ 0.8), the frequency
of shed vortices is very large as compared to their convection (fre-
quency) scale. This difference results in the two consecutive shed vorti-
ces reaching very close to each other (to form a dipole) after 2 cycles of
undulation, as shown in Fig. 10 for n¼ 2 cycles.

Here, the term dipole refers to two opposite-sign vortices that are
very close to each other, with mutual induction propelling them along
their dipole axis.27 Thus the vortices now travel with a velocity gov-
erned by the combined effect of the free-stream and local induction,
which leads to the deviation of vortices from the streamwise direc-
tion—shown in Fig. 10 for n¼ 2.5 and 3.0. After traveling a certain
distance, the figure for n¼ 20 cycles shows that the deviation of vorti-
ces in the lateral direction diminishes, and they convect further
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downstream in the streamwise direction. It can be seen that this
change corresponds to the downstream diffusing wake developing into
a more symmetric set of positive and negative vortices rather than the
recognizable set of dipoles seen in the near wake.

The direction of the lateral deviation of the vortex street depends
on the relative position of vortices within the dipole. If the arrange-
ment of shed-vortices is such that the CW (CCW) vortex is leading
the CCW (CW) vortex, the dipole will cause induction in the right-
ward (leftward) lateral direction, resulting in the deviation/tilting of
the street in the same direction. The relative position of the vortices
within the dipole depends upon the direction of the onset of undula-
tion of the hydrofoil; used as an initial condition in the present simula-
tion. Figure 11 shows the vortex street for the two types of onset of
undulations of the hydrofoil, with the inclination of the RVK vortex
street for the undulation as rightward for the mean-left; and leftward
for the mean-right onset of undulations.

The asymmetry in the wake depends on both St and Re.
Figures 12(a) and 12(b) show the effect of St and Re on the lateral devi-
ation, DY , of the relaminarized vortex street; shown marked in Fig. 11.
Figure 12(a) shows that the asymmetric wake is generated for
St � 0:6, and the variation of the magnitude of lateral deviation (DY)
with increasing St is of the increasing–decreasing type with maximum
deviation at St¼ 0.8. The trend is due to the increase in shed vortex
strength with increasing St, which leads to the larger lateral deviation
of the street. However, for St> 0.8, the vortices become so strong that
they form another dipole with a leading vortex of opposite sign. The
newly formed dipole pulls the wake in the opposite direction, resulting
in a reduced overall deviation in the far wake. With increasing Re at
St¼ 0.8, Fig. 12(b) shows an asymptotic increase in DY , which is due
to the reduction in viscous forces with increasing Re.

VII. CONCLUSIONS

In conclusion, a systematic numerical investigation has been
undertaken to evaluate the energetic cost of propulsion for a
NACA0012 hydrofoil, undulating with a maximum amplitude of 0.1
over a wide range of Strouhal ð0 � St � 1:4Þ and Reynolds numbers
ð500 � Re � 5000Þ. The study was carried out by using a level-set
function-based immersed interface method (LS-IIM). It was found
that the time-averaged thrust exhibited a quadratic variation with St
with significant dependence on Re. After splitting the time-averaged
thrust into its two components, it was observed that the quadratic vari-
ation with St is due to its pressure component, whereas the variation
with Re is due to its viscous component. In contrast to this, the time-
averaged input power coefficient was found to be independent of Re
and increases cubically with St. These observations were shown to be
consistent with scaling analysis, which also predicted the observed St
variations of thrust and power. The propulsive efficiency calculated by
these two time-averaged quantities shows an increasing-and-decreas-
ing trend, which depends significantly on Re. Thus, for each Re, there
exists an St at which the propulsive efficiency is maximum, termed
Stgp;max. It has been observed here that Stgp;max decreases with an
increase in Re, following the relationship Stgp;max ¼ 3:28Re�0:21.
Further, for the present range of Re, the derived scaling for drag to
thrust transition Stcr lies within the range of actual St found for real
fish and birds for their propulsion, as provided by Gazzola et al.30

This detailed investigation provides an understanding of the force
and power coefficients, and the flow structure in the vicinity of the
hydrofoil at very low St—when the wave speed is less than the sur-
rounding free-stream velocity. It is observed that the hydrofoil experi-
ences a greater drag compared to a stationary foil at the same Re. The
flow separation is found to be responsible for this enhancement of
drag, whose severity is directly proportional to Re and is inversely
dependent on St. Furthermore, the time-averaged input power coeffi-
cient was observed to be negative in this range of St with a minimum
magnitude at St¼ 0.1, and decreases with increasing Re. The negative
input power coefficients imply that the foil no longer needs a continu-
ous input power to undulate and in fact, can extract/harvest energy
from the free-stream. Thus, further investigation is carried out to eluci-
date how the body-undulation mechanism switches between power-
consuming (thrust generating) and power-harvesting, with varying
non-dimensional wave speed.

A comprehensive characterization of wake structures has been
undertaken by marking the arrangement of shed vortices, inclination
with the free-stream, and different structures present especially in the

FIG. 10. Temporal variation of instantaneous wake vorticity for the first n¼ 40
undulation cycles at St¼ 0.8 and Re¼ 5000. The right column contour plots illus-
trate the instantaneous vorticity along with velocity vectors within the marked rect-
angular region of the left images.
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near-wake. The resulting wake regime map shows eight different wake
types that vary with increasing St and Re—from steady symmetric to
asymmetric wakes. The map shows that the generation of the asym-
metric wake is associated with decreasing propulsive efficiency of body
undulations. The wake map also shows that the transition from a von-
Karman street to a reverse von-Karman street depends significantly on
Re. Notably, for Re � 2000, the transition first occurs to an in-line
vortex street, whereas it occurs directly to a reverse von-Karman for
Re¼ 5000. For all values of Re, the transition precedes the transition
from a wake having a time-averaged drag to one having a time-
averaged thrust generated by the hydrofoil. The asymmetry in the
wake arises from the formation of local dipoles within near wake.
The direction of lateral deviation depends on the initial movement of
the hydrofoil, and the magnitude of deviation shows an increasing–

decreasing trend with increasing St, with a maximum at St¼ 0.8.
Further, the deviation increases with increasing Re as downstream vis-
cous diffusion decreases.

Body undulations belong to one of the three bio-inspired under-
water propulsion mechanisms derived from BCF fish with application
to the development of modern underwater vehicles. The mechanism
investigated here is inspired by the body undulations performed by
anguilliform and carangiform types of BCF fish. The other two are
pitching and oscillating (pitchingþheaving) mechanisms that are
inspired by the lateral motion of the tail of thunniform fish. It is inter-
esting to note that the three different approximations to BCF fish-like
locomotion result in a similar scaling for the pressure thrust and input
power coefficient with oscillation frequency. However, by comparing
the propulsive efficiency of these three different bio-inspired

FIG. 11. For the two different types of onset of undulations of the foil in the present simulation, instantaneous vorticity contour after the first dipole formation and the periodic
state for St¼ 0.8 and Re¼ 5000.

FIG. 12. Lateral deviation in the wake measured from the centerline, with increasing (a) St at Re¼ 5000 and (b) Re at St ¼ 0:8.
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mechanisms, body undulations appear superior for a similar range of
non-dimensional governing parameters. In addition, together with the
oscillating mechanism, body undulation also possesses the capability
of extracting power from the free stream. Finally, the results and scal-
ings presented in this paper could provide valuable input for the
design and development of the modern underwater propulsion sys-
tems and energy extraction devices.
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